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IlpeaucaoBue.

[IpepnaraeMbiii BHUMAHUIO YUTATEIA YIeOHUK (DYHKIMOHAJIHLHOTO aHAIU3a
HAIIMCAH HAa OCHOBE JIEKIMI, KOTOpbIE aBTOpP YHTAJ CIHENHAJIASAPYIOIIHMCS
B MaTeMaTH4YecKo#l (pusmke cryiaeHTam pusndeckoro daxyabreta MocKos-
CKOro yHuBepcuTera. JIeKIun nMen CBOeil meJIbio MOArOTOBUTEL CTYIEHTOB,
KOTOpbIE TOJIydaJsu CIeMuaJIbHOCTh (hu3nKa, K pabore B 001aCTH MaTeMaTH-
qeckoii puzukn. CoBpeMeHHas MareMaTudeckas (PU3NKa B CBOEH CYIECTBEH-
HOil YacTu gBJgercd o01acTbio PYHKIUOHAJIHHOTO aHAJIN3a: OHA UCIIOIb3YeT
S3BIK, HJIEH U MeTOJbl (DYHKIMOHAJIBHOIO aHaIu3a. MHOrMe IMOHATUS U Me-
TOIBI (PYHKITMOHATHHOTO aHAIN3a (POPMUPOBAIUCH TIPOIECCE PelleHusT 3a,1a1
MareMaTudeckoit pu3uku u 0600IIA0T ONBIT pelieHus dTUX 3aj1a4d. B 3a/1a-
JaxX KBAHTOBOW MeXaHUKHU POJIb (DYHKIIMOHAIBHOIO aHAJIN3a, TPHHIUITHAJIHHA,
TaK KaK aKCHOMbBI KBAHTOBOW MeXaHHKH (DOPMYJIUPYIOTCA B 3aMMCTBAHHBIX
13 (PYHKIHOHJILHOTO aHaIU3a TePMUHAX.

ABTOp cTpeMuIcs HAUCATD MPOCTON yIeOHUK, KOTOPBIH ObI TIOMOT HAYH-
HAIOIIEMY CTYIeHTY-DU3NKY pa300dpaThcsd B MaTeMaTHKe, CBA3AHHON ¢ KBaH-
TOBO# Teopueil, Teopueil paccesnus u T.J. Kak BBejilenue B upejMer, yyeOHUK
MOKeT ObIThH TOJIE3eH U HAYMHAIONIEMY MaTeMaTHKY.

Conepkanne yuebHuKa sICHO U3 OIVIABJIEHUS] U OHO CJIEJYeT CJIOZKHUBIIE-
MyCsl 38 MOCJIe/IHIE TPUOTU3UTETLHO COPOK JIET KAHOHY y9eOHUKOB 110 (DY HK-
MIOHATBHOMY aHaIu3y. V3710KeHne TOCTPOeHO TaK, UTO MIPU IEPBOM YTEHUHN
YUTATETb MOXKET OTPAHUYUTHCA MUHHMYMOM CBeJIeHHUU W TMOJYYIUTH OOIIee
npejicTajJeHne O TpeaMeTe, a TOTOM TPHUCYIUTh K YITyOJIeHHOMY W3y4YeHus
mMarepuasia. Kaura paccanrana Ha HAUUHAIOMIETO UCCJIEI0BATESI, KOTOPBIi
roTOBUT cebs K paboTe B 00/1aCTH MATEMATHICCKON (DUBUKU U CMEXKHBIX JTUC-
mumnHax. TpeboBaHmst K HAYAILHOW MaTeMaTHIECKON MOATOTOBKE YNTATE ST
MHUHHAMAJBHBL: MPE/INOIAraeTcsd, YTO YUTATeTh 3HAKOM C OCHOBAMH MaTeMa-
THYeCKOT0 aHaJNu3a W JHHEeHHOHW anreOpbl B o0beMe Kypca MaTeMaTUKU I
TeXHUIeCKUX By30B. OT unraresis 0:Kuaercs pa3yMHasi Peakius HA TePMU-
HbI MHOZKECTBO, OToOpazKenue, (pyHKIUS U T. .

[TepBas riiaBa mocsiieHna U3JI0KEeHUI0 Teopuu nHTerpaJia Jlebera na ocHo-
Be Meroja JlaHm3/Ig. JTOT MOAXO, MO3BOJSIET HCIOAB30BATh ViK€ M3BECTHRIE
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pe3yabrarhl Teopuu uHTerpajga Pumana. HeobxomuMblit MUHUMYM CBedeHMH
o wHTerpaJie Jlebera nzioxkeH B nepBoM maparpade.

Bropas riasa mocBsiieHa M3JI0XKEHHIO OCHOB TEOPUU METPUUECKHX IIPO-
crpanctB. HeoOXouMblit MUHEMYM CBEJIEHUH O METPHYECKHUX MPOCTPAHCTBAX
U3JI0KEH B ITepBOM maparpade.

B nepsbie nBe riaBbl yueOHUKA BKIIOYEHBI HEKOTOPBIE BOIPOCH! (T€OpHsI
MepBI 1 3JIeMEeHTHI O0IIell TOIOJOTHH ), KOTOPBIe IIPSIMO HE OTHOCITCST K DYHK-
IMUOHAJBHOMY aHAJM3Y M HA MaTreMaTu4decKux (haKyIbTeTax yHUBEPCHTETOB
O0OBIYHO M3ydYaloTcsd B Kypcax Teopuu (HYHKIUNA U TomoJorud. Briodenue
9THX TeM B YUeOHHK 00yCJIOBJIEHO T€M, YTO OHH HE PACCMATPUBAIOTCS B Kyp-
cax MaTeMaTHKHU /s TEXHUIECKUX BY30B, HO 3HAHHE UX IOAPA3yMEBAECTCS B
YUIeOHOH JIUTepaType 1Mo CHeruaJIbHBIM BOIPOCAM MaTeMaTHIeCKON (DU3HKH.
MzyraraeMble B IepBO# IJ1aBe CBeJICHUS 10 TeOPUH PYHKIUIN JIeiCTBUTETbHON
nepeMeHHOU HeoOXOIUMBI B MaTeMaTHIeCKOl Teopuu paccednus. [1o Mmuenuio
aBTOpa, cOOpaHHBIE B HMEPBBIX JBYX IJIaBaX JOILIHUTE/JIbHBIE CBEICHUs CO-
CTABJISIOT HEOOXOMUMBIH (HO He MCYepPIBIBAONIHT) “ 001e0bpa3oBaTe IbHbIT
MHHUMYM I pabOTAIONero B 00JaCTH MATEeMaTHYeCKOl (PU3NKKU crernua-
JIUCTA.

Tperbs T/IaBa MOCBAINEHA H3JI0XKEHUIO OCHOB TEOPHUH OAHAXOBBIX IIPO-
crpanctB. CobpaHHBIE B MEpPBLIX TpeX naparpadax cBeeHus o0 6aHAXOBBIX
IPOCTPAHCTBAX MOT'YT PACCMATPUBATHCS KAaK JIOCTATOYHOE JJIsl IEPBOTO 3Ha-
KOMCTBa, C IIPEIMETOM BBEJIEHHE B TEOPHIO DaHAXOBBIX MPOCTPAHCTB. B 1a/ib-
HEITeM MOIPOOHO W3/1araeTcst OMepaToOpHOe UCIUCTEHUE JIJIT AHATUTHIECKUX
dbyukiuit, Teopua Pucca-lllaynepa, anamurudeckas teopud Ppejrosibma,
Teopud MOJYIPYII, Teopus BoaMyenuii. [loapodbHuo ncenemosano mosepenue
PEe30JIbBEHTHI OTIepaTopa B OKPECTHOCTU U30JTHUPOBAHHON 0CODON TOUKH.

Yerpeprasi rjiaBa MOCBSIEHa TEOPUU IJILOEPTOBLIX MTpocTpancTs. [lep-
Bble TpHU maparpada MOCBAIEHb U3JI0KEHHI0 OCHOB TEOPHH T'MIbOEPTOBBIX
npoctpancTs. /lajee mogapodbHo u3iaraercsa DOpeeBCKoe OlepaTopHOe UCUUC-
JICHHE, pa30upaercd IMOHSATHE CAMOCOIPSKeHHOCTH HEOTPAHHYEHHOI'O Olle-
paTopa, MPHBOIATCA KPHUTEPUU CAMOCONPSI?KEHHOCTH, JTOKA3LIBAETCS CIIEK-
TpaJbHASA TEOPEMA.

B naroit rmaBe mpuBeeHbl HadaJabHBIE CBEIEHHS W3 MaTeMaTHYECKOM
TEOPUU PACCEAHUSI.

[[Tecras riaaBa mocBsIIeHa dJIeMEeHTAPHON TeOpun 00OOIIEHHBIX PYHKITHT
u npoctpancTB CobojieBa. 3a HCKJIIOYEHIEM TeOPEeMbI O CYIIeCTBOBAHUY (DY H-
JIAMEHTAJIBHOIO PEINeHus], 9Ta [JIaBa He TpedyeT 3HaHUS KaKuX-JIu00 CBee-
HUit 13 PYHKIHOHAIBHOIO aHAJIN3A, €€ MOYKHO YHTATH HE3aBUCHMO OT IIPEIbl-
JIYIIETO MaTepuaJja W OHa BIOJIHE JOCTYITHA CTYIEHTY TeXHUIECKOTO BY3a.

B npuiioxkenun JaHbl HavaJbHBIE CBeJIeHHS O IIpeobpasoBanun Beitrs u
JIAHO JIEeMEeHTapHoe J0KazaTeabcTBO TeopeMbl /Ixk. don Heiimana o eaun-
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CTBEHHOCTH Ipeaunreposckoro npeiacrasiennd CCR B ¢popme Beits.

ABTOp CcTpeMmiICcS COeIATh OTHEJbHBIE IVIABBI yYeOHHKA MAKCHMATIHHO
He3aBUCUMbIMU. Bee yTBepK/ieHus IPUBEJIEHbI ¢ IIOJPOOHBIMEU JI0KA3ATE b
CTBAMHU. DTO JOJKHO OOJErdNTh UCIOJIB30BaHUE YIeOHHKA B KavdecTBE IT0-
cobust Ut camMooOpa30BaHus W CIIPABOYHUKA JIJISI HAYMHAIOIIETO UCCJIE/I0-
BaTeJis 1O OTAEJIbHBIM BolIpocaM (bYHKIIMOHAJBHOIO aHaau3a. B ocHoBHOM
TEKCT C TOJHBIMHU JO0Ka3aTeJIbCTBAMHU BKJIIOYEHBI HEKOTOPLIE T€MbI, KOTOPbIE
B yueOHUKaX 110 PYyHKIMOHAJIHLHOMY aHAJIM3Y JJIS MaTEeMaTUKOB 4aCcTO BbIHO-
CATCS B 3314 JIJISI CAMOCTOATE/ILHON paboThl. M3/10:KeHe HLIIOCTPUPOBa-
HO JOCTATOYHBIM UMCJIOM PEIIeHHBIX B TEKCTe YUeOHUKA 3a/1a9 U IPUMEPOB,
KOTOpbI€ HMOSCHAIOT M3JIaraeMblii MaTepHaJsl, HO He MOI'YT PacCMaTPUBATHCS
KaK Mocobue Jijisd pa3BUTUs HABBIKOB B PEIIeHHH 33724 110 (DYHKIHOHAILHO-
My aHaau3y. ABTOp CUHTAET, YTO HAUMHAIOIMIEMY CTYACHTY-(PU3UKY HABBLIKI
B pelreHuu 3a/a4 1o (PyHKIMOHAJLHOMY aHAJIU3y JIydlile Ipuodperarh Mo
PYKOBOJICTBOM TIpeIiojiaBaTesisi, TaK Kak IpernojaBaTe/b MOXKeT yKa3aTh Ha
OIMOKY B pacCyzK/JIeHUSX U IMOKa3aTh U3BECTHLIE B MaTEeMaTHIECKOM (POJIbK-
JIOpe HpHeMbl pellleHus 3aJa4. IIoNbBITKH caMOCTOSTEIbHO MPEOI0JIeTh BCe
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I'maBa 1

DJieMeHTapHble CBeJIeHUS O
MHTEerpaJie m Mepe.

1.1 MWurerpana Jlebera.

1.1.1 OcHOBHBIE CTPYKTYPbI, UCIIOJIb3yEMBbIE TTPU TTOCTPO-
eHu”n mHTerpaJa no cxeme /laamaiis.

XopolIo U3BeCTHO, YTO KYCOYHO-HeNpepbiBHas Ha oTpeske [a, b] C R dynk-
g HTerpupyeMa no Pumany. OHOKO yzKe B IIPOCTERIINX CIydasx Ipeses
KYCOYHO-HEIIePBIBHBIX (DYHKIMH MOKET OBbITh He HHTEIPUPYEMbBIM 110 PumaHy.
Pacemorpum npumep. IIyeTh 21, o ... -BCe paluoHAIbHBIE TOYKH OTPE3Ka
0, 1],
1, ecmnx =g
H(l‘z|l’> — Y (2]
0, ecn x # x;.

[Honoxnm

fala) = Lailz).

1<i<n

Oynknus f,(z) paBaa HyJI0 BO Bcex Toukax orpeska [0, 1], 3a nuckiodenuem
To4ek z;, 1 < i < m, B KOTOPHIX OHA paBHa exuuune. Jcuo, ato fh1q1(z) >

fn<x> n

F(z) = lim fu(x) =

n—oo

(1.1)

{1 , €CJIN T PAIMOHAJIBHOE TUCJIO,

0 , ecsin z UppaNMOHAILHOE THUCJIO.

Kaxnas u3 dynkuumii f,(r) Kycouno mempepsiBaa Ha oTpeske [0, 1] u mosTo-
My mHTerpupyema no Pumany na orpeske [0, 1], a eé unrerpas paBeH HyJo.
[penen dyukuuii f,,(x) cymecrByer B KaxK10ii Touke orpeska [0, 1]. Dror



npejies HazbiBaeTcd ¢yukmueit [upuxie. Oyuknusa lupuxsie me uHTErpu-
pyema mo Pumany, Tak Kak mias j060ro pasouenns orpeska [0, 1] BepxHsis
nHTerpaitbHasg cyMMma byHKnun lupuxie paBHa eIuHUIE, & HUKHAS UHTe-
rpajibHas cyMMa paBHA HY/I10. MBI BHAMM, 9TO yzKe MpocTeilne omepanuu
MPEeJETHHOTO TePeXoa MPUBOJAT K (PYHKIUIM, KOTOPbIEe He HHTETPUPYEMBbI
o Pumanmy.

Hama nesib cocrouT B TOM, 4TOOBI PACHIUPUTD MOHATHE UHTErpaJia Puma-
Ha TaK, YTOOBI MHTEIPUPYEMBIMU OKa3aJIMCh BCe (DYHKIINH, KOTOPbIE B HEKO-
TOPOM €CTECTBEHHOM CMBICJIE MOXKHO CUUTATH IIPeJieJJaMUi THTEIPUPYEMBIX 10
Pumany dynknuit 1 Ha 3T0T KJIace (pyHKIU pacIpoCcTpaHUTDh MOHATHE WH-
TerpaJia Tak, 9To0bl OHO COXPAHSIO OCHOBHBIE CBOWCTBA HHTErpaJia PuMana.

Mpl ncnmomb3yeM KOHCTPYKIIMIO, KOTOPAash HA3BIBAETCS TTOCTPOEHWEM WH-
rerpasa o cxeme anmarsa. Obmas cxema HAIUX PACCYKIEHUN COCTOUT B
TOM, 9TOOBI HHTErPAJ OT npeeaa (DyHKIUH paccMaTpUBAThL KaK MPeIes WH-
TerpaJioB oT 3Tux (pyuHknuii. B paccMOTpeHHOM MpUMepe KaxKjaas u3 PyHK-
muii f,,(z) uarerpupyema no PuMaHy U ee WHTerpaJ paBeH Hy/110, [loaToMy u
npefeabHo DyHKIUY - byHKIuN Jupuxiie -ecTecTBEHHO TPUITUCATH 3HAYTE-
HUEe UHTEerpaJia, pasuoe nyJo. Ham HyKHO pazpaborars obiiue npaBujia Jijis
TAKOIl MPOIeAypPhbl. 3aMeTHM, UTO B ONpe/eaeHne naTerpaia Puvana Bxogar
TPU TOHSITHUST: 00JIACTH, HA, KOTOPOH ONpe/Ie/IeHbl WHTerpupyemMbie (DyHKITHH,
UHTerpupyemble GOYHKINN U HHTerpag. MHOXKecTBO mHTerpupyeMboix mo Pu-
MaHy (QYHKIUN ABIgeTcd JUHEHHBIM MPOCTPAHCTBOM OTHOCHUTEJNBHO ONepa-
Uil TOTOYETHOTO CJOKEHUS U YMHOYXKEHUS HA JEeHCTBUTEIbHBIE YUCTa U 00-
JaJaeT CJAeLyomnuM cBoiictBom: ecan dyrkuus f(x) maTerpupyema no Pu-
many, To u ¢yukuus |f(z)| narerpupyema no Pumany. Unrerpas Puvana
MOZKHO PACCMATPHBATh KaK JIMHeHHbIH (hyHKIMOHAT (HAIOMHUM, 9TO DYHK-
IHMOHAJIOM OOBIYHO Ha3bIBaeTCs oToOparkeHHe, 00/1acTh OIpeIeIeHusT KOTOPO-
I'0 €CTh MHOKECTBO (pYHKIIHIL, a 006JIacTh 3HAUEHHU -00/1aCTh TeCTBUTETHHBIX
WM KOMILJIEKCHBIX 9HCeJT) , 3a/[aHHBII HA MHOYKECTBE HHTeIPUPYEMbIX yHK-
uit, mpudeM 3TOT (PYHKIUOHAJ HEOTPUTIATEIEH B CJIEIYIONEM CMBIC/Ie: €CIN
uHTerpupyemas YHKIHS TPUHAMAET TOJbKO HEOTPUIATEbHbIE 3HAUEHUS,
TO W €€ HHTerpaJ HeoTpHIlaTeleH. DTU CBOICTBA MHTerpupyeMbIX 1o Pumany
dyuknmit 1 naTerpana Pumana KIagyTcd B OCHOBY MPEIaraeMoro B cXeMe
Jlanusig 06001IeHns MOHATHS UHTErPAJIA.

B panbreniem Mbl OyJieM 1peojaratb, 4To X -NPOU3BOJIbHOE MHOZKE-
crBo, Lo(X) HekoTopoe MHOZKecTBO (byHKIHIT Ha X €O 3HAYEHUSAME B 061aCTH
JIEHCTBUTEIHLHBIX YHCEI:

LoX)> f: X2>aw f(z) €RY,



Iy -3amannniit na Lo(X) dynknumona:
IO: Lo(X) = f = [D(f) € Rl.

[IpoctpanctBo Lo(X) Mbl 6yieM HA3BIBATD NPOCMPAHCIMEOM INEMEHMAPHDLT
Ppyrrxyud. Oyuknuonaa [y Mbl OyeM HA3BIBATDH IACMEHMAPHLLM UHMEZPA-
AOM.

[Ipu mocTpoenun unrerpaJa mo cxeme Jlanusias Ha ob6JacTh 3a/IaHUd UH-
TerpupyeMbix (byHKIMHA (MHOXKecTBO X ) He HaJaraercst KaKux-jaubo orpa-
HUYECHUN.

Mpur 6ymem mpeamorarath, 9To mpocTpanctso Lo(X) yaosiaeTBopsier cire-
JIVIOIHM TPeOOBAHUSIM.

Yeaosue 1.1.1. Ilpocmpancmeo Lo(X) cocmoum us oepanuruenmvix Gym-
yul:
V(f € Lo(X)) : sup{[f(2)] | # € X} < o0.

VYeaosue 1.1.2. [Ipocmparcmeo dynruuti Lo(X) ecmo aunetinoe npocmpan-
CMB0O OMHOCUMENLHO ONEPAUUTE NOMOYUEHHO20 CAOHCERUA GYHKUULT U YMHO-
orcenus PYHKUUT Ha 0etcmBUMEALHDIE YUCAA.

DTO 03HAYAET, YTO LI JIIOOBIX JIBYX (DYHKIIHI
f(x) € Lo(X), g(x) € Lo(X)
1 JI00LIX JeficTBuTe bHbIX uncet o, 3 € RY ¢ynkuns
h(z) = af () + Bg(x)
IPUHAIEKUT TpocTpancTBy Lo(X).
Veaosue 1.1.3. Ecau gynryua f(x) € Lo(X), mo |f(x)| € Lo(X).

Tak Kak

max(f(2), 9(2)) = (/) +9(e) +1/(2) — g(a)),
min(f(x), g(zr)) = —max(—f(x), —g(z)),

TO TIpH BbITTOIHEHNN yeaoBud 1.1.2 yemosue 1.1.3 3KBUBAJIEHTHO YCIOBUIO

Veaosue 1.1.4. Ecau f(z), g(x) € Lo(X) mo

max(f(x) , g(x)) € Lo(X) , min(f(z), g(x)) € Lo(X).



Mui Oyaem mpenoiararb, 9T0 3J€MEHTAPHBIH UHTEerpas Iy y1oBJIeTBOpI-
eT CJIeYIONMNUM TPEeOOBAHUSIM.

VYceaosue 1.1.5. Iaemenmaphoili unwmeepan Iy ecmov aunetinod @yrryuo-
nas, 3adarnvit na Lo(X):

In: Lo(X) = R", Ip(af + Bg) = alo(f) + Blo(9).
Yceaosue 1.1.6. Iaemenmapnwiti unmeepan Iy neompuyamenen:
(Vo : f(z) =2 0) = (lo(f) = 0).

YcaoBue 1.1.7. Guemenmapnuii unmezpas ly nenpepwsen 6 caedyrowem
cmblene:

ecou¥(r € X) : fop1(x) < fulz) w V(zre X): lim f,(z) =0,

n—oo

Tim Io(f,) = 0. (1.2)

Tak kak
—|f(x)] < f(x) < |f(2)],

TO U3 HEOTPpUIATEJIbHOCTH 9JIEMEHTAPHOI'O HHTEeI'PaJla CJeAyeT HEPaBEHCTBO

[Lo(S)] < Lo(lf])- (1.3)

Eciu dynknusa f(z) = 1 nupuHa/JIe’KuT IPOCTPAHCTBY 371€MEHTAPHBIX DYHK-
i, TO OTCIO/A CJeJlyeT HepaBeHCTBO

[Lo(f)] < To(1) supf[f(x)] | x € X}. (1.4)

1 mocTpoeHnda wHTerpJaa 1mo cxeme /laHng HYKHBI TOJIBKO cBoiicTBa 1.1.1
-1.1.7 upocrpancrBa 3djieMeHTAPHBIX (DYHKIUNA U JIEMEHTAPHOIO MHTEraJia.
Ho B BasKHBIX U HHTEPECHBIX JJisl IPUJIOKEHUIT ciydasx (KOTOpble paceMOoT-
penbl, Hanpumep, B ipuvepax 1.1.1, 1.1.2 | 1.1.7) npocTpaHCcTBO 3/eMeHTap-
HbIX QyHKIWHA Lo(X) yI0BIeTBOPSIET CJIETYIONIM JOTOJTHUTETbHBIM YCIOBH-
SIM:

Veaosue 1.1.8. Pynruyua f(z) = 1 npunadaescum npocmpancmsy Lo(X).

B stom cirydae ssieMeHTapHBIN HHTErpaj 0OBIYHO HOPMHUPYIOT YCJIOBHEM

(1) = 1. (1.5)



Veaosue 1.1.9. Ecau f(x) € Lo(X), mo
Vip = 1)« |f(@)[" € Lo(X).

Ecm 5TH yCI0BHS BBIIOJHEHbBI, TO MOCTPOEHHBIN 110 cxeme JlaHms/isa uH-
Terpasi 06J1a1aeT JONOIHUTEbHBIME CBOHCTBAME, KOTOPhIE YaCTO UCIOJIb3Y-
I0TCS B MPUJTOKEHUSIX.

B dasvnetiwem mu. npednoaazaem, wmo ycaosua (1.1.8) u (1.1.9) swnoa-
HEHDL.

XoTd npu HOCTPOHUN HHTErPAJIA 110 cXeMe JlaHuaI1st Ha 06J1acThb 3a1aHusT
uHTErpupyeMbix GyHKImit GopMaTbHO He HATATAETCS KAKMX-JIM00 OrpaHnIe-
HUil, HO B JACHCTBUTEILHOCTH JIEJ0 OOCTOUT HE COBCEM TaK. Ecsm MHOZKecTBO
9JIEMEHTAPHBIX (DYHKIHUH GECKOHETHO, TO JJIs CYKJICHUS O TOM, [TPUHAJTE-
JKAT WM HeT JaHHas (DYHKIMS MPOCTPAHCTBY JEMEHTAPHBIX (DYHKIUi 1
BBIIOJIHCHO Jin yeaosue (1.1.7), mam HyKHO KaK-TO OIHCATL CBOHCTBA JIe-
MeHTapHBIX (DYHKIMIA, a cAeaaTh 3TO, HUIero He 3Has 00 obJjacTu 33 aHusd
9JIEMEHTAPHBIX (DYHKINH, HeBO3MOKHO. [109TOMY B HPAKTHYIECKHX IPUME-
HEHUAX Ha 00JACTb 33 JaHUs TeMeHTapHBIX (DYHKINH HATATAIOTS TOTIOTHHA-
TeJbHbIe TpeGoBanus. JacTo paccMaTPUBACTCS CIICAYIONAS CHTYAIIHSI.

Yeaosue 1.1.10. Ipcmanemeo X -9mo Komnaxmmoe monoso2uteckoe npo-
cmpancmeo®, npocmpancmeo aaemenmaprnir Gynryuti Lo(X) - amo npo-
cmpancmeo C(X) scex nenpepoishus gynkuut na xomnaxme X, a ssemen-

mapuut unmezpas Iy amo aunetinoil neompuyamesvrvlli PYHKUUOHAA HA
C(X).

Bamernm, 4ro Takoil GpyHKIHOHAN B cuiy HepasencTBa (1.4) siBisercs
HenpepbIBHBIM B MeTpuKke npocrpancTBa C(X).

Brimosnenne ycaosust (1.1.7) Torma caemyer u3 teopembl JIuuu u yciio-
Bus 1.1.8-1.1.7 TakzKe BBITOJTHEHBI. YCJI0BHE KOMIAKTHOCTU TOMOJOTAIECKO-
ro npocTpacTBa X B HEKOTOPBIX CIyYasX MOXKET ObITh 3aMEHEHO YCIOBHEM
KOMIAKTHOCTH HOCUTENsT Kaxkaoil dpyukrun f € Lo(X).

Paccmorpum npumepsr.

Vreepxkaennme 1.1.1. IIyemv X = [a,b] C R, Ly(X) = C([a, b)) -
NPOCMPAHCMBO 6CET HENPePueHuT Gynkyul na ompeske [a, bl, a saemen-
mapHul unmezpan 3a0aH Kax unmezpas Pumana:

Iy: Cla, b) 3 £ Io(f) = / f(z)d. (1.6)

' B arToif riaBe 0o TepMEHAME KOMIIAKT, KOMIAKTHOE TOHOJOTHIECKOe IIPOCTPAHCTBO I
KOMIIAKTHOE MHOZKECTBO MOXKHO LIOHMMATh olipejesenHoe paencrsom (1.7) noiupocrpas-
CTBO €BKJINJIOBA MTPOCTPAHCTBA.



B amom cayuae evinoanens yeaosus 1.1.1-1.1.4 daz npocmparcmea Lo(X)
u yeaosua 1.1.5-1.1.7 dasn anemenmaprozo unmezpana.

[TpoBepum BoITTOTHeHNE yeaoBus 1.1.7 VI3 mpu3Haka paBHOMEPHON CXOTH-
McTH JIMHY CIesyeT, 9To ecau IMOCIeI0BaATeIbHOCTh HEIPEPBIBHLIX (DYHKITII
fn(Z) MOHOTOHHO CXOIUTCH K HYJIO B KaxKJ0il Touke orpeska [a, b|, To ona
CXOJIUTCS K HYJII0 DAaBHOMEPHO Ha oTpeske [a, b], mosTomy

b

b
lim | fo(z)de = / lim fn(z)dx = 0.

a

O06obIeHNeM TIPEIBIIYINETO TPUMEPa CAYKUT CJIeAYIOMMIT IpuMep.
YrBepxkaenue 1.1.2. [lycmv npocmparcmseo X ecmo napasresununed K :
K:={zlz=(z1,...,0q) €R? a; <x; < b, a; < b; }. (1.7)

ITyemv Lo(X) = C(K) -npocmparcmeo ecex HenpepueHur PyHryud Ha
napasresununede K, a ssemenmapnuti unmezpan 3adan kax unmezpan Pu-
MAHA

Iy: C(K) > e Iy(f) :/Kf(x)dx, dr = dridz,y . .. dzy.

B amom cayuae yeaosus 1.1.1-1.1.4 dasn npocmpancmea Lo(X) u ycaosus
1.1.5-1.1.7 0aa saemenmapro2o UHME2PALG EHINOAHEHDL.

DTU TPUMEPHI SIBJISTIOTCSI OCHOBHBIMHY JIJTSI JIAJBHEIET0 W3JI0KEeHUS: 6 0a.Ab-
Hewem (ecau He 02080peHo OpY20€) MOAHCHO NPEINOAG2GMY, WIMO NPOCMPAH-
cmeo X, npocmpancmeo aremermaprot Pynryul Lo(X) u sremenmaproit
unmeezpan Iy 3adarv, max, xax 6 1.1.1 uau 1.1.2. Bee apyrue mpuMeps mpn
[EPBOM YTEHHH MOYKHO He PacCMaTpHBATh.

Yuraresro MpejiaraeTcss IpoOBepUTh, 9TO B CJEIYIONAX CJIYIasX BHIIOJ-

Henbl ycjosug 1.1.1 -1.1.7.
Ipumep 1.1.1. Iycrb X = [a, b] C R' | Ly(X) -npocTpancTBO Beex KyCouHO-
JUHEHHBIX BYHKIHH (KycouHO-mHeiHas DYHKIMS -9TO TaKask HelpephIBHASI
dbyukmus, rpaduk KOTOPO ecTh JOMaHHAs JUHASA) HA OTpe3Ke [a, b], a aJe-
MeHTApHBI nHTerpas 3anaercs dbopmymnoit (1.6).

Ipumep 1.1.2. Tlycrn
X =K := {I‘LE:(Q,’l, ,xd) GRd, aigxigbi,ai<bi},

Lo(X) := C(K) -mpocTpaHCTBO BCEX HENPEPBIBHBIX (DYHKIU{ HA TapaJLIe/H-
muneie K |, g € C(K) , g(x) > 0, z € K, a 31leMeHTapHbII HHTErPaI 3a1aH
KakK uHTerpas Pumana:

In: C(K) > f—Iy(f) = /Kf(x)g(x)dx, dr = dzydzsy . . . dxg.



Byner am B 3TOM IpuMepe BBIIIOJTHEHO YCJIOBHE HEOTPHIATETHHOCTH dJIe-
MEHTAPHOTO HHTErPaJIa, ecid (PYHKINsS () B HEKOTPOBIX TOYKAX OY/IET MpH-
HAMATh OTPUIATE/IbHBIE 3HAUCHNA !

Ipumep 1.1.3. Tyers X = [a, b] C R, Ly(X) = C([a, b]) -npocrpancTBo
BCEeX HeIPepBIBHBIX GyHKIui Ha oTpeske [a, b], {z;} C [a, b], a s;memenTap-
HBII HHTErpaJI 3ajaercs popMyIoi

L(f) =3 a()f (), (1.8)
J
rae {a(j)} -Takas mocaeA0BATENBLHOCTD , 9TO
Vi:ia(j)>0 u Y a(j) < oo (1.9)
J
[Iposepka yciaosuit 1.1.5-1.1.7 npejiocTaBisgercsd YUTATEIO.

IIpumep 1.1.4. llyctp X = Z, -MHOXKeCTBO HEOTPUIATETbHBIX IEJIBIX YH-
cest, Lo(X) = [°° -upocrpancTBO OIPAHUYEHHBIX YUCJIOBBIX HOCJIEJI0BATE b
HOCTEI:

({b(7)} €17) <= (sup{b(j)| | j € Z+} < o0),
{a(j)}-aucnoBas mocaemOBATEIBLHOCTH, KOTOPAs YAOBJETBOPSET YCJIOBUSM
(1.9), a saemeHTApHBIH HHTErpAT 3a1aH QOPMYJIOii

L({o(4)}) = Za(j)b(j)~ (1.10)

[Tposepum, uto BeimosHeHO yeaosue 1.1.7. Tlyers {b, ()} Takas nocaemo-
BATEJBLHOCTD 3JIEMEHTOB IIPOCTPAHCTBA (>, KOTOpasd yIOBICTBOPLAET YCIOBHIO:

Vit bu(4) =0, n— 00, byy1() < bu(y).

CupaBeJJINBO paBEHCTBO

T(h) = Y i) + 3 aliha(i) (111
Bropyio cymmy B (1.11) ornennm Tak:
|2 ali)ba(i)] < sup{ba(7)I | € Z4} D a(i).

Teneps sicho, uTo Bropas cymMma B (1.11) MoKeT ObITh ¢JieTaHa CKOJIb YTOIHO
MaJI0it 3a cuer BbiOOpa N, a nepBas cyMMa MOKeT ObIThb CjiejlaHa MaJjioil 3a
cyer BuIboOpa n.



Hpumep 1.1.5. Tlycrb X = Z, -MHOXKECTBO HEOTPHUIATEIbHBIX IEJIBIX YM-
cen, Ly(X) = [* -npocTpaHCTBO YUCIOBLIX HOC/IE0BATEILHOCTeH, KOTOphIe
VJIOBJIETBOPSIOT YCJIOBHUIO:

({o(i)} € 1?) = ((Z!b(j)lz) < 00). (1.12)

[Tycre nocaeposarensuocts {a(f) }ynosaersopster yenosuio: {a(j)} € 12, a(j) >
0. Bagaaum snemenTapHbrii waTerpas dbopmymnoit (1.10).

[IpoBepum BBIIOTHEeHWE ycaosuit 1.1.5-1.1.7. /Ing sToro cHavyasga 3ame-
THM, YTO IIPOCTPAHCTBO [2 ecTh JMHeiiHOe MTPOCTPAHCTBO OTHOCUTEILHO Olle-
paruit CJI0XKeHHST M YMHOXKEHHUsI Ha JeHCTBUTE/NbHBI YHCJIa, eCJAU STH Olepa-
oy OlipeAeJICHbI 110 IIPpaBUJIY

afb(y)y + A{g(d)} = {ab(5) + B9(h)},

[b(5) + 9()I* < 2(16()I* + 19 ()I?).

[Tposepum Boinosnenue ycaosust 1.1.7. Ilycrs {b,(7)} Takas nocsenoBaress-
HOCTb 3JIeMEHTOB NPOoCTpaHcBa [2, KoTopas yA0BIETBOPSAET YCIOBHIO:

Vi by(3) =0, n— 00, by1(f) < bu(g).

CrpaBeJIMBO PaBEHCTBO

L({ba}) = a(i)ba(h) + Y a(i)bu(4) (1.13)

j<N >N

BOCHOHBBYGMCH HepaBEeHCTBOM

|Z |< Z|a 1/2Z|b 1/2

j>N j>N j>N

B cmny sToro mepapencTBa 3a cuer BBIOOpa mapaMerpa [N BTOpOE CJIaraeMoe
B (1.13) MOXKHO cIeJaTh CKOJIb YIOJHO MAJIbIM CPa3y JJIsl BCEX 1, a MepBYI0
cymmy B (1.13) MOXKHO ¢restaTh Masoit 3a caer BIOODa n.

Ipumep 1.1.6. Ilycth

X=(a,b,a=ap<my<a<...<ay=0b
-(PUKCHUPOBAHHBIC TOYKU H

V(] <N — 1) : Aj = (Oéj, Q1] - (114)



Ilycrs Lo(X) -nuneitnoe mpocTpanctBo dyHKIUi BUIA

Lo(X) 3 f(x) = > BUAx), 5(j) € R (1.15)

0<j<N-1

Oupegennm ua Lo(X) snemenrapubiii muaTerpas bopmysioi

b
I Lo(X) 3 f(z) — Lo(f) :/ Fa)da =
Z Bilajp — ) (1.16)

0<j<N-1

[Iposepka ycaoswmit 1.1.1 -1.1.7 B 7agHaAM cIydae MpeaoCcTaBIgeTCS IUTa-
TEJTIO.

IIpumep 1.1.7. lycre X = (a, b] u Lo(X) -nmuneiiHoe TPOCTPAHCTBO BCEX
dbyuknuit Buga (1.15) npu ecer 603.mo0cHvLT BEIOOPAX TOYEK o U Beex N =
1,2 .... Oupeaenum ssemenrapubiii narerpai dhopmysnoit (1.16). Yeaosus
1.1.1 -1.1.7 B 3TOM cay4ae OyAyT BBIIOJHEHBI.

Herpusunasbsna Tobko mposepka yeaosug 1.1.7. B mambHe#eM pe3yiib-
TaThl HU2KECJIeAYIOIINX paCC}’)K,ZLeHI/IIU/I HaMK He HCIIOJIb3YIOTCA.

[Tycre nocaenosarensuocts { fn(x)} C LX) yaoBIeTBOpSIET yCIOBUSIM:
Vr: fpp1 < fn(l”) ) fn(ﬂf) — 0, n— oo.

Kaxnas u3 dbyskimii f, () nMeer TOJHKO KOHEYHOE YHCJIO TOYEK PA3PhiBa
Ha oTe3Ke [a, b], mo3TOMY MHOXKECTBO BCEX TOUYEK Da3pbiBa Bcex (DyHKIMI
fn(x) me Gosee wem cuerno. Ilycts aro Gymer muoxecrso {x;}, j=1...
[TostoxK1Mm

Be = U‘/; ) ‘/; = (‘CEZ - 471’67 T+ 471'6)' (117)

MuozkectBo C(B,) 3aMKHYTO, hyHKIMOHAIbHAS TTOCTIeA0BATEbHOCTD { [, ()}
MOHOTOHHO CTEMHUTCSI K HYJIO B KayKJIOi TOUYKE TOTO MHOXKECTBA M KAXK-
nast byukust f,(z) senpepeiBaa Ha C(B.), mosTomy B cuiy TeopeMbl Jluau
dbyHKIIHOHATBHAS MOCAEI0BATENBHOCTH { f,,(x)} cTpemuTest K Hym0 paBHO-
mepro Ha C(B,). Ilycth n(€) BoIOpano Tak, 9To

V(z € C(B), n>n(e): fulr) <e.
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[Tpu n > n(e) npeacrasum byukmmio (1.15) kak cymmy aByx yHKuii

folx) = [ (@) + fr(2),

re
ﬁ@=2wmwx (1.18)
ﬂ@:Z@MW» (1.19)

B (1.18) cymmmposanme Besiercs o Tem j, 11 koropwix A; [ C(B.) # 0, a
B (1.19) cymyuposanue Beferca 1o Tem j, aaa Kotopeix A7 C B.. Tak kax
B (1.18) B} ecthb oHoO w3 sHavenuit bynxmun f,(r) Ha maoxectse C(B,), To
Vji:fB;<em

[ harar < 6-

Tak Kak Bce TOYKH (y; 1O OIPEJIETCHHIO IPHHAIIEKAT MHOXKECTBY B, TO
JUIsT BCEX TeX J, TO0 KOTOPBIM BejieTcst cymmvupoBanue B (1.19), BbimosHeHO
BrJOUenue [, aji1] C Be. B cuy siemmsr Leiine-Bopesst kazkapiit orpe-
30K [@j, (vjy1] HOKPBIBAETCS KOHEYHBIM 4MCIOM mHTepBasioB V; Buma (1.17).
Bxomgmmue B (1.19) muoxkectsa A7 He mepecexaroTcss 1 HX 00beTHHEHNE T0-
KPBIBAETCsI KOHETHOH CHCTEMOI OTKPBITBIX HHTEPBAJIOB V;, cyMMapHas JIJIHHa
KOTOPBIX MeHbIIe €. [IycTh

M =sup{fi() | € X}

Tora
/ab fo(x)de < M/ab <Z ]I(A;-’|x)> dr < (sgp filx)) - e
u upu n > n(e) :

/bfn(x)de(M+b—a)-e.

Wrak, MBI JOKa3a/Id BhIIOJHEeHHe yeaopud 1.1.7 B paccMaTpuBaeMOM Ha-
MU IpUMepe.

Yurarearo peKoMeHIyeTcss 0600IIUTh 3TOT IpUMep Ha CJIydail IpocTpaH-
crBa R%.

Jpyrum o6o0IIeHneM 9TOr0 NpUMepa ABISETCS
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IIpumep 1.1.8. Ilycrs F(x) -MOHOTOHHO HEYOBIBAKOIIAsI HEITPEPHIBHAS CIPABA
dbynkmua ma orpeske [a, b] C R' u nyers Ly([a, b]) -nuueiinoe mpocTpancTBo
Beex dyukuuii Buga (1.15). Ha npocrpancrse Lo([a, b]) onpegesnm ssnemen-
TapHbIl HHTErpa/l HOpMYI0ii

Lif)= > BU)(Flajm) - Floy)). (1.20)

0<j<N-1

[Iposepka ycsioBusi 1.1.7 nosydaercst JIOCJIOBHBIM HHOBTOPEHUEM 1IPE/Ibl-
AYIIAX PacCyKJICHAN.

B nmpumepax 1.1.6-1.1.8 kaxkmas GYHKIUS U3 MPOCTPAHCTBA dJIeMeHTap-
HbIX (PYHKIUI TPUHUMAJIA TOJBKO KOHeYHOE Yuc/10 3uadenuii. [Ipuem, cocto-
AU B pacCCMOTPEHUH TOMO0OHOTO Kjaacca (PyHKIU, 9acTO UCIOIb3YEeTCS B
TEOPUH MHTEerpaJia.

1.1.2 MHoxKecTBa MEPHI HOJIb.

Pacemorum npuvep. [lyers X = [0, 1], Lo(X) = C([0, 1]), a smemenTapHbIit
MHTerpaJ 3aj1aercs hbopMysoii

Io(f) = f(1/2) (1.21)

¢lcHo, 9TO B pacMaTPHBACMOM HPHMepe MOBEICHIE HHTETPAPYEMBIX by HKIHiT
ma narepsanax [0, 1/2) u (1/2, | uukax me iuser Ha narerpat. drobor B
o0IeM ¢JIydae BBIJCAUTL HECYIIECTBEHHBIC /IS MHTErPAjia MOIMHOKECTBA
00J1acTH 33 JaHusT HHTErPUPYeMBIX (DYHKIIHil, BBOAUTCA HOHATHE MHOXKECTBA
MepBI HOJTb.

Omnpenenenne 1.1.1. [loamuoxkecTBO Z 1pocraHcTBa X €CTh MHOZKECTBO
Mepbl HOJIb, eCJIn JIjIsi KaxK1010 € > () cylecTByeT Takas HeyObIBaroIas mo-
CJIeJOBATEHLHOCTD

{fn(@)} C Lo(X) , frpa(@) = fr(2)

HeoOTpHUIlaTEeJIbHBIX!

V(n,x): fi(z) >0

9JIEMEHTAPHBIX (DYHKIUH, 4TO
VzeZ): sup{fi(z)|1<n<oo}>1 u Vn:I(f;) <e

HyCTOG IMOJAMHOZKECTBO CUHUTACTCA MHOZ2KECTBOM MepPbl HOJIb 110 OIIpeae/ie-
HHIO.
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Ecim muoxkectBo Z C X ecTh MHOXKECTBO Mepbl HOJIb, TO Mbl Oyjgem
MHUCATh

mes(Z) = 0.

Takum o6pazom, mes(Z) = 0 B TOM U TOJBKO TOM CJIydae, eCJiu:

V(e>0), H{f(@)} C Lo(X) : 0 < fr(x) < frpa(2) -,
Vze Z): sup{fi(z)|1<n<oo}>1,
Vn: Io(fS) <e. (1.22)

HenocpencTBeHHO U3 ompejie/ieHUs cpa3y »Ke cJeayeT BayKHOe 9 Talb-
Helnero

Yreepxkaeune 1.1.3. Ecau Z C X ecmob muoscecmeo mepvl Hoav u Z' C Z
mo Z' ecmb MHOHCECTNBO MEPDE HOND.

Sameuarue 1.1.1. Tloz:ke MBI BBeIeM MOHSTHE MEPHI MHOYKECTBA U y HAC TIO-
SIBATCS MHOYKECTBA, Mepa KOTOPBIX PaBHA HYJIO, a MHOXKECTBA Mepbl HOJb
B cMBIcsie onpejiesierns 1.1.1 kak pa3 U OKaxKyTcss MHOXKeCTBaMU, Mepa KO-
TOpbIX paBHa Hy/10. Ho, BOOOIE 10OBOPY, IPU UHBIX OLIPEJIeJIEHUIX OHATHS
Mepbl MHOZXKeCTBa MepbI HOJIb B CcMbIce onpepenennd 1.1.1 m mMHOMXKecTBa,
Mepa KOTOPBIX PaBHA HYJIIO, -3TO Pa3HbIe KJIACCH MHOYKECTB. DTH KJIACCHI
MHOKECTB MOTYT COBIIaJIaTh IIPU OJIHUX OIpPe/IeJIeHUSIX MOHATHS MePbl MHO-
JKeCTBa M He COBNAJATH IIPHU JIPYTUX OMpPeJleSIeHuIX MOHATHS Mepbl MHOYKe-
cTBa. Bonee monpobHO MBI OCTAHOBUMCS HA 9TOM IPH OOCYKICHUY MOHSTUS
Mepbl MHOYKECTBA.

IIpuBegeM mpuMepHI.

IHpumep 1.1.9. B paccMorpeHHOM B HadaJie 3TOro naparpada npumepe MHO-
xectso [0, 1/2)J(0, 1/2] ecTh MHOZKECTBO MepBI HOJIb.

IIpumep 1.1.10. B mpumepax u 1.1.1 1.1.2 ogHOTOUYEeTHbIE MHOMXKECTBA T( €
la, b u zyg € K ecTb MHOXKECTBA MephI HOJIb.

B kauecTBe 110cs1e10BaTeNbHOCTH [ (1) MOKHO B3SITh [IOCJIEI0BATEILHOCTD
fi(x) =max{0, 1 — |z — 2¢|/€} npu e < 1.

Ipumep 1.1.11. B npumepe 1.1.3 kaxkgas To4ka T € {T;} €CTb MHOKECTBO
Mepbl HOJIb U HUKaKas TOYKa T He eCTb MHOXKECTBO Mepbl HOJIb.
Ilpumep 1.1.12. B npumepax 1.1.4-1.1.5 eauHCTBEHHBIE MHOXKECTBA MeEPHI

HOJIb -3TO IIYCTbhl€ MHO2KECTBA.
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Kak BUIHO U3 PACCMOTPEHHBIX HAMHU HPHMEDPOB, CBOMCTBO MHOYXKECTBA
OBITH MHOYKECTBOM MepPbI HOJIb 3aBHCAT U OT IIPOCTPAHCTBA JEMEHTAPHBIX
dyukuuit Lo(X), n or 3agannoro va npocrpancrse Lo(X) ajiemMeHTapHOro
unrerpaja I.

Jlemma 1.1.1. Cuemmoe obsedunerue MHONCECME MEPLL HOAL €CMb MHO-
2HCECMBO MEPDL HOAD.

HoxkazarensctBo.Illycts 2, C X, k = 1, ... -MHOXKeCTBa Mepbl HOJIb U
Z = | Zg. o oupejesienuio MHOXKECTBA MEPbI HOJIb JIJIsl KaxKA0r0 k cylie-
k

CTBYET TaKad ITOCJIeJ0BaATCJILHOCTH

{forx(@)}CLo(X),n=1... wuro VY(n,k):0< fur(x) < for1x(x)

V(z € Zy) : sup{fur(a) [n € Z} > 1, Io(far) < 27"
[lycrn

ga(2) = max{ fue() | 1 < k < n}.
qDYHKLLI/IOHaJ'IbHaH IIocjae 10BaTeJIbHOCTDb dn y,[LOBJIeTBOpHeT YCIIOBI/IHM:

{gn} C LO(X)7 0< gn(x) < gn+1(x), V(l‘ € Zk) :
sup{gn(z) | 1 <n < oo} >1,

MIO3TOMY

V(z e Z): sup{gn(z) |1 <n<oo}>1

Io(gn) < Iy Z for | <€

1<k<n

Tak Kak € IPOU3BOJIBHO, TO MHOXKECTBO Z YJIOBJIETBOPSET YCJIOBHIM OIIDe/Ie-
gennga 1.1.1 Jlemma nokasana.

Beenem mousitue ceoticmea, cnpasediusozo nowmu ectody. Paccmorpum
HEKOTOPOE 3aBHCsIIee 0T TOYKA = € X cBofictBo P(x).

Ounpenesenne 1.1.2. Mo 6ygem roBopuTh, 4T0 cBOiicTBO P(x) cupases-
JIMBO TIOYTH BCIOALY, €CJM MHOXKeCTBO Todek x € X, rue cBoiictBo P(x) He
CTIpaBEINBO, €CTh MHOKECTBO MEPHI HOJIb.
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D10 onpesenenne MOxKHO epedopMyaupoBath Tak. [lycrs P(x) -byHKius
Ha MHOXKECTBE X, KOTOpad IMTPUHUMAET JBa SHAYCHUA:

P: X >z P(x) € {truth, false}

Omnpepnenenne 1.1.3. P(x)=truth mourn Bcroay, ecam mes({zx | P(z) =
false}) = 0.

Jlnst Beipazkenusi "'modTu BCIOAy "MbI OyjeM HCIO/b30BATDH COKPAIIEHUE
m.B. Takum obpaszom,

(m.B. P(x) = truth) <= (mes(C({x | P(z) = truth})) = 0)

Oco60 0TMeTHM CBOMCTBO CXOAMMOCTH HOYTH BCIOAY IIOCJIEI0BATEILHOCTI
Iz ) .

Onpenenenne 1.1.4. TlociemoBarenbnocrs fi, () CX0MUTCs 1OYTU BCIOLY,
ec/Iu

mes(C({z | 3 lim_f,(x)}) = 0.

OTMeTnM, 9TO TaK KaK CBOWCTBO MHOMKECTBA OBITH MHOYKECTBOM MepbI
HOJIb 32BUCHT OT BBIOPAHHOIO IPOCTPAHCTBA dj1eMeHTapHbIX PyHKiuil Lo(X)
U OT 3ajlaHHoro Ha mpocrpaHcTBe Lo(X) smementaproro wHTerpana Iy, To
CBOMCTBO noumu 6c¢tody 3aBUCAT OT BBIOPAHHOTO MPOCTPAHCTBA dJIeMEeHTap-
Hbix byuknuii Lo(X) u or 3aanH0or0 Ha npocTpaHcTBe Lo(X ) ssieMeHTapHo-
ro unrerpaia Iy. B maabHeiinem y HaC BOSHUKHYT CUTYAIHH, KOTJIA HYZKHO
HOSICHUTD, B KAKOM UMEHHO CMbICJIE yHOTPeOJIeH TepMUH Ho4YTH BCiojy. To-
raa Mbl Oyzem mucarh m.B. mod(p). CMbICT 5T0oro 0603HAYeHHs] W €ro CBS3b
€ WHTEerpajoM OYIAYyT MOSCHEHBI O3ke Ha cTp. 60.

IIpuBenem npumep.

Ha orpske [0, 1] onpegenum dbyHKIHIO

0,z€0,1/2)

I =91 ¢ /2, 1.

(1.23)
Dra byHKIWs HEPIEPbIBHA BO Bcex Tovkax orpeska [0, 1] , 3a mck/ode-
HEueM ToUYkM * = 1/2. Ecau Mbl onpegenuM sj1eMeHTapHBIl HHTerpas Tak,
Kak B yTBepxkKaeanu 1.1.1, To cuny npusejieHHOro Bhilie ipuMepa 1.1.10 Tou-
ka z = 1/2 umeer mepy noab. CiemoBaTesqbHO, B 9TOM ciaydae GyHKIH
(1.23) menpepbiBHA 1OUTH Beiogy. OHAKO €CJIM MbI ONIPEIETUM 3JIeMEeHTAP-
ublii naTerpasa dgopmymnoi (1.21), To Touka 1/2 yxke He BygeT MHOKECTBOM
MepBI HOJIb, H TIPH OIIPeJIeTIeHIHN 3JIeMeHTapHOro naTerpaia dhopmyoit (1.21)
dbynkmums (1.23) we Gyaer HenmpepbIBHA TOYTH BCIOIY.

HNcnonb3yeM TOHATHE MHOXKECTBA MePBl HOJIb I YTOYHEHHWS YCJIOBUM
CXOJIIMOCTHU K HYJIIO HHTErpaJia OT IIOCIeI0BATEILHOCTH (DYHKITHIA.
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JIemma 1.1.2. Ecau nocaedosamensvrocmo anemenmapros dynruud { fr,} C
Lo(X) ydosaemsopaem ycaosuam:

Va:0< foi(z) < fu(z) une lim f,(x) =0,

n—oo

HokazarenbcrBo. Tak Kak 10c/Ie/10BaTeIbHOCTD 3JIeMEeHTAPHBIX (DYHKIHI
fn(x) MOHOTOHHO HE BO3pACTAET, TO YHCIOBas MOCaEA0BATEIbHOCTD Io( fy)
MOHOTOHHO He BO3PACTaeT u npenen lim, .o, Io(f,) cymectByer. Hyxno mo-
Ka3aTh, YTO 3TOT IPEJIE PABEH HYJIIO.

[Iyctn

M =sup{fi(z) |z € X}, Z={xz| T}g&fn(x) # 0}.

Tak kak mes(Z) = 0, To CyImecTByeT Takasi HOCIEIOBATEILHOCTD JIEMEH-
TapHBIX (QPYyHKIHI gy, 9TO

V(n, € X):0<g,(z) <gppa(r),

V(z € Z): sup{g,(z) |1 <n<oo}>1.

ITosoxxum
ho(x) = fo(x) — Mg;,(2).

[TocsieoBaTeIbHOCTD hy, () COCTOUT U3 1eMeHTAPHBIX (DYHKIMH U MOHOTOH-
HO He BO3DACTAET, OITOMY y HEeé B KarK/IOf TOUYKe CylecTByer upejes (HO B
HEKOTPBIX TOYKaX OH MOZKeT 6bITb paBeH —OO)

Tak Kak 1mocaea0BaTeabHOCTh {h, ()} MOHOTOHHO He BO3pacTaeT u

V(n, x): folz) < M,
TO

V(z e Z): lim h,(z) < lim f,(z) — M <0,
Ecmu 2 € C(Z) 1o lim, o hyp(z) < —M <0.
[TosTomy
Vo : lim h,(z) <0,

n—oo

15



B nanbaemem Mbl Oy/ieM HCIIOJIB30BATH 0003HATEHUE

fT(@) = max{0, f(x)}.

BamerumM, uro ecau f(x) -saementapuas dyukmus, 1o f1 () -TOKE dIEMEH-
TapHast (PYHKITHSI.
[TocemoBarenbaocThb At () yI0BIETBOPSET YCIOBUSAM:

hi(z) € Lo(X),V(x € X, n): bl (z) <hi(x),
V(r € X): lim hf(x)=0.

CrenoBare/bHO,

Io(fn) — MIo(gy) = Io(hn) < Io(h}) — 0, n — o0
B cuuty BeIGOpaA MOC/IEI0BATENIBHOCTH ¢y, () OTCIOAA CJeyeT, 9To

0 < lim [o(fn) < limsup MIy(g,) < Me.

n—oo

Tak Kax € mMpon3BOJIBLHO, TO JIeMMa J0Ka3aHa.
W3 noka3zaHHOM JTeMMBI BBITEKAET

Caencteue 1.1.1. Ecau f(x) € Lo(X) u n.e. f(x) =0, mo Iy(f) =0.

JInst mokazaTesqbcTBa 9TOrO CAEJCTBHS TOCTATOUHO PACCMOTDETH TTOCJIe-
JgoBaresbHoCcTh fr(2) = |f(z)], npuMeHUTH K 9TOH 1OCIIEI0BATEIBHOCTH J10-
Kazanuyio jsemmy u Hepasenctso |Io(f)| < Io(|f]).

B naabreitiem Mbl OyjeM MCIHOJIB30BATH CJIEAYIONUMe 0003HAUYEHUS.

Ecau nocienoBarebHOCTD {ay,} YIOBICTBOPSET YCJIOBHSIM

Vn:a, < a,un lima, = a,
n—oo

TO MbI OyjieM TTHcaTh

an "\, Q.

Ecau nocienoBarebHOCTD {ay, } YIOBICTBOPSAET YCJIOBHIAM

vn: a,i1 > a,u lim a, = a,
n—oo

TO MbI OyjieM THucaThb

a, /" a.
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Jlemma 1.1.3. Ecau daa xascdozo n mHosncecmeo

Zy :=Ax | fas1(x) > fulx)}
ECTNL MHOACECTNEO MEPLL HOAD U

n.e. lim f,(z) =0,

n—00
mo
n—o0
Bo-11epBbIX 3aMeTUM, YTO €CJIU JIsl KaXKJI0r0 1 MHOXKEeCTBO 2, = {z |

for1(x) > fo(z)} ecrp MHOXKECTBO MepBI HOMb, TO MHOXKecTBO |JZ, ecTb
n
MHOZKECTBO Mepbl HOJIb, a upu T & | J Z,, cupaBejluBo yrBepzKIeHue
n

vn: fn-i-l(x) S fn(I)

AHnajlorndHbie pacCyKIAEHHS B JaJbHEHTITeM TT03BOISIT HAM He JeaTh Pa3-
JIMIUS MEXKJIY YTBEPKJICHUEM, YTO HEKOTOPOE CBONCTBO, CIIPABEJJIUBO MTOUTH
BCIOJIy Cpa3y JJd BceX N € Z W YTBepXKIeHHeM, 9TO 9TO CBONCTBO, CIIPABE/I-
JINBO TIOUTH BCIO/LY JIJIsT KaXKJI0TO n € Z.

[lycrn

Zo={z| fulx) A0, n—> o0} uZ= U Znp.

0<n<oo

I[To ycnosuio, mes(Z) = 0. lycrs g,(x) := min{fx(z) | 1 < k < n}. Ecam
& Z, 10 go(v) = fu(z) mums. g,(z) \ 0, n— oco. Tak Kax

8. gn(2) = fu(x), 10 Io(f0) = Lo(gn)-

Tak Kak 10C/1e0BATEILHOCTD ¢, () yJ0BIeTBOpsieT ycjaoBusM jemmbl 1.1.2)
to Io(fn) = Lo(9n) — 0, n — 0.

1.1.3 IlocTtpoenue uHTerpaJia mo cxeme JlaHuad.

Mpbl npucrynaeM K MOCTPOEHHUIO PACHIUPEHS MPOCTPAHCTBA, JIEMEHTAPHBIX
GYHKIHI 1 pacHpocTPaHeHUIO AJIEMEHTAPHOTO WHTErpaJsia Ha 3TO PACIITHPEH-
HOe MPOCTPAHCTBO. PacimpaTh MPOCTPAHCTBO 3JIEMEHTAPHBIX (DYHKIIHI MBI
OyneM B JIBa dTAra: CHavYaIa MBI JOOABUM HEKOTOPBIE TIOTOYETHBIE TTPeIebI
37EeMEHTAPHBIX (DYHKIUiI, a MOTOM MBI JI00aBUM (DYHKIINU, KOTOPBIE MpE/I-
CTaBUMbI KaK Pa3HOCTh TeX (DYHKIHH, KOTOpble MbI JIOOABU/IN HA HEPBOM
aTale.
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JIemma 1.1.4. ITyems nocaedosamenrvrocmo ssemenmapnoix ynryud { f,}
ydosaemeopaem 08YM YCAOBUAM.

Vn:ne  fo(x) > fulz), (1.24)
sup{Io(fn) |1 <n< oo} =C< . (1.25)

Tozda
n.e. 3f(z): f(z)= Jim folz) < 0. (1.26)

JokazaresbeTBo. Bo-1mepBbix 3aMeruM, 910 yeaore (1.24) sKBUBaJIEHTHO
YCJIOBHIO:

Vn : mes{z | fu(z) > fos1(x)} = 0. (1.27)

BO—BTOprX 3aMeTHM, YTO YTBEpXKIAcHUEC JIEMMbI 3KBUBAJICHTHO YTBEPXKIE-
HHUIO!:

mes{z | lim f,(x) =00} =0. (1.28)
PaceMoTpuM 1oc/1e10BaTeIbHOCT
gn(x) == max{(f(x) = fi(x))" | k < n}.
flcro, aro

Z:={z| lim fo(z) = oo} = {x | lim g,(x) =00} (L.29)

[Tocie10BATEILHOCTD HEOTPHIIATEbHBIX dJIeMEeHTAPHBIX (bYHKIHI gy, () yi10-
BJIETBOPSIET YCJIOBUSIM:

V(z, n): gnt1() 2 gnlz) , . go(x) = fu(x) — fi(z),

TMO3TOMY

Io(gn) = To(fn) — To(f1)

Vi Iy(gn) < 2C.

CiieioBaTesIbHO, MOHOTOHHO HEyOBIBAIOIIAs! T0CJIEI0BATEILHOCTh HEOTPHIIA-
TEJIBHBIX dJIeMeHTapHBIX hyHKIHiT €, (x) /2C yaoBrerBopsier ycaousm (1.22)
nuist MuoxkecTBa (1.29), Tak Kak

Vi Io(egn(x)/2C) <e,uV(z € Z): sup{eg,(x)/2C | 1 <n < oo} = 0.

JlemMa, moKa3aHa.
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Omnpenenenune 1.1.5. 3ananas va maoxkecrse X dyukuus f(x) npuHaiie-
KuUT mpocTpancTBy L (X)), ecau cymecTByeT Takas MOHOTOHHO HeyOBIBATO-
ast MOC/Ie/[0BaTeIbHOCTD 3eMeHTapHbix (yuknuii { f,(z)}, aro

w.B. fo(x) 7 f(x), n—ocon sup{|lh(f,)] |1 <n<oo} <oco. (1.30)

Jlemma 1.1.5. 1. Feau f(x) € Ly (X) un.s. g(x) = f(x), mo g(z) € L (X).
2. Kaosicdas dynryua uz npocmparncmea Ly (X) oeparunena nowmu ecio-
dy:
(f € Li(X)) = (n.6. | f(z)] < o00).

3. Ecaua>0,8>0u f(x), ( )€ L (X) moaf(z)+Pg(x) € Li(X).
4 Beau f(2), 9(x) € Lo(X) m

min(f(x), g(2)) € Ly (X), max(f(z), g(z)) € L+ (X).

JokazarenbcTBo. IlepBoe yTBepzK/ieHNE ClIe/yeT HeOCPEJACTBEHHO U3 OlIpe-
nesienns. Bropoe yreep:kaenue ciaemyer u3 jemmbl 1.1.3. Tperne yrBepx/e-
HUEe O4YeBHAHO. /[/I JOKa3aTeIbCTBa Y€TBEPTOTO YTBEPKIACHUS JIOCTATOYHO
BOCIIOJIb30BAaThCsl HEMPEPBIBHOCTIO (DYHKIIMI max , Min U 0YeBUIHBIM Hepa-
BEHCTBOM

min(f(2) , ga()) < max(fu(2) , ga(a)) <
max(fu(z) — fi(@) + |i(0)], gu(x) — g1(2) + g1 ()])
< ful@) + 21 f1(2)] + gu (@) + 2]g1 (@)

dcno, aro Beerga Lo(X) C Ly (X). B mpmvepe 1.1.3 mpocrpancrso Ly (X)
coBmajaer ¢ npocrpanctBoM Lg(X ). Paccmorpum apyrue npmepsi.

Vreepxkaenue 1.1.4. Ecau npocmpancmeo X ecmv ompesox [a, b], npo-
CMPAHCMB0 IneMEHMapHuT Pynkyul ecms muoocecmso C([a, b)) ecex nenpe-
pueHur Pynryuld na ompeske [a, b], a saemenmaprul uHmMeEPAA eCMb UH-
meepan Pumana, mo rapaxmepucmuueckue dynrkuuu 4106020 unmepsana (o, 3) C
[a, b] u ompeska |, f] C la,b] (a makoce zapaxmepucmuueckue PGyrk-

yuy noayurmepsaros (o, 5] C la, b], [a, B) C la, b]) npunadaescam npo-
empanemey Ly (X).

Tak Kak B paccMaTpuBaeMoil CUTYaluy OJTHOTOYETHOE MHOXKECTBO (& Tak-
Ke JTI060e MHOKECTBO, COCTOSIIIEe U3 KOHETHOIO THCa TOYEK ) eCTh MHOKECTBO
MepBl HOJIb, TO JOCTATOYHO JOKA3aTh, UTO XapaKTepUCTUIeCKas (DYHKIHs
I((a, B) | @) oboro mnrepsata («, f) C |a, b] upuHAIEKAT TPOCTPAH-
crBy L (X). Ho

Va: I((a, B) | ) = lim min(1, n(z — )™, n(f —2)"). (1.31)

n—oo
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Crogmas B npaBoil yactu pasercTBa (1.31) mocsemoBaTeabHOCTL €CTh Ta
MOCJIeI0BATEIbHOCTD, KOTOpas Tpedyercs B onpeaenenun 1.1.5.
AHa/IOrMYHO TOKa3bIBAETCS

YrBepxkaenue 1.1.5. Fcau npocmpancmeo X ecmov napasiesununed
Ki={z|v=(x1...24) ER? a; <z; <b;,a; <bj},

NPOCMPAHCMBO IAEMEHRMAPHLLL PyHKyul ecmov muoocecmeo C(K) ecex nenpe-
preHblr GyrKuul 1a napassesununede K, a aremenmaproili unmezpan ecmo
unmezpan Pumana, mo capaxmepucmuseckue Gynryuu 4106020 0MKEPbLIMO20
NaApPasLEnUNeda

Kypgi={v|o=(v1..05) €ER a; <a; <x; < B <bj}

a MaKdice 3aMKEHYMO20 NAPAANEAUNUNEIA UAU NAPAAACAUNUNEIE C HEKOMO-
POMU NPUCOCOUHEHHBLMU 2DaNAMY npunadiestcam npocmpancmey Lo (X).

Hwuke Mbr Oyiem npeanosiararh, 9TO NPOCTPAHCTBO 3JIEMEHTAPHBIX (DYHK-
Ui -9TO MHOXKECTBO HEIPEPBIBHLIX (DYHKIUN Ha COOTBETCTBYIOIIEH 00/1acTH
3aJaHud, a dAeMeHTapHbI HHTerpaJsI -3To uHTerpana PuMana.

IIpumep 1.1.13. Tlycrs dbyukuus f(r) HeupepbiBHA BO BCEX TOYKAX Iapali-
gemmnunena K 3a UCKIIOYEHHEM TOYKH Ty € K, HeoTpuIaTeabHa, yIOBJIe-
TBOpsieT yeaoruio lim f(x) = 400, * — o W nHTErpUpyema 1o Pumany B
HecoberBenHoM embicie. Torna f € Ly (K).

Jlutst loKa3aTe/ibCcTBa 3TOI0 YTBEPKJIEHS JIOCTATOYHO PACCMOTPETH I10C/Ie-
J0BaTEJIbHOCTh

fu(x) = min(n, f(z)),

JJ1A KOTOpOIU/I BbIIIOJIHEHBI YCJIOBUA

I.B. th—{Eo fu(z) = f(2), /fn(m) dr < /f(yc) dxr < o0. (1.32)

B mpasoit wactu mepasencrsa (1.32) crout mecobGerBennniit nnrerpan Pumva-
HA.

U3 sroro npumepa caenyer, uro dbynknus f(r) = 1/y/z upunaiexur
npocrparctey L ([0, 1]). Ho dyukmus f(z) = —1//r He npunajiexur
npoctpancty L, ([0, 1]), Tak Kak He CymiecTByeT Takoii HenpepbiBHON (hyHK-
un f,(x), Koropas noaru Beioay Ha [0, 1] yaoBrersopsier nepaBercTBy fr(x) <
~1/Va.

Taxkum obpazom, mpocrpanctBo Ly (X) we ecmov aunednoe npocmpan-
cmeo.

Pacmpocrpanum ma mpocrpanctso L (X) mouarwe nuTerpasa.
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Omnpepnenenne 1.1.6. Ilycts f € L, (X) u dbyHKIHOHATBHAS HOCIEI0BA-
TEJILHOCTD 3eMeHTapHbIX GyHKuuii { f,} C Lo(X) yIoBIeTBopser yeIoBuio

.B. f,(x) /7 f(x). (1.33)

Torma MBI IO OIIPeIEIeHTIO TOJI0XKUM

Le(f) € lim Lo(f,). (1.34)

n—oo

B cuty yesosus (1.30) mpenen B (1.34) Beerma cyrmecTByer u Koneden. /1o-
KAKeM, 4TO STOT HPEJEeJ He 3aBUCAT OT BhIOOPA 1ocaepoBareabnoctu { fi},
a onpegensercs Toabko dyuknueit f € Ly (X).

JIemma 1.1.6. Ilycms nocaedosamenvrocmu aremenmapros dynruud { frn}, {on}
100GALTNGOPAIOM, YCAOCUAM.

no ful@) / f(2) ) .6 6u(x) 7 6(x), n— o0 un.e. f(z) < 6(a).

Tozda
lim [o(fn) < lim Iy(¢y). (1.35)

n—oo

Hoxkazarennctso. Ilpenenast narerpanos B (1.35) Beerma cyrmecTBYIOT (Kak
1IPE/IeJIbl MOHOTOHHBIX YUC/IOBBIX IOCJIEJI0BATELHOCTEH ), HO TaK KAK B 9TOM
JIEMME Mbl He MPEeJNOJIAraeM PABHOMEPHOH OrpaHMYeHHOCTH WHTErDAJIOB B
(1.35), 911 mpeaesbl MOTYT OBITH PABHBI +00.

DurcupyeM m < 00 H PACCMOTPUM ITIOCJIEIOBATETHHOCTD

hn(2) = fn(x) = min(fi(z), én()).

Dra 1I0CJIeA0BATEJIBHOCTL YAOBJETBOPAET YyCJIOBUAM:

.B. hy(x) \, (fin(z) — min(f(z), ¢(z)) =0, n — oo.

[TosTomy
Vm 2 Io(hn) = Io(fm) — To(min(fp , én)) — 0, n — oo.
CrenoBaTesbHO,
Vims Io(f) = lim To(win(fn, 6,) < lim 1o(6,)
u

m—00

JlemMa nokaszana.
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13 pokazanuoil 1eMMbl caeayer, 9ro npeget B (1.34) 3aBHCHT TOJBKO OT
dbyukmun f € L (X) u mosromy omnpesenenne 1.1.6 KOppeKTHO.

Ha npocrpancrse Lo(X) unrerpas I, coBuajgaer ¢ sjeMeHTAPHBIM HHTE-
rpajom .

B ycioBusx npumepa 1.1.13 unrerpan I, coBunajaer ¢ HeCOOCTBEHHBIM
unrerpajsiom Pumana.

ITo mocTpoenwuio, onpeenennas pasenctsom (1.1) dbynknus Jupuxie f(z)
upunaiekut npocrpancrsy Lo ([0, 1)) u I (f) = 0. HamomuuMm, ato byHs-
s JInpuxie ne uarerpupyeMa no Pumany, u u3 3T0ro npuMepa CaemyT, 9To
upocrpanctBo Ly (X) mmpe mpocrparctsa Lo(X).

Jlemma 1.1.7. Cnpasedausor caedyrowjue ymeeporcoenus.

1. EBecrua>0,06>0uf(zx), g(x) € Li(X) mo It (af+Bg) = ali(f)+
BL(g).

2. Ecau f(x) € Ly(X) un.e. f(x) >0, moI.(f)>0.

3. Ecau n.e. f(x) =0, mo f(z) € Li(X) u I (f)=0.

[IepBoe yTBepKIeHWE JIEMMBI OUeBUIHO, & JIJId JOKA3aTeIbCTBA BTOPOTO
yTBepzKieHust 3ameruM, 9ro ecan 1.8, f(z) > 0 u n.s. f,(z) / f(z), To u.B.
fii(x) /" f(x). Tperbe yrBepKeHnEe JIEMMbI CJEIYET U3 IIEPBOIO YTBEPIK JIe-
HuAA JeMMbl 1.1.5 1 TOJTBKO UTO JOKA3aHHOTO YTBEPKIeHN 2 HAITeH TeMMBbI.

Tperbe yrBepxKaeHne Hareil JeMMbl MOXKHO CHOPMYIUPOBATH U B CJie-
aytoreit popme.

YrBepxkaeraune 1.1.6. Fcau Z -3mMo0 MHOHCECTNEO MEPLL HOAL 6 CMBLCAE
onpedesenua 1.1.1, mo xapaxmepucmuueckas Pynwkyus 1(Z | x) mmoorce-
cmea Z npunadseoscum npocmpancmey Ly (X) u unmezpas om nee pasen
HYA10!

(mes(Z) = 0) = (I(Z | x) € Lo(X), L4 (I(Z ] ) = 0).

Tak Kak 00acThb onpejeienus pyHkiwonata [, -nmpocrpanctso L (X)
-He eCTh JIMHeiHOe MPOCTPAHCTBO, TO (DYHKIMOHAN [, He eCTh JIMHEHHBIH
dYHKIMOHAL.

Jlemma 1.1.8. Ecau nocaedosamenvrocmo { f,(x)} C Ly (X) makxosa, wmo

Vi i n.e. for1(z) > fo(z) w sup{l;(fn) |1 <n < oo} < oo, (1.36)

(f € Li(X)) = nee fulx) / flx) wli(fn) = L4(f), n— o0 (1.37)
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Hokazarenberso. Tak Kak mMocae0BaTeabHOCTD { fr, ()} mouTn Beomy Mo-
HOTOHHO He yOBIBAET, TO MOYTH BCIOLY CYMIECTBYET (KOHETHBIN M GeCKOHEU-
HBLIT) mpeest

f(z) == lim f,(x). (1.38)

J1Jist KazKJI0ro n CyIecTBYeT Takas [0CIeI0BATeIbHOCTh JIeMeHTapHbIX (DY HK-
it {gnx(x)}, k=1,..., ato

.B. gni(x) / fu(z), k — cou Lo(gnk) < I+(fn) < C, (1.39)
u Koucranta B (1.39) me 3aBucut ot n. Ilogokum
hi(z) = max{gnr(x) | n < k}. (1.40)

B cuy nepasencts (1.39) nocseoBaTesibHOCTD 31eMeHTapHbIX by HKIwii (1.40)
MOYTH BCIOJY MOHOTOHHO He yOBIBAET M OTPAHMYEHA CBEPXY ONEPICTCHHON
paserncTBoM (1.38)dbyuknueit f(z):

8. b (2) = max goper(v) 2 max gnp(z) 2 max g,(x) =
hi(z) n w.B. hy(z) < ax fo(x) = fi(z) < f(z), (1.41)
IIO3TOMY
Wk Io(he) < I, (fi) < C. (1.42)

Tak Kak MOCJIe0BATEIbHOCTh SJIeMeHTapHbIX byHKIM {hy(z)} MoHOTOHHO
He yObiBaeT u uaTerpastbl [y(hy) OrpaHIIeHbl He 3aBUCAIIEH OT kK KOHCTAHTO,
TO 1o JiemMme 1.1.4 modYTH BCIO/Y CYIIECTBYET IIpee

h(z) := lim hy(zx), (1.43)
k—o0
1 10 onpeieiernto mpoctpancTsa L, (X)) 3amannas pasencrsom (1.43) dyHk-
st h(x) npuHaIIeskuT npoctpaictBy L (X)), a Mo ompe/ie/IeHIIo HHTerpaia
B npocTpanctse L, (X) cpaBejinBo paBeHCTBO

L.(h) = lim Io(h). (1.44)
13 (1.40) caemyer, uto
wp. h(z) = lim hy(z) < f(). (1.45)
Ciiel0BaTeNbHO,
V(n < k) ;. gop(@) < hie) < h(z) < f(a). (1.46)
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B nepagenctre (1.46) mepeiinem x npegeny k — oo. [omyanm:
5. fu(2) = lim g,u(z) < hle) < (o). (1.47)
B nepasencrre (1.47) mepeiinem x npeeny n — oo. [omyaum:

n.B. f(x) < h(x) < f(z).

CIIG,D;OB&TGIII)HO7 IIOYTH BCIOAY CHIPpaBe€IJIMBO PpaBEHCTBO

nosromy npejest B (1.38) KoHeUeH HOYTH BCIOMLY, OIPE/eJIeHHAsT PABEHCTBOM
(1.38) dbyukuusa f(z) npunagiexur npocrpanctBy Ly (X) u 1. (f) = L. (h).
113 mepasenctia (1.42) ciemyer, aro

L (f) =1:(h) = lim Io(hg) < JLim L (fr),
a 3 nepasercTsa (1.47) ciaeayer, 4To

lim I, (fn) < I (h) = Li(f),

n—oo

MIOTOMY

lim I,.(f,) = L.().

n—oo

Jlemma Joka3ana.
Bsegem ocHOBHOE [JTsT JAIBHENIErO MOHITHE NPOCMPAHCINGA UHMEZPUPY)-
emulr PYHKYUT.

Onpenenenne 1.1.7. @yuxmug f : X — R! npunadaescum npocmpancmey
unmezpupyemo Pynruyut L(X), ecan 31a DYHKIUS TOITH BCIOLY TTPEICTA~
BAMa KaK pa3sHOCTH nByX dbyuknuit u3 L, (X):

ws. f(z) = 6(z) - g(z) , 6, g € Lo(X). (1.48)
Takum obpaszowm,
(L(X) > f) < (3¢ € Li(X), g € L (X)), nb. f(z) = d(z) — g(z)).

[Tpunamiexamnue npoctpanctBy L(X) dyHKum Mbl 6y1eM HA3BIBATH UHIME-
2PUPYEMBMU PYHKUUAMU.
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Ecau copaseiuso npejcrasierne (1.48), to

Vhe Ly (X): . f(x) = (¢(x) + h(x)) — (9(x) + h(x)),
(@+h), (g+h) € Li(X), (1.49)

noaromy mpesncrasienne (1.48) we eamucTBeHHO. B masbHeriem Ham Oymer
BayYkKHO, YTO 3TON HEOAHO3HAYHOCTHIO MOYKHO PACTOPSANTHCS CHelnaabHbIM
obpazomM.

Jlemma 1.1.9. FEcau gynwyus f(z) npunadaescum npocmpancmey L(X),
mo daa aobozo € > 0 cywecmsyem ee npedcmasierue 8 sude padrocma
maxux deyzr dynkyui uz Ly (X), wmo

n. f(2) = o(x) = g.() , g() 2 0, L(g.(x)) < e (1.50)

Hokazarenbcrso.Ilycrs cipasesanso paperctso (1.48). Tak kak g € L, (X),
TO CYIIECTBYET TaKasl MOCJIEI0BATEIBHOCTD {gn} C Lo(X), a0 mouru Beomy
gn(z) /g(x), n— oo u Iy(g,) / I+(g) , n — co. 3anumummM paBecTBO

ne. f(z) = ¢(x) — g(x) = o) = gn(2) = (9(2) — gn(x))- (1.51)

[Ipu 10cTaTOYHO GOJIBIIOM 7 HTO MPEJCTABIECHHE SIBJSETCS HCKOMBIM.
Acno, uro Ly (X) C L(X). Us ompenenenus ciaenyer, 9to ecaun f €
L(X), To (—f) € L(X), mosTomy u3 semMmsl 1.1.5 caemyer

JIlemma 1.1.10. IIpocmpancmeo L(X) -aunetinoe npocmpancmeo ommocu-
MeAbHO 0NEPAYUT] NOMOUEUHO20 CAONCERUA U YMHOHCEHUA Ha delicmeument-
Hole wucaa u ecau pynryua f(r) npunadaesrcum npocmpancmsy L(X), mo
u Pynkyua | f(x)| npunadaescum npocmpancmey L(X).

HeiictBurenbro, u3 (1.48) caemyer, uro ecam f(x) € L(X), To cupases-
muBo upesacrasiaenue (1.48), mosromy

|f(z)] = max(¢(z), g(x)) —min(¢(z), g(z)), ¢, g € Li(X),
HO B cuJy JieMMbl 1.1.95
max(é() , g(x)) € L+(X) , min(6(x), g(x)) € Ly (X),

noaromy |f(z)| € Li(X).
Bsejsem ocHoBHOe IS JlaJibHEIIIEro moHsATHe uMHTerpasa Jlanwaas Ha
npocrpancTse L(X).
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Onpenenenne 1.1.8. Ecim dynknus f(r) npuHamIeRKuT ITPOCTPAHCTBY
L(X) u anst wee crpaseymmBo pasercTBo (1.48), To ee maTerpasom [lanu-
sist I(f) Ha3BIBAETCA YUCTO

I(f) = I(¢) — 1+(g)- (1.52)

Jlokazkem, ato mpaBast 4acth (1.52) we 3aBucut ot npejcrapienus (1.48),
a omnpejiessgercs Toibko dynknueir f(x). [ycrp

ns. f(z) = o(x) — g(x) = dr(x) — g1(x).

Tormna
8. (z) + g1(2) = ¢1(z) + g(x).
Tak Kak

(0(x) + 91(x)) € L (X)), (¢1(2) + 9(2)) € Ly (X),

TO B cuy JemMbl 1.1.6 oTciona cieayeT paBeHCTBO

Li(0) + I (g1) = L (&) + 11 (9),

O9TOMY
I (¢) — I1(9) = I (¢1) + L (qn)-

Takum obpazom, maTerpas Jlanusiia onpegessiercs 3a/laHueM Tpex 00 beKTOB:
OCHOBHOTO TIPOCTpaHCcTBa X, MPOCTpaHCTBA dyteMeHTapHbiX dyHKimit Lo(X)
U 3JeMeHTapHoro uurerpasa Io.

IIpuBegeM mpuMepHI.

[Iycth ocHOBHOE TPOCTPAHCTBO X €CTh MOJIYOTPKPBITHIM HHTepBaI: X =
[0, 1). Oupenennm MHOKECTBA

Ay =10,025), Ay =1[0.25,0.5), A3 =[0.5,0.75) , Ay = [0.75, 1).

OmnpegeuM MPOCTPAHCTBO dJIEMEHTAPHBIX (PYHKINNA KaK MHOXKECTBO (PYHK-
Ui BUIA

fl@)= > aI(A;|z), a; € R (1.53)

1<j<4

Ecyin Ha 31OM npocTpaHCcTBE JIEMEHTAPHBIX (DYHKIMIT Mbl OIPEJAEIUM JJie-
MEHTAPHBII HHTErpaJ Kak (pyHKIIHOHA, KOTOPBIH KayK/10i (DyHKIIUHA CTABUT
B coorercrue [nciao 0, To mpocrpancTBo L(X) Gyaer cocToaTh m3 Beex
dbyuknmii, 3aganubx Ha [0, 1) u uaTerpan Janusis Gymaer Kaxkmaon yHK-
U CTABUTH B COOTBeTCTBHE YUCTO (.
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Eciu Ha mpoctpancTse dyHknuii Buga (1.53) Mbl onpeenM sieMeHTap-
HBI MHTeTrpaJ Kak WHTerpaJ PuMana:

/f L+ + o ),

TO MHOYKECTBOM MepbI HOJIb OY/IET TOJBKO MYCTOe MHOXKECTBO U MPOCTPAH-
crBo L(X) 6yuer coBuajarh ¢ npocrpanctBoMm Lg(X), a Hukakue Japyrue
dbyukmum, kpome dynknuit 13 Lo(X), He Oy1yT HHTErpUPYEMBI.

Ecst MBI onipeiesTuM TpOCTPAHCTBO 3JIeMEHTAPHBIX (DYHKIUN KaK MHOMXKE-
CTBO 6CEX KOHEUYHBIX JIMHEHHBIX KOMOMHAIIMI XapaKTePUCTUICCKUX (DYHKIIUI
6cer HenepeceKaronuxesl NoJTyHHTepBaIoB MHOKecTBa [0, 1) a sremenTap-
HBIi WHTErpaJsl onpenesnM Kak nHTerpaid Pumana, To mpocrpancrBo L(X)
Gy/IeT COBIAJIATH ¢ MPOCTPAHCTBOM HHTErPUPYeMbIX 110 JIeGery dyHkuuii (Mbr
MOPOOHO OOCYIUM TOT CayUail MO3Ke B pasjesie, MOCBANIEHHOM MOHSITHIO
Mepbl).

[locse Toro, Kak MbI BBeJIeM MOHSATHE MepPbl U OOCYIMM CBSI3b MEXKIY
uHTerpagoM Janussa u KracCuIecKuM MOHITHeM HHTerpasa Jlebera, HapsTy
¢ obozHauenneM (1.52) Mbl GyeM HCIOIB30BATE CJELYOIIHe OOMENPUHIThIE
obo3HaYeHN JIJIST HHTerpaJia

n= [ sin= [ f@due)= [ s (1.54)

Jlemma 1.1.11. Unmeepan Hanuona 1(f) ecmo aunedinod neompuyamens-
Holll pyrkyuonas Ha npocmpancmee unmezpupyemut Gymryut L(X):

OueBuana

[:L(X)—R;VeeR, BeR", fe LX), geL(X)):
I(af + Bg) = ol(f) + BI(g)
(f(z) = 0) = (I(f) = 0).

Aoxazamenvecmeo. JluneifiHOCTb OYeBHIHA, & JIsl JIOKA3aTeIbCTBA HEOT-
PUIATEILHOCTH HHTErpaia 3aMeTHM, ITO eciu modru Beoay f(xz) > 0, To B
pasencrse (1.48) :

¢(x) = g(x),

U B CHJIy HEOTPHUIIATEIHHOCTH HHTErpaJia [ cipaBe/iiinBo HepaBeHCTBO [ (¢) >

L (g).
fcHo, 4TO Ha TPOCTPAHCTBE deMeHTaPHbIX (YHKIUI nnrerpas Jlannaisg

COBIIadaeT C JIeMEHTapHBIM MHTEr'paJiOM. Boubire TOro, CiupaBeajJinBa

27



Jlemma 1.1.12. Ecau ¢ynxyua f(x) npunadaescum npocmparncmey L(X),
Mo cyuLecmeyem makas nocaedosamesbHocms asemenmaphux gyrnkuud { fr(x)},
wmo

n.6. fo(x) — f(z), I(|f— fu]) =0, n — 0. (1.55)

Joxazameavcmeso. IlycThb

e f(z) = o) = g(z) , ¢, 9 € Ly(X).

Toria cymiecTBYIOT TaKUe MOCIe0BATETbHOCTH dJeMeHTapHbIX hyHKIui { ¢y}, {gn}
910

8. ¢, () /" ¢(x), gnlx) / g(2),
ITonoxxum

fn:¢n_gn~

Tormna

nB.: |f = ful <10 =) = (9= 9) (0= 0n) +(9—9n) =0, n— o0,

U 10 onpejieieHnio narerpaia B mpocrpasctse Ly (X)

I(|f = ful) £ 1(¢ — Pn) + I(9 — gn) =
[+(¢_¢n)+j+(g_gn)_>0> n — o0.

KOHCprKLﬂ/Iﬂ O6bILIHO HUCIIOJIB3YEMOI'O B COBPEMEHHOM aHaJIN3€ IMOHATHUA WH-
Terpajia puHAIIEKAT Jlebery (n mmeHHO a1 mHTerpasia JleGera 0OBIYHO
HCTIOB3YI0TCs 0bo3nadenus (1.54)). B BBeJeHHBIX HAME TepMHHAX KJIACCH-
YecKyI0 KOHCTPYKIMIO uHTerpaJsa Jlebera B oOmUX depTax MOXKHO OIHUCATD
tak. PaccmarpuBaercs curyanus, onucanuast B 1.1.1 (mm B 1.1.2) u cnauasa
HHTErpaJl pacipoCcTpaHsgeTcsa Ha Takue (PyHKIMU, KOTOPbIe MPUHUMAIOT 3Ha-
qeaus 0 u 1, a MOTOM C TOMOIIHIO JUHEHHBIX KOMOWHAIUI STUX DYHKIIMIH
HHTErpaJl paclupocTpaHsgeTcd Ha Te (PYHKIUUA, KOTOPbIe MOXKHO MPUOJIH3UTD
TaKUMHM JUHeHHBIMA KoMOuHamusmu. Konctpyknus JleGera maer 6osee mo-
JPOoOHYIO HHMOPMAIINIO O MPOCTPAHCTBE HHTEIPUPYEMBIX (DYHKIUH, HO OHA
Tpedyer u DOJBIIUX TPY/IOB HA PEBOHAYAIHLHOM 3Talle uccjiejopanus. Vure-
rpajt Jlebera OyeT obCy»K/IeH HAMU TOCJIe BBEJICHUSI TIOHSITHS MEPbl MHOMKe-
cTrBa. B OosbmnHCTBE ciydaeB uHTerpaJ Jlebera u unrerpas Jlanussiasa cos-
MaJAl0T IPH COOTBETCTBYIOIIEM COIVIOCOBAHUU IPU BBIOOpPE 3JIEMEHTAPHOIO
HHTErpaJjia U Mephl, IO3TOMY B JaJbHEHIIeM, caeays TPAIUIUHA, B TeX CJIy-
Jagx, Korjga uarerpas Jlanussis u unrerpad Jlebera coBnaiaot, moJry4eHHoe
HaMU pacliupeHne MHTerpaga Mbl OyJeM Ha3blBaTh UHTErpajoM Jlebdera.
CrpaBeuBo
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YrBepxkaenue 1.1.7. [lycmv npocmpancmeo X ecmv napasresununed K C
R¢:

K ={zlx = (x1, ... ,2q) eR? a; < < by, a < b; },
(u omesoxk [a, b] 6 caywae d = 1). IIyemv npocmpancmso 24eMeHmapHvi
dyrryuts Lo(K) ecmv npocmpancmeo ecex nenpepulenux gynkyud, 3a0an-
nox va K @ Lo(K) = C(K), a anemenmapnuti unmeepan Iy na Lo(K) ecmo
urmezpas Pumana:

Io(f) = /K f(@) de.

Tozda nocmpoernwvit no creme Janusas unmezpan I coenadaem ¢ kaaccuye-
ckuM urmezpasom Jlebeea. Imo osnavaem, umo:

1. Qynxyua f(x) npunadasescum npocmparncmsy L(K) 6 mom u moavko
MOM CAYYaGE, ECAU OHA Uunmezpupyema no Jlebeey na K.

2. Unmeean Hanwusas pynuxuyuu f pasen ee unmezpany Jlebeza:

V(f e L(K)): /Kf(x)da: =1(f). (1.56)

B aesoti wacmu (1.56) cmoum unmeezpan Jlebeza, 6 npasoti wacmu, -unmezpai
Hanusaa.

3. Mnoowcecmeo Z C K ecmb MH0#CECTIBO MEPBL HOAL 6 CMbICAE Onpede-
aenus (1.1.1) 6 mom u moavko mom caysae, ecau mepa Jlebeza mroscecmea
Z paeHa Hyao.

Tak xkak mMbl He BBOUIM uHTErpaJ Jlebera, To Mbl cefiuac He Oyaem jgoKa-
3bIBaTb 3TO yTBEpzKJAeHUue, HO O6cy,ZLI/IM ero Imo32Ke IIOCJIC BBeACHUAd ITOHATHNA
Mepbl MHOzKecTBa. Ceiidac 9TO yTBepK/IeHHe MOYKHO IPUHATDH 3a OIIpejese-
Hne mHTerpasa Jlebera B RY.

PaperctBo (1.56) MbI Oy/eM paccMaTpUBATh KaK ONPeJIeJIeHHe CTOSIIEro
B JIEBOI 4acTH 3TOI0 PaBEHCTBA CHMBOJIA.

NVrBepxkaenune 1.1.7 jgaeT HaM OCHOBaHUE JATh

Onpenenenne 1.1.9. Mbr 6yemM roBOpUTh, 9TO ONpEJIC/IEHHAS B TAapaJlie-
qununege K C R? dynknua f(z) unrerpupyema no JleGery B napaJiie/unu-
neqe K, eciim ona mpuaaiekut npocrpanctsy L(K) unrerpupyempix o [la-
HU/IE0 QYHKIMHA, pudem 1pu nocrpoenuu npocrpancrsa L(K) B kadecrse
9JIEMEHTAPHBIX (DYHKIIHH B34TO IIPOCTPAHCTBO HEIPEPBIBHLIX B MapaJLie/H-
nureie (PyHKINUI U B KayecTBe 3JIEMEHTAPHOTO MHTErpaJia B3AT UHTEIPAJI
Pumana.

BaMeTuM, 4TO YacTo HOJ uHTerpajoM Jlebera moHMMAOT WHTErpaJ, Io-
CTPOEHHHBIH 110 MpeIToKeHHol Jleberom cxeme, HO ¢ MPOU3BOIBLHON MEPOIi.
Takoit naTEerpa Takke Ha3bIBaeTCs uHTErpasaoM Jlebera-Cruibreca.

B nanbreitem Mbl OyjeM NpHIAEPKABATHCS CJIEAYIONIHX ONPe eIeHMil.
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Onpenenenne 1.1.10. Ilycrs D -orpanuyennas obnacts B R? n K -napaJieuimiie,
KOTOPBIiT cojiepkuT 001acThb D : K D D. Mbl 6y1emM roBoputh, 94TO 3a/1aHHAS
B obnactu D dbyukius f(x) uarerpupyema 1o obractu D, ecin

1. @yukuus [(D | z) uarerpupyema B napasuienunumnene K.

2. @yuknug f(x)I(D | z) uarerpupyema B napasnenunumnesae K.

[Ipn 3THX yCIOBHAX MBI MOJAraeM MO OINPE/IeIeHUIO

/D f(x) dz = /K F@I(D | 2)da. (157)

Hurarerio mpejiaraeTcst IpOBEPUTh, 9TO TTpaBast 9acThb (1.57) He 3aBucHT
OT BBIOOpa OOBEMITIONIErO HapaJLIeanIuneia K.

B nanbmeitmeM mHTerpas B cMmbiciae onpeaenennit 1.1.10-1.1.12 mbr Oy-
JIeM Ha3blBATb LPOCTO UHMEZPAAOM U Unmezpasom Jlebeaa, ecim yrouenue
HEOOXOIUMO.

B obmem ciaydae mpu moctpoenun uuTerpasia Jlanussig me mpenosiara-
eTcd BBITOTHeHNe ycaoBus 1.1.8. OMHAKO ecjii 3TO YCJIOBUE He BBITIOJHEHO U
ecan dyuknus f(z) = 1 me npurammexkut npocrpanctsy L(X ), To paboTaTh
€ TAKUM MHTETrPaJoOM JOBOJHHO TPYAHO, U 3/IeCh YaCTO MOMOTAeT KOHCTPYK-
oy, aHaJIOTHYHad KOHCTPYKIU HeCO6CTBeHHOFO nHarerpaJia PI/IMaHa B MHO-
TOMEPHOM CJIydae. DTO 0000IeHNe TOHATHSI HHTErPaJjia B CMBICTE OTpe e ie-
Husg 1.1.8 MOXKHO Ha3BaTh HecobCmMEeHHbM uHmMe2parom. B obimem ciaydae
MBI OIPeJIETTUM 3TO TOHATHE TaK.

Veaosue 1.1.11. [Tyemo K(m) , m = 1 ... -nocaedosamesvrocms MHo-
HCECNB, KOMOPAA YOOBALMEOPAET, YCAOBUAM:

JE(m)=D, K(m)C K(m+1). (1.58)

IIpednonostcum, wmo das kascdozo m nocmpoeno npocmpancmeo L(K(m))
u unmezpan I, wa npocmpancmee L(K(m)), npusem 8uonoiHens Yyciosus:

LVm : ecau f(x) € L(K(m))
|

mo f(x)I(K(m) | z) € L(K(m + 1)) (1.59)
2.¥m : I(D()K(m) | z) € L(K(m)). (1.60)
3.Y(m, f € L(K(m))) :

In(f) = I (JI(K (m) | 1)). (1.61)
4ANm: (f(z)=1) € L(K(m)). (1.62)

[Ipu BBIIOJTHEHME STHX YCJIOBHI MBI OIpejesiseM HecOOCTBEHHBIN HHTe-
rpaJj oT 3ajaHHoit B obactu D GYHKIUN TakK.
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Onpenenenne 1.1.11. Mul roBopuM, 4T0 3ajjannas B obaactu D dyHKIus
f(x) narerpupyema B obsactu D B HeCOOCTBEHHOM CMBICJIE, €CTH KOHETEH
npejes

lim L (| f[ID () K (m) | ) < oo,

U B 9TO Cﬂy‘{ae MBI II0 OIIpeaeJICeHNIO II0JIaraeM
/ F()(dz) == Tim Lu(fID(VK(m) | ). (1.63)
D m—0o0

B ciryuae HeorpanmdeHHolt obnacta D B eBKIXI0BOM mpocTpancTe RY n
KJIACCHYECKOI0 MHTerpaJia Jlebera 3To omnpejeaenne KOHKPETU3ZUPYETCsT TaK.

[Iycts K(m) , m = 1 ... -oCTeA0BATETBHOCTD MAPAIETUIHIETI0B, KO-
TOpasi YJI0BJIETBOPSIET YCJIOBUIO:

UJEm)=R*, K(m)C K(m+1). (1.64)

Onpenenenune 1.1.12. Mbl OyjieM roBOpuTh, 4TO 3a/J]aHHAas B HEOIDAHUYEH-
noit obmactn D C RY dbynxmusa f(x) narerpmpyema no obractu D, ecm

1. pu mwobom m dyuknus (D () K(m) | ) uarerpupyema B mapaJsire-
murumnee K (m).

2. @yukmug f(x)[(D() K(m) | x) warerpupyeMa B HapasuIeUIUIIEe
K(m).

3. Koneuen npejet:

lim | |f(@)I(D()K(m) | z)dz < co. (1.65)

M= J K (m

B sTom CJIydae MBI 11O OIIpEAEJIEHUIO IToJIaraeM

/ f(x)dz = lim f@)I(D (K (m) | z) da. (1.66)
D m=0c0 JK(m)

B nambueiiniem nnarerpas B cMbicie onpejgesnenuit 1.1.11-1.1.12 mbr Tak-
JKe OyJ/ieM Ha3bIBATh UHME2PaNoM WA uHmeparom Jlebeza, ecin yToueHme
HeoOX0oMMO U He OyIeM CIeIuaJ bHo (PUKCHPOBATH BHUMAHUE HA TOM, UTO
HHTETrpaJl HOHUMAEeTCs KaK HeCOOCTBEHHBIH.

U3 nemmur 1.1.12 ciaemyeT, 9To MHTerpaJ B cMbicie ompeaenenns 1.1.9
ecTh mpejea mHTerpajoB PuMmana or HenpepbiBHBIX (DYHKIHil, O3TOMY Ha
WHTeTpaJl B cMbIcje onpejenenns 1.1.9 ¢ moMoIbio oniepanuu mpeaebHOro
epexojia JIETKO IepeHocaTcsd OObIYHbIe MpaBHJIa JIeHCTBUA ¢ HUHTEIPAJAMU
( 3aMeHa TepeMeHHbBIX, HHTErPUPOBAHUE [0 YACTSAM, aJIATHBHOCTD OTHOCH-
TeJLHO 00JIACTH WHTerpupoBanusa u T.j1.) OJHAKO cama Omepaius Mpeieib-
HOTO Iiepexojia B uHTerpaJe Jlebera orimyaercd OT Onepanuu mpeebHOro
nepexojia B uaTerpaje Puvana u Oyaer n3ydeHa HaMu HUZKE.
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1.1.4 IlpenenwHblii Iepexoa B nuHTerpaJie Jlebera.

Hac Oymer unrepecoBaTh ciejyiomnias 3ajada. llycTs mocienoBarebHOCTD
uHTerpupyeMbix dyukmuii {f,} mpu n — 00 B KAKOM-TO CMBICJIE CXOTUTCS
K npenenbHo#t dbyuknun f. IIpu Kakux ycaoBugx mpeaenbHas HyHKIug f
HHTErpupyeMa u ee HHTEerpaJj ecTb npejes narerpajos or dpyuknuit f,? Oc-
HOBHBIMH PE3yJIbTaTaMU 3TOH YaCTU ABJIAIOTCS JIBE TEOPEMbI: TeopeMa Jlebera
0 TIPEJIIHHOM Iepexojie B mHTerpase u reopema Pucca-Puriepa o moaHore
npoctpanctsa L(X).
Mpb1 HauHEM € JOKa3aTeabcTBa TeopeMbl bemnrmo Jlesu.

Teopema 1.1.1. ITycmo nocaedosamenvrocmo {¢,} C L(X) ydosaemeops-
em YeroBUAM:

n.6. gu(x) >0, I( Y dp) <C, (1.67)

1<k<n

2de C ne sasucum om n. Tozda:
1. Pad

cxodumes nowmu 6crody u e2o cymma G(T) npuHadIedHCUm NPOCMPAHCMEY
L(X).
2. Cnpasedruso pasencmeo

=> " I(¢n). (1.68)

Jokazarenbcrro. B cuny semmvbr 1.1.9 kaxayo GYyHKIHO ¢, () MOXKHO
LPEJCTABUTD B BH/IE

On(2) = ful@) = gu(®) , (1.69)
rie

fusgn € Lp(X) 5 gn(x) 20, I(gn) <277 (1.70)

13 meorpunarensbaoct byHKIuit ¢, () caeayer HepaBeHCTBO

TMO3TOMY

LY o)=L o)+ (Y g)<C+1

1<k<n 1<k<n 1<k<n
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Mgl BHUAUM, 9TO IIOCJI€A0BATECJIbHOCTH YaCTHBIX CYMM

Sul£) =D fu: Sule) = D o

1<k<n 1<k<n

VIOBJIETBOPSIOT YCJIOBHAM JeMMbI 1.1.8: 3T0 MOHOTOHHO HeyOBIBAIOIIIHE TIO-
crepoBatenbHoCcTH (byHKIUi n3 mpoctpanctsa Ly (X) ¢ orpaHnYeHHBIME B
coBokynHocTu uHTerpasiamu. CjemoBareibHo, B cuiay Jjemmbl 1.1.8 mourn
BCIOJLY TIPU 7 — OO 3TU CYMMBI UMEIOT MPeesbl, 3TH TPe/IeTbl TPUHATeKAT
upocrpancry L (X):

we. 3S(f)(z) + lim S, (f)(x) = S(f)(x) , S(f) € L (X),

6. 35(g) (@) : lim Su(g)(a) = S(g)(x) . S(g) € Ly (X),

n—oo

1 CIIpaBeJJIUBbLI paBeHCTBA:

L(5(f)) = lim I (Su(f)) , 14(5(g)) = lim I, (Su(g)).

n—oo n—oo

[TosToMy TIOYTH BCIO/LY CYIIIECTBYET MpPeIe

¢(x) := lim (Sn(f)(z) — Sulg)(z))

n—oo

" CIIpaBeJAJIMBO PaBE€HCTBO

I(¢) = lim (I (Sa(f)) = I+(Sa(9))) = lim > I(¢1).

n—00 n—00
1<k<n

TeopeMma mokazana.

Caencreue 1.1.2. Ecau npunadaescauwsas npocmpancmsy L(X) nocaedo-
sameavnocmo dynryud { f,(z)} umeem pasnomepro oepanuverHve unme-
2pannl:

fn€ LX), [I(fa)] < C,

2de C' ne sasucum om n, u nowmu 6crody

wibo fo(x) /' f(z) , aubo fulz) \, f(2), (L.71)

mo onpedesernnas 6 (1.71) dynruyua f(x) npunadiescum npocmparcmey
L(X):

f e Ly(X) uwlI(f) = lim I(f).

n—o0o
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s 1oKa3aTeIbCTBa 3TOr0 YTBEPKIEHUS JOCTOTOYHO PACCMOTPETH JIN0O
TTOCJIE/TOBATETHHOCTh

¢n:fnfl_fn> f0:O7
a0 MOCaeI0BATEALHOCTD

Cbn:fn_fn—l ) f():O,
1 IPUMEHUTH JOKA3aHHYI0 TEOPEMY.

Caencrsue 1.1.3. Ecau npunadaescawsasn npocmpanemey L(X) dynryus
f(z) noumu ecrody neompuyamesvra u UHMEZPAA OM HEE PABEH HYAN, MO
dynxyua f(x) nowmu ecrody pasna nyao.

1g moKazaTeqbCTBA JAHHOTO YTBEPZKIEHNS JOCTATOTHO TPUMEHUTH TEO-
pemy benmo-JleBu K psmy

n

B wacrTHOCTH, cripaBeTnBO

CaenctBue 1.1.4. Ecau xapaxmepucmuveckan Gyrkuus

1 A

I(A]z)=4 ¢
0,z¢ A

mroocecmea A C X unmezpupyema:

I(A | z) € L(X)

U uHImezpas om Hee paseH HYAo!

mo muoscecmso A ecmb MHoscecmeo MEPBHL HOAL 6 CMDBICAE onpede./LeHu,ﬂ
1.1.1.

Cremyioriag TeopeMa Ha3bIBAeTCsT TeopeMoit Jlebera o mpeaeabHOM Tepe-
X0/ B MHTErpaJie U 9acTo MPUMEHAETCS B MPUTOKEHUIX.

Teopema 1.1.2. Ecau nocaedosamensvrocms unmezpupyemolr Gynruyud ¢, €
L(X) nowmu ectody umeem npeden:

n.e. 3o(z) : ¢p(x) = 7112210 on(T), (1.72)
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u cywecmeyem makas unmezpupyeman Pynkuua go(z) € L(X), wmo
Vn:n.e. |¢on(x)] < ¢o(x), (1.73)

mo onpedesennasn pasencmeom (1.72) dynkyua unmezpupyema:

¢ € L(X), (1.74)
u cnpaeed/meo pacerHcmeo
I(¢) = lim I(¢y,). (1.75)

Taxum obpazom, ecau swnosnenvs ycaosus (1.72)-(1.73), mo mw moocem
ymeepatcoamo, wmo obe 4acmu pasencmaea

lim I(¢,) = I(lim ¢,),
CYULECBYIOM, U PABHDL.

oxazamenvemeo. Oupeesnm dyHKIUT

frn(®) = max{dn;(r) |0 <j <k}, gop() = min{d,;(z) | 0 <5 <k}

CrupaBeyIUBbI OIEHKH

|90k (2)] < @o(x) , [fo k()] < Po(2). (1.76)

OdeBuaHO, YTO

Jrg+1() = fron(®) 5 g1 (2) < gni(@).

B cuny caencrsug 1.1.2 u onenku (1.73) cnpaBeyiuBbl yTBEPAK ICHUST

3(fale) € LX)): lim fuple) = fula), (L.77)
3(9a) € L(X)): Jim g s(x) = g2 (2). (1.78)

B cuny (1.72) oupegesnennsie pasencrsamu (1.77) -(1.78) dbyukuun yosiie-
TBOPSIOT yCJIOBHSIM:

fol@) o o(@) 5 gnl®) /7 @(2), N — 00;
Vs gn(2)] < @o(x) ;[ fu(2)] < do(2).

Cuosa npumenus caefctsue 1.1.2, MbI MOXKeM yTBEPZKIaTh, 9TO

¢ € L(X)nI(¢) = lim I(f,) = lim I(g,).

n—oo n—oo

35



Ho oueBuano, aro

I(gn) < I(¢n) < I(fn).

Teopema mokazana.
Pacemorpum npumep. Ilycrnb

an = / ful@)da, e folx) = (cos(1/2)*", 2 > 0, fula) =0, 2 =0.

dAcuo, 9To
: 1 1
lim f,(z) =0, c# — , m=1..., fu(—) =1
n—00 mm wm
Tak xax |f,(x)] < 1, a MuoxkecTBo TO9eK {2y, | Ty = - , m =1,...} ecrn

MHOZKEeCTBO Mepbl HOJIb, TO MBI MOXKEM YTBEPkKIaTh 4TO a, — 0, n — oo.
WNuorma mone3no caeayiomnee yToaHenue TeopeMsr 1.1.2.

CaenctBue 1.1.5. Ecau svnoaneno, yeaosus meopemo, 1.1.2, mo
I(|pn — ¢]) = 0, n — 0. (1.79)
g moka3aTeabcTBa 3TOTO YTBEPKAEHUI JTOCTATOYHO 3aMETUTh, UTO

8. |¢n(2) = @(2)| = 0, n — 00, Yn: [n(z) — d(2)] < 2¢0(),

A IPUMEHUTH JOKA3aHHYIO TEOPEMY.

JlokazaHHS TeopeMa HMOKa3bIBaeT CYIIECTBEHHOE OT/IndYue uHTerpasa .Jle-
Oera or murerpasia Pumana: unrerpas Jlebera npu odeHb OOIIUX HpPeIo-
JIOXKeHHUSIX "BhIIep:KuBaeT " MOTOYCUHBIA TpeIeIbHBIA Mepexol Mo 3HAKOM
UHTErpaJa.

QukcupyeM BHUMAHUE YUTATENA HA CJICJYIONEM 00CTOATEIbCTBE: Teope-
Ma Jlebera 1.1.2 mokaszaHa HaMHU JIjIg MHTEIrpaJia, MOHUMAEMOI'O B CMBICE
ompenenenus 1.1.8. Ecan ke mHTerpaa moHUMaeTCs KaK HeCOOCTBEHHBLIN B
cMmbiciie onpejenenns 1.1.11, To HeoOXOMMMO ere paccCMOTPETh BO3MOKHOCTD
TepeCcTaHOBKH Omepannii mpeebHOro nepexoqaa B 1.63

Caemyioniue TpH JJEMMBI SBJISIIOTCS BapHAIUsIME Ha TeMy TeopeMbl Jlebe-
I'a 1 4aCTO UCHOJISYIOTCA B IIPUJIOZKCHUAX.

Jlemma 1.1.13. Ecau nocaedosamenvrocms unmezpupyemons gynkyud { o, (x)}
nowmu 6ctody crodumesa x gynkyuu o(x):

n.e. lim ¢,(x) = ¢(x),

n—oo
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U M0odYsav Pynruyuu G(T) oepanuven ceepxy unmezpupyemol GyHryued:
n.6. |¢(x)| < ¢o(x) , do(x) € L(X),
mo Pynryus ¢(x) unmezpupyema:
¢(z) € L(X)
U CNPasediuBo HEPABEHCMEO
[1($)] < I(o).
JokazarenscTBo. Onpeaeanm GyHKITHIO
Un(x) = max(min(gn(z) , ¢o(z)), —¢o(x)).
flcrHo, 9To
. ¢ [a(@)] < dule) . lim 45, (2) = 6(a).
[Tosromy B cuy Teopemsbl Jlebera
olx) € LX) n lim I(1,) = 1(9).

Ho
11 (n)| < 1(¢0),
O3TOMY

[1(p)] < I(ho). (1.80)

VTBepxKIeHNEe TOKA3aHO.

Jlemma 1.1.14. Ecau nocaedosamenvrocms unmezpupyemvix gynrkuut { o, (x)}
YO0BACMEOPALTIL YCAOBUAM:

n.6. ¢n(z) >0, nhjgo Pn(2) = @(z) , I(¢n) < C, (1.81)

ede C mne sasucum om n, mo onpedesennan 6 pasencmese (1.81) dynryus
() unmezpupyema u 6BINOAHEHO HEPABEHCMEBO:

I(¢) <C.
HokazareabcTBo. PaccMoTpuM mociie 10BaTeIbHOCTD
Un(z) = inf{pp(z) | k <n < oo}.
DTa MOCIe0BATETHHOCTD YIOBIETBOPSIET YCIOBUSIM:

.B. © Yu(x) / o(x), I(Pn) < C.

[TosTomy B cuity ciiejgcTBus u3 Teopembl benrmo Jlesu
o(z) € L(X) , 1(¢) < C.

JlemmMa mokasana.
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JIemma 1.1.15. Ecau nocaedosamenvrocms unmezpupyemvis dynryud { o, (x)}
YO0BACTNEOPAET. YCAOCUAM:

n.e. lim ¢,(x) = ¢(x), Vn: I(|¢,|) < C, (1.82)

n—oo

mo onpedeaennas 6 pasencmee (1.82) dynkuyus ¢(r) unmezpupyema u 6vi-
NOAHEHO HEPAGEHCMNGO:

[1(9)| < C.

Jloxazamesvcmeo. OdeBuino, 4To
. lim |g(2)] = o).
n—oo

ITostomy B cuty semmsr 1.1.14 |¢(z)| € L(X). Tenepp mocTaToquHo BOCIOb-
30BaTbhcd JeMmoit 1.1.13.

Temepb MBI TOTOBBI K JI0KA3aTETHCTBY OHOTO W3 OCHOBHBIX /71 HAC haK-
TOB Teopum wuHTerpasia Jlebera: Teopembr Pucca-®umiepa o moJjiHoTe 1po-
crpanctBa L(X).

Teopema 1.1.3. Ecau nocaedosamenvrocms uwmezpupyemoir dynruud f,(z)
ydosaemeopaem Ycaosul0:

lim sup{Z(|fn — fasm|) | 0 <m < o0} =0, (1.83)
mo
1. B npocmpancmese L(X) cywecmsyem maxas dynrkuyus f(x), wmo
lim I(|f, — f]) =0. (1.84)

2. Cywecmsyem makas nodnociedosamenrvrocmsd { fr;)(x)} nocaedosamens-
nocmu { fr(z)}, wmo

JoxkazareabcTBo. HammoMumM, 9TO PO IMOCIE10BATE/IHHOCTb, KOTOpas Y10~
BJIeTBOpsieT ycsosuio (1.83), roBopst, 4To oHa yaoBieTBopsieT yceaosuio Koww
B Merpuke L(X) wm gydamenmanrvra B merpuke L(X).

U3 ycaorus (1.83) caemyer, 94T0 CyIIECTBYeT Takasi MOIMOCTEI0BATE b
HOCTB fy(j)(x) mocaenoBaresbHOCTH [, (), KOTOpAs yIOBJIETBOPSET YCIOBUIO:

V(m >n(j)) : I(|fag) — fnl) <277

g Takoil moamocsie10BaTeIbHOCTH CXOTUTCS PSIT

D L fagrn = fag]) < o0,

1<j<00
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QyHKIUN
z = | fag+) (@) = fagp (@)

UHTErpupyeMbl, IOITOMY H3 CXOIUMOCTH 9TOTO psja B CUIY TeopeMbl berrmo
JleBu ciemyet, 9TO

B Y | fagen (@) = fagy(@)] < 00,

1<j<0
1 MTO3TOMY
. Y (fagin (@) = fugp (@) < o0,
1<j<0
Ho
Z (fn(jﬂ)(l’) - fn(j)(x) = fn(m+1)(3€) - fn(l)(l')a
1<j<m
MTO3TOMY
ws 3f(@): m fun(@) = (o). (1.85)
Tak kak

Vm: [<|fn(m)|> < I(’fn(m) - fn(l)‘) + I(‘fn(l)’) <1+ I(‘fn(l)’)a

TO K MOCJIETOBATEIBHOCTH { fn(m)} MBI MOYXKeM TpUMeHuTh JeMmy 1.1.15 n Ha
OCHOBE 3TO JIeMMBI MBI MOXKEM YTBEPKJIATh, 9TO ONpeJieJeHHAsd PABEHCTBOM
(1.85) dyuknus f(x) npuuamaexkur npocrpanctBy L(X). [Ipumvensis semmy
1.1.15 K mocyaemoBaTe/ILHOCTH

(bm(w) = fn(m)(x> - fk(x) ) k > N(E),

MBI IIOJIYYHUM, YTO

I(If = ful) <€, k> N(e).

TeopeMma mokazana.

Ecau mocsenoarensuocts { f,(z)} ymosiaersopsier pasenctBy (1.84) To
rOBODSAT, 4TO OHA cxoauTest K dyukmun f(z) B mpocrpancrse L(X). U3 Teo-
pembl Pucca-@uuniepa ciaegyer, 9To0 B 3TOM CJIydae U3 IOCJIEI0BATEILHOCTH
{fn(x)} MOXKHO BBIIEIUTH MOMIOCTICTOBATENILHOCTE, KOTOPast OYIET CXOMUTCS
K dbyukmun f(z) nourn Beiogy. OguHako cama nociaeaoBaTenbHocts { fr,(x)}
DU 5TOM MOKeT He CXOJUTCsl HU B OnHO# Touke. [IpuBeeM cooTBeTCTBYIO-
AR KJAACCHYECKUN TTpUMeED.
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ITpumep 1.1.14. Ha orpeske [0, 1] onpegesum byHKIun

1,zelt, Bl 0<k<n,
f”’k($):{o, v [E k],

n

Yuopsgounm uHjgekcsl byHkmuuit f, ;: Byaem cawrars, €ro {n,k} >
{n',K'}, ecnim n > n', a upu n =n’ ecim k > k'. fcno, aro

1
/fn7k(17)dl':1/n—>0’n—>oo’
0

HO mpegena upu {n,k} — oo y dyuxuumii f, x(x) He cymecTByer HE B OAHOI
Touke z € [0, 1].

1.1.5 IIpocrpanctBa LP(X).

B 3roit yacTu MBI OyIeM CIATATDH, YTO TPOCTPAHCTBO SJIeMEHTAPHBIX (DYHK-
muii Lo(X), 10 KOTOPOMY MbI CTPOMM HHTErPAJI, YIOBJIETBOPSET YCJIOBUAM
1.1.8 m 1.1.9.

B cuny npungTtoro vHamm yciaosust 1.1.9 st siroboit ochosHoti byHKIMN
¢ € Lo(X) BBIIOMHEHO BKIIOYCHHE

Vp>1: |pf € Lo(X) C L(X).

Ho, BooG1e roBopsi, MozkeT cayunthest Tak, uto f(z) € L(X), no |f(z)|? &
L(X) npu p > 1. Tlpumepom Moker caysxuth Gynxmas f(z) = 277 0 <
x < 1. Tak kak 3Ta GyHKIHA HeOTpUIATeIbHA U HHTerpupyeMa 1no Pumany
B HecoBcTBeHHOM cMbIcae Ha orpeske [0, 1], To ona wHTerpupyema mo Jle-
Gery, onHaKko oveBUAHO, uTo dyHKINA |f(x)|P He uaTerpHpyema 1o Jlebery
Ha orpeske [0, 1]. Mbl nocBstuM 3Ty 9acTb u3ydeHuio (yHKIWiA, KOTOpbIe
00,1a1a10T TeM CBOHCTBOM, YTO OHM CAaMWM M HEKOTODas CTEIeHb MX MOJLYJIs
HHTErPUPYEMBI.

Jlemma 1.1.16. 1. Ilpu mobom p > 1 das a > 0 , b > 0 cnpasediruso
HEPABEHCNEO

(a+b)P < 2071 (a? 4 bP). (1.86)
2. Ilpu mobwzx p > 1, q > 1, maxux, wmo
1 1
-+ -=1, (1.87)
P q
orsa >0, b>0 cnpasedauso Hepasencmeo
P
ab< L+ (1.88)
p q
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Hokazarenbctso. s qokazaTeabcrBa HepaBeHcTBa (1.86) paceMoTpum

dYHKITIIO
p(t) = 207 (1 4+ t7) — (1 +t)P.

DTa QYHKIUSA YAOBIETBOPIET YCIOBUIM:

. d9
»(0) >0, Vt: a(t) > 0.

CrenoBaTesbHO,

Y(a>0,b>0): ¢(a/b) >0,

910 IKBUBATICHTHO (1.86).
st mokazarenberBa HepasencTBa (1.88) pacemorpum DyHKITHIO
a?

Qﬁ(t):;—l-g—at.

CupaBeJiuBbl yTBEPZK ICHUSL:

$(0) >0, ¢(o0) = o0,

I CYIIeCTBYeT enHHCTBeHHas Touka ¢ = a'/("1 B koTopoil mpom3BomHas
bYHKIIUN ¢ paBHA HYJIIO, IpHYeM cama (DYHKIUS B 9TOH TOUYKe TOKE paBHA
uyso. Caenosaresnbno, Vi > 0: ¢(t) > 0, uyro skBupajsentro (1.88). Jlemma
JIOKa3aHa.

[Tokazarenn crenenu p > 1, ¢ > 1, KOTOphIe YAOBJIETBOPSIOT YCJIOBUIO
(1.87), HABBIBAIOTCS CONPANHCEHHbLMU TIOKA3ATEIAME cTeneHd. ConpsizKeHHbIe
MIOKA3aTeJU CTEIIEHH VJIOBJIETBOPSIOT YCIOBUIO:

P+ q=pgq.

Onpenenenne 1.1.13. Eciau Buimosinens yeaoBus 1.1.8 u 1.1.9, To MbI T0-
BopuM, uro dyHkuus f(x) npuaaniexur npocrpanctsy LP(X), ecin cama
dbyukums f(z) npunaaaexxur npocrpanctsy L(X) u dyukuus | f ()P Takxe
upuHaiekuT upocrpancrsy L(X).

Jlemma 1.1.17. IIpocmpancmeso LP(X) ecms aunelinoe npocmparcmeo: ec-
au pynryuu f(z) , g(z) npunadaescam npocmpancmey LP(X), mo u uz
Aunetinas kombunarus o f (x)+Gg(x) npunadaescum npocmpancmey LP(X).

Hoxkazarensctso. JoctaToano gokasars, aro byuknusg ¢(z) = f(z)+g(x)
IpUHAIEKUT TpocTpancTBy LP(X). Panee Mbl yxke mokazaam, 4To TPO-
crpanctBo L(X) ecrw smueitnoe upocrpancrso, nosromy |f(z) + g(z)| €
L(X). Ocramocs gokasars, uro |f(z) + g(x)|P € L(X). Cormacno semme
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1.1.12 cymmecTBYIOT TaKHe [MOCIeI0BATEIbHOCTH 3IeMeHTapHBIX DyHKIHi f,,(x) , g (2
4T0

.B. fo(z) — f(2), gu(z) — g(z), n — oc. (1.89)
3 1.1.9 u (1.89) crenyet, uro
|fo(x) + gu(2)|P € L(X) u .. | f(2) + gn(x) P — | f(x) + g(x)]P.

Ho B cuty uepasencrsa (1.88):
[f(2) + g(@)I” < 227N (|f (@) + |g(2)I) € L(X),
MIOTOMY B CHJIy JieMMbI 1.1.13
(&) + g(2)]” € LX),

Jlemma mokaszana.
ITonoxkum 1o onpeaeaIeHIIO

V(fe LX) |If I LX) = 1(|f) " (1.90)

Omupegenennstit pasenctsom (1.90) dyukmumonan f — || f | LP(X)|| na3siBa-
erca LP-nopmoit pyukiun f.

Teopema 1.1.4. Ecau f(z) € LP(X) , g(x) € LYX), mo f(z)g(x) € L(X)
u cnpasedauco nepasencmeo leavdepa

I(fgl) < 1T LRI - Nlg [ LAX)]- (1.91)

HoxkazarebcTBo. Ilycrh 10C/I€10BATEIBHOCTH SJIeMEHTAPHBIX (DYHKIHI
fn(x) , gn(x) ymoBaersopsiior yeaosuio (1.89). Torma

S@P | gy’
p q

ma%@M@ﬂeumAMS( )eum. (1.9

B cmry gemmpr 1.1.13 orciona caeayer, aro |f(x)g(z)| € L(X). B nepasen-

cre (L.92) cenaem saveny f(z) — f(x)/|[f [ LX), g(x) — g(z)/llg |
L9(X)|| n morom npounrerpupyem. [ocae ymuoxkenus ua ||f | LP(X)|||lg |
L9(X)|| moxyanm (1.91). Teopema mokaszana.

Teopema 1.1.5. Feau f € LP(X) , g € LP(X), mo cnpasedauso nepaser-
cmeo Munkoscrozo:

If+g | PO <[ L2XON + [lg [ L2(X)]- (1.93)
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Joxazameavemeo. Ecnu p , q -conpsizKeHHBIE TMOKa3aTeIn, TO CITPaBe/I-
JINBBI HEPaBEeHCTBA!

I(f +g") < I(f + 9" D)+ L(f + 9" gl)
<L\ f + gl PNV FPYP - I(1f + gl IV (|g]?) .

Pasnenus obe qacTu norydennoro Hepaserctsa ma I(|f + g|®P~Y9)Y4 u yuau-
TeiBas, 4to (p — 1)¢g = p , 1 —1/q¢ = 1/p, mbr moxyunm (1.93). Teopema
JOKA3aHA.

Teopema 1.1.6. Ecau nocaedosamesvnocmo dynkyud {f.(z)} C LP(X)
YO0BACMEOPALTI. YCAOBUIO:

Jim sup{[|f — foonl | PO [0 <m < 00} =0, (194

mo
1. B npocmpancmee LP(X) cywecmsyem makaa dynryusa f(x), wmo

Tim [|f, — I | LPCO]| = 0. (1.95)

2. Cywecmsyem makas nodnociedosamenvrocms fry(x) nocaedosamens-
nocmu fo(z), wmo

n.6. fuj)(x) — f(z), j — oo.

Ecau mocienoBarensuocts dbyukmuit {f,(z)} C LP(X) yaosmersopsier
yeaosuio (1.94), To rosopsr, 4ro OHA HYHOAMEHMAALHEG B IPOCTPAHCTBE
LP(X), a omucbiBaemoe B yTBepKaenunu 1 cpoiictBo mpoctpancrsa LP(X)
HA3BIBACTCS N0ANOMOU npocrpanctsa LP(X).

Hokazarenbctso. [Ipumensis HepasencTBo Lebaepa k (1.94) u yuuTbiBas
ycaosue 1.1.8, MBI mosrydaem:

I(|fu = fuul) STV fr = fl?)P =0, nm — o0. (1.96)

Takuwm o6pasom, mpu BemosHeHNN yeaosus 1.1.8 dyunamentaibaast B LP(X)
MOCJIeTOBATEILHOCTE bynaamentanbia B L(X). CiemnoBarenbHo, U3 mocse-
J0BATEIBHOCTH { fr (%)} MOXKHO H3B/I€Ub TAKYIO HOANOCIEI0BATEILHOCT { fr(jy(4)},
910

1.B. [n(x) — f(x) € L(X), j — oo. (1.97)

YuaursiBast (1.94), Mbl o1y 4aem

8. | fui (@) = (@) I(fa[?) < C.
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[pumensia semmy 1.1.15 k nocsenosarensroct ¢;(x) = fue) (), MbI mosy-
JaeM, 4To onpejeseHras papeHctBoM (1.97) dyukumsa f(z) ymosierBopser
YCJIOBHSM:

f(z) € LX), |f(2)]P € L(X).
[pumensis gemmy 1.1.15 x nociegosarensnoct ¢;(x) = | foy (@) — f ()P,
MBI TIOJTy4aeM, 4TO

H1F = fl?) = 101 | = fal?) < € m > N(e),

Teopema mokazana.

Ecian dbyuknusa f(r) = 1 me npunamiexur npocrpauctsy L(D), to LP-
HOpMa byHKIHE [ 1 TpocTpancTBO LP (D) 0OBITHO ONPENeSSIIOTCS TaK, ITO B
upasoit yactu (1.90) crouT HeCOGCTBEHHbIH HHTEIPAJ B CMBICJIE ONPE/IeJIeHHSs
1.1.11.

OcranoBumMca Ha 3ToM moapobree. Ilycrs BemosHeHBl yeaoBua 1.1.11.
Torma Mbl ompejiesisieM npoctpanctBo LP(D) Tak.

Onpenenenne 1.1.14. Mui roBopum, 4To 3aj4annas B obactu D pyHkiums
f(z) mpunaexur npocrpauctsy LP(D) , ecin

Vm: f(x)[(D(K(m)|z) € LP(K(m))
U KOHEGYECH IIpeaest
gig;olm((lflﬂ(DﬂMm) | ))) < o0,
1 B 9TO CJy4Yae MBI 110 OIIpEeac/JIEeHUIO IO IaraeM
17T LPXONP = Tim L, ([ LD (VK (m) | ))"). (1.98)

st onpenenennoit paperctBoM (1.98) LP-HOPMBI ClIPABeJINBBI HEPABEH-
ctBa lesnbjiepa ' MHUHKOBCKOIO: [t JOKA3aTEIbCTBA TOTO YTBEPKICHUA
JIOCTATOYHO BBINHUCATH COOTBETCTBYIOIINE HEPABEHCTBA B KarKJIOM MPCTPaH-
cree LP(K(m)) m moTom mepeiit K npejaeny m — oo. [lpoctpaucrso LP(D)
¢ ompe/iesienHoit pasencreoM (1.98) LP-wopmoii mostro. JlokazaTeabeTBo mpo-
BOJUTCH HEDOJIBIITUM HU3MEHEHHEeM J0Ka3arTebcTBa Teopembl 1.1.6: 3ameua-
eM, 9TO U3 TOrO0, YTO MOCJIeJ0BATEBbHOCTD { f,} dyHIaMeHTa IbHA B CMBICTIE
HOpMBI (1.98), cieayer, 9To OHA (DYHIAMEHTATIBHA TI0 HOPME KaXKJI0TO MPO-
crpanctBa LP(D () K(m)), u moSTOMY ¢ IOMOIIBIO JUATOHATIHLHOTO TIPOIECCa
110C/1/10BATeNbHOCTS { fi(;j) } MOXKHO BBIOPATH TaK, 4TO OHA Oy/IeT CXOJAUTHCS B
kaxk oM npocrpancrse L(D () K (m)). Janpreiinme paccyKaeHus OCTar0TCsa
0e3 u3MeHeHus.

OcTaHOBUMCsI HA ONEPAIMH IPEeJIeTBHOrO Mepexoja B npocrancree LP(D)
JUUIsT TOTO CJIydasi, KOrjia HopMa ompejiesisiercs: papeHcTsoM (1.98).
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Jlemma 1.1.18. Ilycmb 1 < p < o0 4 PYHKUUOHAADHAA NOCAEAOBANEAD-
nocmo { f(x)} C LP(D) ydosaemsopaem ycaosuam:

L3f :¥m| fo = f | (DK (m)]| — 0, (1.99)
2. n}l_rgo sup{/(I(D ﬂ(K(m + )\ K(m)|ful? | n, s} =0. (1.100)

Tozda onpedesennan 6 pasencmse (1.99) dynxyua f(x) npunadasescum npo-
empancmey LP(D) u
1fo = fllp =0, n— oo. (1.101)

st toKasaTesibcTBa IOCTATOYHO TPOBEPUTH, 4TO U3 ycsopuit (1.99) u
(1.100) caeayer, uro mocsaenoBaTeabHOCTh { f,} dyHIaMenTaTBHA B HOpME
mpoctpaucTtsa LP(D).

Hns npocrpancrsa LP(R?) MoxKHO 1aTh Cleayiolee yTOUHEHHE JEMMEI
1.1.18

Jemma 1.1.19. Tycmo K(m) -xy6 6 npocmpancmee R : K(m) = {z |
r = (x1,...,2q) , |z;| < m.}. Hyems Pynryuonasvras nocaedosamenn-
nocmo { fu(x)} € LP(RY) npu nexomopom p , 1 < p < oo, ydosaemsopaem,
CALOYOULUM YCAOBUAM.

1.Vm: n.s. fo(x) = f(x),, n — 00, z € K(m), (1.102)

2.¥(m, n): ne. |fu(x)| < dm(x) € LP(K(M)), ¢m(x) He 3a6ucum omn.

3. lim sup{ |fo(z)Pdz |1 <n < oo} =0. (1.103)
m—oo |z|>m

Tozda onpedenennasn pasencmeom (1.102) dynruua f(x) npunadaescum npo-
empancmey LP(R?) u

lim [ |fu(z) — f(x)|Pdz = 0.

n—oo
YT06bI MOSCHATE POJIb yeaoBus (1.100) paccMOTPHM MOCIEI0BATEILHOCTh

falz) = exp(—(z —n)?)
B npocrpanctee L'(RY). fceno, uro

a

Va,b: / exp(—(x —n)*)dz — 0, n — oo,
b

HO

| e —npyde = v

[e.9]
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Yeaosust (1.100)-(1.103) aHagOrHYHBI YCJIOBHIO DABHOMEPHOH CXOAMMOCTH
HECOOCTBEHHOTO MHTErpaJa PuMaHa W aBJAseTCs YIPOMICHHBIM BapHAHTOM
yCJI0BUsl paBHOMepHOI uaTerpupyemoctu (cum. [4, 5]). Ilpu uccrenosanuu Bo-
poca O MpeJIeIbHOM Mepexo/ie B HHTerpaJe yCJI0BUsI TUIIA PABHOMEPHOI MH-
TErPUPYEMOCTH OOBIYHO HAJIATAIOTS B TOM CJIydae, €CJIM MHTErpas MOHUMAa-
eTcs KaK HecOOCTBEHHbIN MU KaK MHTErPaJl 10 0-KOHEYHO, HO He KOHEYHOH
mepe.

BameruMm, uto B ompemenenun 1.1.14 we npednoaazaemcsa, aro f(z) €
L(D). Paccmorpum npumep. [ycrs

f(@) = (x(x+ 1)z — 1) 2In?z)"Y* o> 1.

Jlerko mposepurs, ato f(x) € L*([0, 00)), Ho f(2) & LP([0, 00)) , p # .

1.2 Mepa u n3mepumbie PyHKITIN.

1.2.1 CBoaKa OCHOBHBIX OINPEAEJEHUI TEOPUU MEPHI.

[TonsiTre Mepbl 4acTO BCTPEYAETCS B aHAIN3€ U MaTeMaTH4ecKoil (usuke.
[IpuBeieM KpaTKylo CBOJIKY COOTBeTCTBYIONUX ompeaenenuit. [logpodbuo c
STUMU MOHATUSIME B KJIACCHIECKON TPAKTOBKE MOZKHO O3HAKOMHTBCH O HIPH-
BEJIEHHOMY B KOHIIE TVIABBl CIUCKY JINTEPATYpbLl. B cieayonemM myHKTe Mbl
pazbepeM, Kak 3TH MOHATHS BBOIATCS B IPUHATON Hamu cxeme Jlammais.

Onpegenenne 1.2.1. Cucrema A moaMHOXKETCB MHOYKECTBa, X HA3BIBAETCS
an2ebpoti MHOIHCECME, eC/IN BBIIIOJHEHBI YCIOBUS:

1.0e A, X € A
2V(Ae A, BeA): A[|Be A, A|JBe A, A\Be A

Arebpa MHOXKECTB HA3BIBAETCS 0-GA2€0POT, €CN OHA 3aMKHYTa OTHOCH-
TEJIbHO CUETHBIX OO'beIMHEHUI U ImepecevdeHrnil MHOXKECTB:

V(AieA): | JAieA, (NAicA

[Tockosibky o-ajrebpa ecrb ajaredpa MHOZXKECTB, TO ObLIO Obl J0CTATOY-
HO TOTPeboOBaTh 3aMHYTOCTH TOJBKO OTHOCHTE/JHLHO CUYETHBIX 00be nHeHnH
MHOYXKECTB: B cuy ¢opmys je Moprana orciojia y»Ke €JjieioBajo Obl, 94TO O-
asredpa 3aMKHYTa OTHOCHUTEJHHO 0OPA30BAHUS CUETHBIX IepecedeHuil MHO-
JKECTB U UX JIOIOJIHEHUM.
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Pacemorpum otpesok [0, 1]. Haumenbias o-anare6pa, KoTopast COJIepKHUT
BCe OTKpbIThIe uHTepBasbl (a, b) C [0, 1], Ha3bIBaeTcs Gopesesckoll anred-
poii MHOKecTB orpeska [0, 1].

Ecim X -ronosorunueckoe nmpocTpancTBO, TO bopeaesckol ar2ebpoti MHO-
ykecTBa X Ha3bIBAETCA HAMMEHbINast o-ajarebpa, KOoTopast COAePKHUT BCE OT-
KPBITBIE HOAMHOXKECTBA MHOKECTBA, X .

Anrebpy 60peIeBCKIX MHOXKECTB TOIIOJOTHYECKOIO IPOCTPAHCTBA, X MBI
Oysem obosnadarh cumBosiom B(X).

Omnpenenenne 1.2.2. 3anannas Ha o-anarebpe A GYHKINS MHOKECTB
p: A0, 1]
HA3bIBACTCS MePOTl, eCJM OHA Y/IOBJIETBOPSIET YCJIOBUSIM HOPMHUDOBKH:
p(@ =0, p(X)=1 (1.104)

n o-aJaAUTHBHA.
V(A€ A, Ai(A;j=0,i#j): ZA => (4. (1.105)

MHOFﬂa ycjaoBue o-adJUTUBHOCTU HE€ BKJ/IIOYa€TCA B OlIpeJeJIeHrue MepHhl.
113 (1.105) caeayer, 9To o-a i IATHBHAS MePa (i YIOBJIETBOPSIET YCIOBHIO:
eciim A, Takas cucTema IMOJIMHOXKECTB MHOXKECTBa X, 9TO

Ap €A, A C A, (A =10, (1.106)
TO
pn(A,) =0, n— oo. (1.107)
,ZLJIH A0Ka3aTC/JIbCTBa ITOr'0 YTBEPZKACHUA JOCTATOYHO 3aMEeTUTh, 9YTO
CA) = | CA)\C(An1), 4g=0,
1<m<n

TTO3TOMY

1= pu(X) = lim p(C(4,)) =

n—oo

1 — lim p(A,).

n—oo
O-aJIIUTUBHBIE Mepbl TaK:Ke HA3bIBAIOT CUETHO-a/[INTUBHBIMUA MeDaMU.
YacTo paccMaTpUBaIOT MephI, KOTOPbBIE He YAOBIETBOPAIOT YCJIOBHIO HOPMHU-
DOBKH, & MepPBI, KOTOPbIe ITOMY YCJIOBUIO YAOBJIETBOPSIOT, HAZLIBAIOT BEPO-
ATHOCTHBIMU MepaMu. B 3Tom naparpade Mol OyjieM paccMaTpuBarTh Mepbi,
KOTOPbIE YJIOBJIETBOPAIOT YCJAOBUIO HOPMUPOBKH, T.€. BEPOATHOCTHBIE MEPHI.
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MoxkHo J10Ka3aTh, 4YTO CyIIECTBYET €JUHCTBEHHAS Mepa [iy, 00J1acThb 3a-
JaHusT KOTOPOil ecTh GopeseBcKasi aarebpa moaMHOXKecTB orpeska [0, 1] u
KOTOpas YIOBJIETBOPAET YCIOBHIO

V(a,b) C[0,1]: uo((a, b)) =b—a. (1.108)

DTy Mepy Mbl OyJeM Ha3bIBaTh CTAHIATPHON Mmepoli Bopeas wim 1mpocTo
bopeaesckoti mepoti na orpeske [0, 1].

Ecim X -Tonmosorndeckoe mpocTpaHCcTBO, TO B OOIIEM CIydae 60pesesckol
Mmepoti Ha npocTpaHcTBe X Ha3blBaeTCsd J00as Mepa, 00J1aCTb OLPe/Ie/IeHns
KOTOPOIi €CTh HAaWMeHbIas o-aaredpa, comep:Kaiias BCe OTKPBITHIE TOIMHO-
»KecTBa MHOKecTBa, X .

Ecan na o-anrebpe A 3ajjana HEKOTOpasi Mepa i, TO OTBeYaroneil 1o
Mepe sHewHel Mepoti Ha3biBAeTCA (DYHKIMSA MHOYKECTB [(1*, KOTOpasd JIjId BCEX
MMO/IMHOYKECTB MHOYKECTBA X OIpeesieHa PaBeHCTBOM

VAC X : p*(A)=inf{u(B) | Be A, AC B}. (1.109)

Onpenenenne 1.2.3. MuoxkecrBo A C X Ha3bIBaeTCsa uamepumoim no Jle-
be2y, eCJIM BBIIIOJTHEHO PABEHCTBO

pF(A) + (X O\ A) = 1. (1.110)
I B 9TOM cirydae Mepoit JleGera muoxecrsa A nasbiBaercs duciao p*(A).

MmuoxkecTBO Bcex m3MepuMbIx 110 Jlebery MHOXKecTB oOpa3yer o-ajredpy,
KOTOPas 3aBUCUAT KaK OT MCXOMHON o-anrebpsr A, Tak u or mepsl 1. O003Ha-
quM 9Ty o-anarebpy cumsosiom Ext,(A). Ona HasbiBaeTcs J1e6erOBCKHM Pac-
mupenueM o-anre6pst A. Qynknus muoxkects (*(A) Ha o-anredbpe Ext,(A)
ONIpEJIENIIeT MePY, KOTOPYIO HABBIBAIOT A40€206CKUM NPOJOAAHCEHUEM MEPDL [
(mm mepoit JlebGera) u 0603HAYAIOT TEM Ke CHMBOJIOM /L.

Omnpenenenne 1.2.4. 3anannas na o-aaredbpe A Mepa i Ha3bIBACTCS 104~
noti mepoti, ecau u3 toro dakra, uro Z C A, A€ A, pu(A) = 0 caeayer,
aro Z € A, u(Z) = 0.

Mepa Jlebera 1oJina, a JjeberoBckoe paciuiupenne o-aJjredbpbl ¢ 3a/aHHOM
Ha Hell CYeTHO-aUTHBHON MePOH MOKHO MOJIYIHTh (CM. JOKa3aTeabcTBO B (9]
. 7. 1, mpeggioxkenne 1.4.6). , ecqin TOTOJTHUTH 00JACTH OMpPEETeHNsT MePhI
BCEMH ITOIMHOYKEeCTBAMHU MHOKECTB Mepbl HOJIb W Ha 9THUX MOIMHOMKECTBAX
JIOOTIPEJIETUTH Mepy HyJIeM.
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Hpyroit ciocob mocTpoeHns: J1e6erOBCKOr0 paciIuperusa o-aaredps A co-
CTOHT B cJeayioneM. PaccMOTpUM CHMMETPHYIHYIO PA3HOCTD IBYX MHOXKECTB

AAB = (A JB)\ (A B).

JIerko BUIETH, 4TO
I(AAB | ) = [I(A | ) = I(B | x)],

o3ToMy (byHKIHSA
d(A, B) := u*(AAB) (1.111)

ompejiesisieT PAcCTOSIHUE Ha HOJMHOKECTBaX MHOxKecTBa X (Wid, B IPyroit
HHTEePIpeTaIii, Ha MHOKECTBE BCEX XapaKTePUCTHIECKUX (DYHKINHIT MTOAMHO-
JKecTB MHOYKecTBa X ). 3aMbikaHue o-aaredphr A, paccMaTHBaeMoii Kak moji-
MHOZKECTBO TIOJHOTO METPUIECKOr0 MPOCTpaHCTBa ¢ paccrosauem (1.111), u
Oymer J1e6eroBCKUM paciiuperneM o-aaredpol A.

B pamkax cxembr JJanusiist 1eberopckoe pacmupenue o-aareopol A MOXKHO
noiyanth Tak. OnpenennM Ha TPOCTPaHCTBE X MHOXKECTBO 3JI€MEHTAPHBIX
dbynkmmit Lo(X) kKak MHOKeCTBO DYHKITHI BHIA

flz)= ) ajl(A;|z), a; €R,

1<j<N

rjie

AjeA | JA=X, A(Ai=0,j+i
J

Ha sToMm npocTpancTBe 3eMeHTapHbIX (DYHKIUH ONpeIeTuM SIeMeHTapHbI i
unrerpaJ popmyJioi

Iy(f) = Z%’H(Aj)

u jajiee Oyem JeiicTBoBaTh 1m0 cxeme Jlanmasisa. Torta smemMeHTaMu OO THE-
Hust g-aaredpsr A OyayT Te MOJIMHOXKECTBA, XapaKTepUucTu4IecKue (hyHKInn
KOTOPBIX IpuHa Ieskar npocrpancry L(X).

YacTo Mo yMOJUAHUIO CUUTAIOT, YTO eCJIM Ha o-aJredpe 3ajJaHa Mepa [i,
TO 9Ta o-ajaredpa MHOMKECTB YiKe MOMOJHEHA O Mepe (i, T.e. CUUTAIOT, ITO
A = Euxt,(A). Huxe Mbr ne 6ydem menars 310 npennosoxenne. Ciaegyer
3aMeTUuTh, 9YTO €CJIN B O6ﬂaCTb orpejaesenund Mepbl BXOAUT 6OJIBH_[6 HYJIEBBIX
IIOJIMHOZKECTB, TO BXOJUT U OOJIbIIE UX JOMOJHEHUH, ITO9TOMY H3MEHSIEeTCS
COJIepKAHME MTOHATHS ITOYTH BCIOIY.

[Iycts Ha MHOXKecTBe X 3ajaHa o-aaredpa A, Ha MHOXKeCTBe Y 3aJaHa
o-aarebpa B u

f: XY
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-orobpazkenne X B Y. Jlerko npoBeputh, 4T0 mpu g0060M oTOOpazxeHnu f
o/t npoobpas f~1(B) o-arebpe B ecth nHekoTopas o-anrebpa B X.

Onpegnenenune 1.2.5. Orobpaxenne f: X +— Y u3MepumMo OTHOCUTEILHO
o-anredopsl A C X u o-anrebpol B C Y, ecan

f1(B) c A.

[TonsgTie ©3MEPUMOCTH OTOOPAKEHUA HUKAK HE CEAZAHO C MOHAMUEM Me-
Dbl U OIIUPACTCS TOJHKO HA MOHSATHE 0-aJreOPhI, OJHAKO €CJu Ha o-ajredpe
3aJaHa Mepa, TO YaCTO TOBOPAT 00 M3MEPUMOCTH OTOOPAYKEHHUST OTHOCHTETh-
HO Mepbl, IoJpa3yMeBas o-ajredpy, Ha KOTOPOi 3a/laHa Mepa.

Ecm Y = R!, T0 00BIYHO TI0 yMOMYAHUIO CYUTAIOT, 9TO B KAIeCTBE O-
anre6bper B B R! B3aTa ne nonoanennas (1o Bazkno!) o-aarebpa 6opeeBCKUX
MHOKECTB, T.€. HGUMEHbUWAA T-AIredpa, OTHOCHTEILHO KOTOPOH H3MEPUMbI
BCe OTKPBIThIE MHOXKeCcTBa. B 3ToMm caydae onpemenenue 1.2.5 SKBUBAJIECHTHO

CJIeTYTOTIEMY.

Onpegenenune 1.2.6. 3ajannas na maoxkectse X dyaknus f: X >z —
f(z) € R! maspiBaerca M3MepUMOil OTHOCHTEIBHO o-anre6pnl A MOaMHO-
KecTs MHOxkKecTBa X, ecjn npu Jiobom a € R! muoxecrso {z | f(z) < a}
npUHAIeKUT o-anareope A.

Onpenenenne 1.2.7. [TonmuoxkecTBo A C X Ha3BIBA€TCI M3MEPHUMBIM, €C-

JIM ero XapakTepuctudeckas (YHKIHS U3MEPUMA B CMBICJIE OIIPejIe/IeHNs
1.2.6.

I[Tycts B mpocTpanctse R! 3amana o-anrebpa 60peeBCKIX MHOXKECTB (T.e.
HAMMeHbIIas g-ajarebpa, Koropas COACPKHUT BCE OTKPHITHIE MHOXKECTBA), B
npocrpancTee X 3ajaHa MPOU3BOIbHAA o-ajredpa u

f:X—R!

-U3MEpHMOe B CMbICJE onpejenenus 1.2.6 orobpaxkenue. J[okaxkem, 9TO OHO
U3MepuMo B cMbicae onpenesenust 1.2.5. Ecau dyukuus f(x) u3mepuva B
cMbIcse onpejesiennd 1.2.6, TO MHOXKECTBO

A={z]| f(z) ga}:ﬂ{x|f(x) <a+1/j} (1.112)

U3MEpPHUMO, TAK KaK CICTHOE IepecedeHne IPUHAIeKANINX o-airebpe MHO-
JKeCTB CHOBA MPUHAJICIKHAT ITON o-anrebpe.
Eciiu dyukuus f(x) rakosa, uro npu jobom a € R! muoxecrso

A=A{z| f(x) <a} (1.113)
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U3MepuMo, To IIpu JoboMm a € R MHOKecTBO

B={z| f(x) <a} = J{z | f(z) <a—1/3j} (1.114)

j>1

HU3MEPHUMO, TAK KaK CUeTHOe 00bLeIMHeHNe IPUHAIICKAIINX o-aaredpe MHO-
JKECTB CHOBA MPUHAJICKHAT TOH o-anrebpe.
Hasee 3amerum, uro eciu Gyukiuus f(xr) uamepuma, T0 MHOXKECTBA

{z| f(z) = a} = X\ {z | f(x) <a},
{z] f(z)>a} = X\{z] f(z) < a}

W3MEPUMBI KaK JIOTIOJHEHUST K U3MEPUMBIM MHOYKECTBAM.
Takum 06pa3oM, MbI JIOKA3aJIU CJIEIYIOIIE

Vreepxkaenue 1.2.1. Qynkyus f(T) usmepuma 6 cmuicie onpedeieHus
1.2.6 6 mom u moavko mom cayuae, ecau npu ecex a € R xaxoe aubo
U3 MHONHCECTNE

{z] f(z) <a}, {z] f(z) <a},
{z ] f(z)>a}, {x]f(x) > a}

USMEPUMO, U USMEPUMOCTU NPU BCEX A € Rl 001020 U3 IMUL MHOIHCECTE
me&yem USMEPUMOCTIID OCIMAADHDBLT.

AnaJsiornamno JOKa3bIBaeTCd

Vreepxkaenune 1.2.2. Qynkyus f(T) usmepuma 6 cmulcie onpedeieHus
1.2.6 6 mom U MOALKO MOM CAYYaGE, €CAU KAKOB0 ObL Hu ObLA0 Oopesesckoe
mmooicecmeo B C RY, noanwdi npoobas f~1(B) mmnoocecmea B npunadae-
orcum o-anzebpe A, m.e. onpedenenus 1.2.6 u 1.2.5 sxsusaseHmmmbt.

B sagagax Teopum dyHKHuil AeficTBUTESIHLHON TIepEMEHHON B KadecTBe
MHOKecTBa X 00bIYHO paccmaTpuBaercs orpe3ok [0, 1] ¢ o-anrebpoit n3me-
puMbIX 10 Jlebery MHoxKecTB. B 9TOM CiIydae MOHATHE U3MEPUMOCTH OKa-
3BIBAETCS OYCHb IMHPOKUM M IIPUMEPLI HeM3MEPUMBIX (DYHKIUH CTPOSTCA €
TPYIOM.

B 3amauax Teopum BEPOATHOCTH MHTEPECYIOTCS U3MEPUMOCTHIO (DYHK-
i g(x) OTHOCHTENIbHO HAMMEHBIeil o-aarebpbl, KOTOpas COJAEPIKHUT BCe
o-anre6psl Buga f1(B), rme f -oToGpazkeHme U3 HEKOTOPOTO KJIAacca OTOO-
paskeHmii. rTa 3ajaua HeTPUBUAJIbHA, TAK KAK CIHPABEIINBO YTBEPKICHHE:
bynknua g(x) usmepuma oraocurenbHo o-anredopst fH(B), eciu cymecrsy-
et Takast byHKIws ¢, 910 g(x) = ¢(f(x)). D10 OUEBHIHO B TOM CJIyUae, ecan
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dyuxnus f npocras, T.e. IPUHUMAET KOHEYHOE YHCJIO 3HAUYEHWil, a oOuit
caydail mojydaercsd annpoKCUMaIueil Tpou3BOIbHON (DYHKIIMH TPOCTHIMU.

[Tpusenem npocroit npumep. Ilycts mpoctparcTBo X ecTh 0Tpe3ok [—1, 1],
IPOCTAHCTBO Y ecTh oTpe3ok [0, 1] u g-anrebpa ) ecth o-anredbpa Gopeses-
ckux mMuoxkects orpeska [0, 1]. Tlyers f(x) = x?. Torpa bynkuus g(z) = |z|
u3MepuMa OTHOCHTEILHO o-ajurebpbl f1()), a dynxkuua g(r) = max(0, z)
-HET.

Ounpenesienne 1.2.8. Eciu dyukius f(z) u3mepuma OTHOCUTEIHLHO 0-aJre0pbl
A ¢ 3ananHoil Ha o-anredpe A Mepoii 1, TO ee uHTerpasom Jlebera mo mepe
L HA3BIBACTCS TIPEIE

| i) =
lim Y 27kp({x |27k < f(z) <27"(k+1)}), (1.115)

n—00
—oco<k<oo

eCJIM 3TOT TIpeJiesl CYIecTBYeT U ecn psan B npapoii dactu (1.2.8) cxomures
abCoOJIIOTHO LIPU BCEX M.

[Tycrb pf BHemmHsisi Mepa JUis onpejenenHoi pasercTsoM (1.108) Gope-
JIeBCKO# Mepbi. OTBeUAONIYIO 3TO BHeNTHel Mepe Mepy Jlebera mbr Oyaem
Ha3bIBATH KJacCHYECKOi Mepoii Jlebera miu npocto mepoii Jlebera. Ha Gope-
JIeBCKo#t anrebpe MmuOKecTB oTpeska [0, 1] mepa JleGera, KoHedHo, coBIagaer
¢ Mepoit Bopesst (1.108).

1.2.2 IlocTpoeHue Mepbl MHOXKeCTBa B cxeMe JlaHuzuid.

[Ipu mocTpoenuun uHTerpasa mno cxeme lanmsisg Mepa MHOZKECTBA OIIPeIeIs-
eTcd depe3 WHTerpaJl.

Nrak, mpenosioKuM, 4T0 HaM 33/aH0 MHOYKECTBO X, ITPOCTPAHCTBO i€~
MeHTapHBIX DYHKIMA Lo(X) n smemenTapubiii naTerpas ly, HpuvemM BbITOJ-
Henbl ycaosus 1.1.1-1.1.7. B 3roit gacTtu, Kak u B npeablAyIieil, Mbl OyaeM
CYATATH, YTO MPOCTPAHCTBO dJIeMeHTapHBIX GyHKIHit Lo(X ) H0MOJIHUTE B
HO yjioBjieTBOpsieT yeyoBusaMm 1.1.8 u 1.1.9, npuydem BBITIOJIHEHO YCJIOBUE HOP-
muposku (1.5). [lycrs [ -unrerpan u L(X) -upocTpancTBo HHTEIPUPYEMbIX
dyHKIHI, KOTOpBIE MOCTPOEHBI 110 cxeMe Jlanu3ag Ha OCHOBE MPOCTPAHCTBA
sstemeHTapHbIX dyHkimit Lo(X) n snementaproro waTerpaia Io.

MpbI ToKazkeM, 9TO B paccMaTpUBaeMOil cUTyallmu HHTerpas [ mopoxKIaeT
HEKOTOPYIO 0-aJredpy MHOXKeCTB B X W Mepy Ha 3To#l g-ajaredpe.
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Omnpenenenne 1.2.9. Muoxkecro A C X uzMepumo (OTHOCHTELHO HHTE-
rpasa I) , ecim ero XapakTepucrudeckas (pYHKIMsI HHTEIPAPYeMa:

I(A | ) € L(X),

u Mepoit p(A) MHOXKecTBa A HA3BIBAETCS WHTETPAT OT €ro XapaKTepUCTHIe-
CKOIl (pyHKIUU

u(A) = I(I(A ] ). (1.116)

Hoxkaxkem, 4To ompenenenue 1.2.9 coryacyercd ¢ ompejieieHUEM MepHI,
KOTOPOE JTAHO BBITITE.

Teopema 1.2.1. Ecmecmeentas 00aacmod onpedeserus Mepol 8 CMBLCAE OTpe-
deaenus 1.2.9 ecmo o-aszebpa mHodcecms u Ha 2moti o-anszedpe mepa 6
emuwiene onpedenerus 1.2.9 o-addumusna.

Jloka3aTehbCcTBO TEOpeMbl Mbl Pa300beM Ha HECKOJIBKO JIEMM.

Jlemma 1.2.1. Ecau muooicecmea A u B usmepumuvs 6 cmuvicae onpedeserus
1.2.9 , mo mmnoocecmea A|JB , A\ B, A\ B moosice usmepumvi 6 cMulcAE
9M020 ONpedesenun.

JokazarenserBo. Ecn MuOKecTBa, A 1 B M3MepUMBI B CMBICJIE OIIPeIeIe-
Hug 1.2.9, To cormacuo jemme 1.1.12 cymmecTBYIOT TaKne MOCJIe/10BATEIbHOCTH
fA(x), fB(z) snementapubix dyHKImit, 9TO

we. : fA@) — 1A | 2), f2(5) = (B | 2), n— oo.
[TooxKxuMm
$n(r) = min(L, [ ()], |f7 ()]
OueBuiHO, 9TO

1B ¢n(2) = WA(\B|2), ¢ulz) € LX), 0< ¢o(z) < 1.

[To Teopeme JlebGera o mpe/ie/IbHOM II€PEXO/ie MBI MOXKEM YTBEDAK/JIATh, UTO
dbyuknus I(A () B | z) uarerpupyema, T.e. MHOKecTBO A () B uamepumo. Ho

IA|JB|z) =1(A|z) + 1B |z) - I(A()B] 2).

Orcrona cienyer, aro MuoKectBo A|J B n3mepnmo. V3mepumMocTh MHOXKe-
crBa A\ B cieyer u3 paBeHCTBa

I(A\B|z) =1(A|z) - I(A[ B | z).

JlemMa, mokazaHa.

Mpb1 mokazaam, 9TO m3MEepUMBIe B CMBICTe ompeaenaenns 1.2.9 MuoxkecTBa
obpazytor ajsrebpy muoxkects. Jlokakem, 910 3Ta ajaredbpa ecthb o-aaredpa u
onpejesieHHast Ha Heil paBeHcTBOM (1.116) GyHKINS MHOMKECTB 0-a I THBHA.
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Jlemma 1.2.2. ITycmd nocaedosamesvbHoCmd USMEPUMBLE 68 CMbICAE onpede-
aenua 1.2.9 mnoscecms A; ydosaemeopsaem ycrosuio

A4 =0, i#] (1.117)

Tozda obvedunerue mnoorcecme A = |, A; usmepumo 6 cmoicae onpedenenus
1.2.9 u
ulJ4) = Y n(a (Lts)

JlokazaTeabcTBo.Bo-tepBbIX 3aMeTHM, UTO U3 CIPABEIINBOTO MPHU BCEX
A C X, B C X paBencrsa

I(A|z)+1(B|z)=1A| JB|z)+1(A[B]z)

cJlejlyeT KOHeUHasl aJJINTHBHOCTD Oonpe/ieJenHoii paeHctBoM (1.116) dyHK-
IIUHA MHOKECTB:

II(A| )+ B | ) = IWAJB )+ IIAB ).

[Tpu BoimoaHenun ycsosus (1.117) cnpaBeiuBo paBeHCTBO

I(A|2) =) I(A;] ). (1.119)

%

Bamernm, uro B cuiy yeiaosus (1.117) cnpaBeyinBo HEPaBEHCTBO

103 T(A ] ) < 1.

1<i<n

B cuny nemmvpr Benmo Jlesu orciona caemyer, uro mpasas gacthb(1.119) ectn
UHTerpupyeMasi (PYHKIWs ¥ CIpaBeinBo paseHcTBo (1.118). Jlemma moka-
3aHa.

N3 jemm 1.2.1 u 1.2.2 BoiTekaer yrBep:ienne reopeMbl 1.2.1

B Teopun nuTerpasa usBecTHa Teopema (reopema Pucca u ee 0600meHme:
teopema Pucca-Mapkosa-KakyTtanu), KoTopas yTBepzKIaeT, YTO IPU OIIpe-
JIEJICHHBIX YCJIOBUAX JII000# JTUHEHHBINR HeNpepbhIBHBIA (DYHKIHOHA Ha IIPO-
crpanctee C'(X) mpeacraBuM Kak wHTerpas. [lpu ompenenennu unTerpasa
1o cxeme Jlauuajig HenpepbIBHBIA (DYHKITMOHAJ 110 OLPE/IeJIEHUIO €CTh UHTe-
rpaj, a gemMbl 1.2.1 u 1.2.2 yTBepKIai0T, 9TO TAKOH (HDYHKITMOHAJ TOPOK-
JIaeT Mepy, TOITOMY JOKa3aHHOE HaMW YTBepXKJIeHNe MOKHO pacCMaTpUBATh
Kak aHaJior TeopeMbl Pucca B cxeme danumes.

B nmanbHereM HaMm MOHAZOOUTCS CJIEAYIONIEE YTBEPIKICHHE.
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Teopema 1.2.2. Ilycmv ocnosmoe npocmpancmeo X ecmb ompedor det-

CMBUMEALHOU OCU:!
X =la,b] CR"

Ecau npocmpancemso snemenmapnox Pyrxuyudd Lo([a, b)) codeporcum sce nenpe-
PulGHBLE PYHKUUL:

(7qaabD C-LoqaabD7

Mo -a.A2e0P0 BCEXT USMEPUMBLIE 8 CMBLCAE onpedeserus 1.2.9 mHoocecms co-
deporcum o-anzebpy bopeaescrus mHoxcecmes ompeska [a , b, m. e. naumero-
WYro T-an2ebpY, KOMOPas COOEPHCUM 6CE OMEPLIMBLE MHONCECTNEG OTPESKG

[a, b].

Joxkazarensctso. [lycth a < a < # < b. Ham gocrarodno gokasarh, 9TO
xapakrepucTudeckue byHKIUN MHOXKeCTB [a, «) , (a, 3) , (3, b] uarerpu-

PYEMBL.
[Tostoxxum
Gp1(z) = min(1, n(a —x)"),
Gpn2(z) =min(l, n(B —2)*, n(z —a)™),
¢n3(r) = min(1, n(z - B)7).
Torma

Vet dua(z) = 1(a, ) | 2), n — 00, |6ui(x) < 1,
Yz : fna(z) = I((a, B) [ 2), n— 00, |¢na(z) <1,
Vo : ¢ps(x) = I((6, 0] | ), n — oo, |pns(x) <

1 HHTErPUPYEMOCTH COOTBETCTBYIOIIAX XAPAKTEPUCTUIECKUX (DYHKIUH MHO-
JKeCTB BbITeKaeT u3 Teopembl Jlebera (cm. 34). Teopema jokazana.

1

Teopema 1.2.3. [Tycmv evinosnens ycaosus npedudyuset meopemot, i(dx)
-nopootcdennan urnmezpasom mepa 1.116,

F(t) := / (I([a, t] | x)p(dz). (1.120)
a<z<b
Toz0a:
1. Qynrkyusa F(t) monomonno ne yobueaem u HeNpepuleHa Cnpasa na om-

peske [a, b|:
Vit € [a, b]: F(t+0)=F(t).

2. Ecau gynryusa g(t) nenpepwena na ompeske |a, b], mo cnpasediuso
pasencmeo (1.122).
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JokazaresnbcrBo. Monoronuocts dbyukimn F(t) ouepuana. /lokaxkem ee
HEIPePBIBHOCTH crpana. Ilycrs €, — +0, n — oco. CupaseInBo paBeHCTBO

la, 8] =, t+el.

n

Orcroga ciemyer, 9To
V(zela, b)) : I(fa, t + e [ 2) \NL[a, i] [2), n — oo,

MO3TOMY B CUJIy TeopeMbl berrmo JleBu

Ftte)= [ (a e+l o)~ [ (fa, 8 | 2ulds) = Plo).

a<z<b a<lz<b

[lepBoe yTBEPXKIEHIE TEOPEMBI JTOKA3AHO.

Oynknus F(t) nassiBaerca dyHKIHeil pacnpeeseHus, HOPOK IEHHOIT Me-
poii p(dx). B mampHerrem mo yMOJIaHUIO MBI OyeM (DYHKITHIO pacipeiesie-
HUsI HOPMUPOBATH YCJIOBUEM

F(a)=0

(MHAaYe MOYKHO paccMaTpuBaTh OTpe3ok [a', b , a’ < a).
[Iycrn
a=Tp <11 <...<x,=0>

pasbuenue orpeska |a, b]. Ilycrs dynknus g(r) HenpepbiBHA HA OTpPE3Ke
la, b]. TTomoxum

V(z € (z, 2], 0< i< (n—1)) ¢ gulz) = 9(&), & € (5, TG,
0 = max{[z;1 — a5/ |1 <j < (n—1)}

Pyuxuns g,(r) 3aBucut or pasdbuenus {r;} n BeOOPa TOUEK &;, HO

V(z € la, b]): go(x) — g(z), n — 00, d§, — 0, (1.121)

|9n ()| < sup{lg(2)| | = € [a, b]}.

IaJjiee MBI 3aMedaeM, 9TO

1. dyuknusa g,(r) mocrosmna Ha HOIyHHTEPBAIAX (L), Tjt1),

2. XapakTepucTHYecKast (DYHKIUA MOTyHHTEpBAJIA (T;, Tj11] €CTb pas-
HOCTH XapaKTePUCTUIeCKNX (DYHKIUHA OTPE3KOB [a, T;41] U [a, xj].
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[losTomy B cuny Teopemsr Jlebera

[ swmtan) = im [ gu(x)ntds) -

0n—0
a<z<b a<z<b
5liglo< > g(@)(F(asM)—F(xj))). (1122)
" 0<j<n—1

TeopeMma mokazana.

CyMmMa, KOTOpasi CTOUT B TIpaBoil yacTu paseHcTsa (1.122), Ha3bIBaeTCSI
uHTerpasbHoil cymmoit Pumana-Cruiabrbeca or dynknun g(x) no dbyHKmun
pacupesesnenust F'(x), a mHTerpas, KOTOPHIH MOJYdaeTcs Kak mpees TaKuX
cyMM, HasbIBaeTcd uHTerpajom Pumana-Crunbrbeca u obo3HadaeTcsd Tak:

6n—0

0<j<n—1

hm(}:g@WWmM—ﬂmvz/gw%ﬂﬂ (1.123)

Mpbr 0Ka3a/m, 9T0 eCqM OCHOBHOE MPOCTPAHCTBO €CTh OTPe30K [a, b], mpo-
CTPAHCTBO JIEMEHTAPHBIX (DYHKIINI COMEPXKHUT BCe HENPEPhIBHBIE (DYHKITUN 1
B uHTerpaJie Jlanmsisg uarerpupyeMast GyHKINS HEIPePBIBHA , TO HHTErPaJ
JlaHus1s1 MOoXKeT OBITH BBIUHCICH KaK Mpeae HHTerPaIbHBIX cyMM Prumamna-
Cruabrbeca.

Samevanue 1.2.1. Jlerko BHAETb, YTO YTBEPXKJICHUE TEOPEMbI CIPABE/JITBO
J71s1 GoJtee MepoKoro Kiaacca GyHKIuil: hbyHKIwi g(x), KOTOpble MOXKHO TPe/I-
CTaBUTH KaK PABHOMEPHBIHN Mpee KyCOUHO MOCTOSHHBIX Ha MOJYHHTEepBa-

nax (x;, xj11] Gynxumii.
[Iycte F(z) - HenpepbiBHAg cupaBa HeyObiBaromas (byHKIAS HA OTPE3-

ke [a, b, F(a) = 0. Ha MuOXKecTBe Beex HenpepniBubix dbynknuii C([a, )
OlIPE/IeJIUM dJjIeMeHTapHbIfl nnrerpas gpopmyJioi

V@Gﬂhﬁm:M@=§§<Z:m®UWmm—F@m>-@H®

[Iycrs I(g) marerpas Janmwsis, TOCTPOEHHBIH 110 onpeessieMoMy (hbopMyJIoit
(1.124) snemenraprHomy unrerpaiy lo(g).

Ounpenenenne 1.2.10. Unrerpan I(g) mbl OyiaeM Ha3LIBATH HHTEIPAIOM
Jlebera-CtuibTheca.

Mpsr 6ynem oboszradarh uHTErpat Jlebera-CTuapTheca cHMBOJIOM

/ 9(@)doF(z) = I(g),
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X0T4d ero, BOO6H.[€ TOBOp4, HeEJIb34d BBIYUCJIHUTL KaK Ipedejl MHTeI'DaJIbHbIX
CYMM.

OboznaunM c-ajarebpy M3MEpUMBIX B CMBICIE ompejeaenus 1.2.9 MHO-
JKecTB cuMBOIM A7.

Jlemma 1.2.3. Ecau dynruus f(x) unmeepupyema:
f(z) € L(X),
MO 0HA USMEPUMA OTHOCUMENHO O -anrzebpu, Af.

Hokazarenscro.llyers f(x) € L(X). Ham HyKHO 10Ka3aTh, 9TO Xapak-
repucruueckas Gyuxnus [({z | f(z) < a} | ) uarerpupyema. D1o ciemyer
u3 Teopembl benmo JleBu u paBencTna

I{z | f(z) <a}|z)= lim min(1, n(a — f(z))").

n—oo

Nzmepumas pyHkims MozKeT ObITh HE MHTEIPUPYEMA, B CMbICJIE€ OLIPE/IEJIeHU
1.2.8. Tlpumep: gyuxuust f(r) = 272 na noayunrepsaie (0, 1] ¢ oOGbranoif
mepoit Jlebera. Ograko cpaBeminBa

Jlemma 1.2.4. Feau dynryus f(x) usmepuma omuocumervro mepos (1(dx)
u nowmu 6ct00y no mepe (1(dr) ozparunena, mo OHG UHMEZPUPYEMA 8 CMBLCAE
onpedeaenus 1.2.8 no mepe u(dx).

JokazareberBo. Bes orannvennst o6MHOCTH MbI GyIeM CIHTATH, 9TO
m.B. |f(z)| < 1.

B stoMm coryuae crogmas B npasoit gactu (1.115) cymma takosa:

Sp= > m2"u({z [m2" < f(x) < (m+1)27"}). (1.125)

|m|§2n
Kazxioe ciiaraemoe B 310t cyMMe MOYKHO 3allUCaTh B BUJIE

m27"u({z | m27" < fz) < (m+1)27"}) =
2m2” " p({a | 2m27 Y < f(x) < (2m+ 1)27 DY)
+2m2” " p({a | (2m +1)270 < f(2) < (2m+2)27"DY)

Borauras mocse 9roro u3 cymmbl S, CyMMYy Sp,11, MBI JIETKO [OJIy9a€M OHEHKY

1Sy, — Spt1| < const.27",
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13 KOTOPO# CJIeJIyeT, 9TO IMOCIeI0BATE/ILHOCTD S, dyHIaMeHTAIbHA U TOITO-
My HMeeT mpefes. JleMma jmoKa3zaHa.
DTy JeMMY MOXKHO yTOUHHUTH. [losoxKum

Am,n)={z|m2™" < f(z) < (m+1)27"}.
OmnpenennM GYHKINOHATBHYIO HOCIEI0BATENIBHOCTD
Fy(z):= Y m2"I(A(m,n)| x).
m|<2n
CupaseanBa

Jlemma 1.2.5. Ecau unmeepan (onpedesenmnviti no JJanusnio) u mepa [ cés-
sanv. pasencmeom (1.116), mo cnpasedauso pasencmso

lim [ |F.(z) — f(x)| u(dx) = 0. (1.126)

n—oo

JokazarenncTBo. O4eBuiHA OlEHKA
/an(fv> — f(@)| p(dw) =
Z /]I(A(m, n) | :E)|Fn(x) — f($)| N(d:ﬁ) < 2_n+17

[m[<2m

KOTOpas U JIOKa3bIBAET HAIE YTBEPZKJICHUE.
Boraucanm narerpan B cmbicae Jlanusias ot dyakuun F,(x). [Hoxyuanm:

/Fn(x) p(dz) = Z m2~ " u({x | m2™" < f(z) < (m+1)27"}),

|m|<2m
Orcioga 1 U3 mpeabIayIneil J1eMMbl BBITEKAET

Teopema 1.2.4. Unumezan Jlebeza 6 cmoicae onpedeserus 1.2.8 coenadaem
¢ unmeezpasom Hanuars 6 cmoicae onpedeserus 1.1.8.

MpbrI tokaszajnm 310 yTBepzKAeHue JIjIs OTPAHUICHHBIX (DYHKIUH, 19 OCTAb-
HBIX MOYKHO BOCIIOJI30BaThCs TeopeMoii Jlebera.

BorsgcHuM cBA3B MeXKy MHOKECTBAMH MePhI HOJIb B CMBICJIE OIIpeIeIeHAS
1.1.1 u TeMu u3MepUMBIMU B CMBICJIe Oolpejieiennsd 1.2.9 MHOXKecTBaMu, st
KOTOPBIX ompejieieHnast papeHcTBoM (1.116) mepa paBHa HYJTHO.

Mpr1 yzke o6cy2K 1a/iu 10T Bopoc B ciaejgctun 1.1.4 u yreepxkaenun 1.1.6.
OcranoBuMCsT Ha 3TOM €IIe pas.
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Jlemma 1.2.6. Muoowcecmeo Z C X ecmb MHOHCECMBO MEPLL HOAD 6 CMBIC-
ae onpedenenusa 1.1.1 6 Mom U MOABKO MOM CAYHAE, ECAU MHOHCECTNGO Z
usmepumo 6 cmuicae onpedesenus 1.2.9 u Mepa MHOHCECTNEG £ PAGHA HYAIO:

w(Z) = 0.

HokazareabcTBo. Ecan Z ecTh MHOXKECTBO MepBl HOJIb B CMBICJIE OIIpeie-
Jgennst 1.1.1, TO COTJIACHO STOMY OIPEIETCHUIO0 XapaKTepUCTHIeCKas (DYHK-
IMST MHOYKECTBA / TOYTH BCIOJY PaBHA HYJIIO:

ws. [(Z | z) =0, (1.127)

MIO3TOMY COLIACHO JeMMe 1.1.7 XapakTepucTudecKkas (pyHKIHSI MHOYKECTBA /
WHTEerpupyeMa
I(Z | 2) € Ly (X),
p(z) =11z |-)) =0.
Ecim xapakrepuctudeckass pyHKIHS MHOXKECTBA Z WHTErpupyeMa u

I(I(Z]-) =0,

TO corjacHo ciaegcTBuio 1.1.4 MHOXKecTBO Z e€CTh MHOXKECTBO Mepbl HOJb B
cMbicae onpenenerus 1.1.1. Jlemma mokazana. O4eBHIHO

CaenctBue 1.2.1. Ecau mepa mMuootcecmea u unmezpans c8A3GHbHL PAGEH-
CMEoM

p(A) = [ 1A | ) i), (1128)
mo onpedenenus 1.1.2 1.1.3 sxeusasrernmms, onpedeieHuam

Onpenenenne 1.2.11. 1. Coiicto P(z) cupaBeTuBO TOYTH BCIOLY, €CITH
MHOXKeCTBO To4Yek = € X, rie cBoiicTBo P(x) He cIpaBeInBO, €CTh MHOXKe-
CTBO, Mepa KOTOpOro B cMbice onpenenenns (1.128), paBHa HyIHO.

Iksusasenmuan popmyauposka: nycmv P(x) -Pynryus na mmoscecmse
X, Komopasa npurumaem 086 3HAYEHUA:

P: X > xw P(x) € {truth, false}
Tozda

Onpegenenne 1.2.12. P(z) = truth mouru Bciony, ecan pu({z | P(z) =
false}) = 0.
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IMeHHO B 9TOM CMBIC/I€ MBI MOXKEM Telepb MOHUMATH TEPMUH MOYTH BCIO-
JIy BO BCEX MPEJBIIYIIIX PACCYKICHUAIX.

Korja HyKHO MOSICHUTD, OTHOCHTEJIbHO KAKOH Mepbl Mbl PaCCMaTPUBAEM
CBOIICTBO MOYTH BCIOAY, Mbl Oy/ieM nucarh m.B.  mod(fi).

13 nokazanHoil HAMU JIEMMbI BBITEKAeT U yTBep:Kienne 1.1.7.

13 gemmbr 1.2.6 u yrBepxkaenust 1.1.3 caeayer, aro mepa (1.116) Ha o-
anrebpe A; mosna B cireytomeM cvbicae: ecan Z C A € Ay u u(A) =0, o
ZeArnu(Z)=0.

Ompegenenne (1.116) He mcUepnbiBaeT BCe WHTEPECHBIC U BazKHBIE JJIsI
MPUJIOKEHUH cIydan 3ajaHust MEphl Ha MHOKeCTBe X: CYIIECTBYIOT MEpHI,
orpejiesieHue KOTOPBIX €CTECTBEHHO 33/[aBaTh HHAYE.

MOo2KHO MOCTYIIUTE CJAEAYIOMIM 00pa3oM. 3aJ1aTh Ha HEKOTOPOil o-ajredbpe
MOIMHOYKECTB MHOXKecTBa X TOJHYIO BEpPOSTHOCTHYIO Mepy. [lasee ompee-
JINTh WHTerpaa mo 1.2.8. DToT mHTerpa IPUHSITH 33 JIeMEHTAPHBII HHTe-
rpaj, a MOTOM 10 MOCTPOEHHOMY HWHTErpajy 3aJaTh HOBYIO Mepy. MoxkHO
[OKA3aTh, YTO MBI IMOJIYYUM HCXOIHYIO Mepy. Takum ob6pazom, mpu mocrpoe-
HUU HHTErPaia B KOHETHOM cUeTe Oe3pa3IndHo ¢ 9ero HAYUHATH: ¢ 33/ [aHus
MepBl WIH JeMEHTAPHOTO WHTErpasa.

1.2.3 UW3mepumbie hyHKITAN.

[Iycrs A; ecth o-anrebpa m3MepHUMBIX B CMBICTE ompemeneHus 1.2.9 MHO-
JKECTB, a Mepa (1 Ha o-ajarebpe A u mnrerpas cBs3aubl coornonennem (1.128).
O603HaYNM MHOKECTBO U3MEDHMBIX (CM. ompesnesenue 1.2.6) OTHOCHTEILHO
o-anrebpsl A; dyukmmii cuvbosom L£(X). Takum obpasom,

(feL(X)) = (V(aecRY) :{z]| f(z)<a}cA). (1.129)

MuoxkectBo L£(X) 3aBucur or o-amnrebps A;. Hampuwmep, ecau o-anrebpa
cocront u3 AByx MuOkecTB: ) m X, To B npocTpanctso L(X) BXOAAT TOJIBKO
nocrosiabie Ha X dyukmun. B npumvepe 1.1.6 npocrpanctso L(X) cocront
U3 JTUHEHHBIX KOMOMHAIIMN XapaKTepUCTHIeCKUX (DYHKIMA MOy HHTEPBAIOB
Aj = log, aja).

[Iycts B mpocTpancTse R! 3amana o-anre6pa 60peIeBCKEX MHOMKECTB, B
upocrpancree X 3aaHa 1pou3BoJibHast o-ajaredpa u L(X) -MHOZKeCTBO 0T00-
pazkennii

f: X —RY,

-U3MEPUMBIX B CMBICJE onpejenennsd 1.2.6.

Jlemma 1.2.7. Cnpasedausv caedyrousue ymeepotcienus.
1. Mnooscecmeo L(X) ecmob aunetinoe npocmpancmeo: ecau f(x), g(x) €

L(X), mo af(x)+ Bg(x) € L(X).
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2. Beau [(x) € L(X), mo |f(x)] € LX)

3. Ecau f(x) € L(X), g(x) € L(X), mo f(z)g(x) € LIX).

4. Ecau mepa i noana u nocaedosamesvHocms usMepuMbs GyHkuul
{fn(2)} noumu ecrody umeem npedea:

Jf(z) : n.e. mod(p) lim f,(x) = f(x), (1.130)

n—0o0

mo onpedeaennan pasencmeom (1.130) dynxyus f(x) usmepuma: f(x) €
L(X).

5. [las npouseoavholi nocaedosamenvrocmu usmepumviz dynryud { f,,(x)}
mHoocecmeo A mex mouek x, 2de nocaedosamenvrocms { f,(x)} Pyndamen-
maavha (m.e. umeem npedes ), npunadiescum o-aszebpe Aj.

JokazarenneTso. [ J0Ka3aTEIBCTBA EPBOTO YTBEPKACHUS JOCTATOU-
HO 3aMETUTD, 9TO JJist JI0OBIX W3MepuMbIX dbyuknuit f(x) , g(z) MHOKeCTBO

{z | f(z) +9(z) <a} =
U el f@) <m/n}( [l gl@) <a—m/n})

—oco<m<oo,n>1

U3MEpPHUMO.
Bropoe yTBep:KieHne ciaeniyer U3 paBeHCTBA

{o|1f@)] <a}={z| f(z) <a}( [ | f(z) > —a}

BamMeTnm, 9To OTCIONA CJIeyeT u3MepuMocTh dbyuknun f2(x), ecnmu GyHKIu
f(z) uamepuma.
Tak kak

f(@)g(x) = %((f(rv) +9(2)* = f(z) — ¢*(2)),

TO U3 yTBepXKAeHU 1 u 2 ciaenyeT yTBepxkKIeHue 3.

[Tepeiiem K joKa3aTe/JILCTBY 4eTBEpTOrO yTBepxKaenud. [lycrs Z muo-
JKECTBO TeX TOYEK &, TJe TOCIe0BaTeabHOCTh f,, () He nmeer mpejena. Ha
muoxkectBe C(Z) = X \ Z pacemorpum o-aire6py

A ={A|A=A(\C(2), Ac A}

U CyzKeHHe MepBI (i Ha 3Ty o-ajrebpy. 9T0 MOKHO C/IeJIaTh, HOCKOJIBKY Mepa
nora. Ha muoxectse C(Z) cnpaBeiyinBo paBeHCTBO

fo | Jim fu@) <o = () UL fule) a+1/g (L131)

g1 m>1n>m
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Crosiniee B npaBoii actu paercTsa (1.131) MHOKECTBO H3MEPUMO OTHOCH-
TesibHO o-anredpel A’. OTciofa B CHIy HOJTHOTBHI MEPHI ji CJAEIYeT H3MEPH-
MocTb MHOKeCTBa {2 | lim, o fr(z) < a} orHOCHTENIBHO -anre6pbl A.

Jlnsa qokasaTeabeTBa MOCAEIHEr0 YTBEPKICHIA HaIell JTJeMMBbI JOCTATOY-
HO 3aMeTUTh, 9TO MHOXKECTBO (OBITh MOYKET, MyCTOe) TeX TOYeK T, TJe MOc/Ie-
noBaTebHOCTD { f,,(2)} dyHmaMenTa bHa, €CTh MHOKECTBO

A= (VU Nz o) = forgl@)] < 1/k}.

k>1n>1p>n
q>0

1.2.4 CxoauMocCTh II0 Mepe.

[Tycres Ham 3a1ana o-aarebpa MHOXKeCTB A 1 Mepa ( Ha 9Toit o-ajrebpe.

Omnpenenenne 1.2.13. [locienoBaresbHOCTD U3MEPUMBIX OTHOCHTEJIHHO O-
anre6bpsl A dyuknuii { f,,(x)} dbyHmamenTaibHa 10 Mepe i, ecau st JTIOOBIX
a >0, ¢ >0 cymectByer Takoii Homep n(a, €), aro npu n > n(a, €) s
BCeX p > 1 BBIIOJIHEHO HEPABEHCTBO

n{z | [fa(x) = fasp(@)| > a}) <e (1.132)

Onpenenenne 1.2.14. [locienoBaresbHOCTh U3MEPUMBIX OTHOCHTEJIHHO O-
anre6bpel A dbyukuumit {f,(z)} cxomures mo mMepe p K u3Mepumoii byHKIUI
f(x), ecim st 06X a > 0, € > 0 cyuwecrByer Takoe 4ucjo n(a, €), 4ro
upu n > n(a, €) BBINOJHEHO HEPABEHCTBO

p{z [ fa(z) = f(2)] > a}) <e (1.133)

Huzke npeamonaraercs, yro o-ajarebpa u Mepa Ha Heil (hUKCHPOBAHBL.
13 mepasencTsa

[fa(2) = frrp(@)| < |fu(2) = f(2)] + [f(2) = faip(@)]

cJiejiyer, 4To

p{z [ 1 fa(z) = fasp(x)| > 20}) < (1.134)
p{a [ fule) = f(@)] > a}) + p({z | [f(2) = farp(@)] > a}),  (1.135)

IIO9TOMY U3 CXOIMMOCTH 10 Mepe ceayeT hyHIaMeHTaIbHOCTh 1o Mepe. Hu-
JKe MBI JIOKazKeM, 9TO U3 (PYHIAMEHTAJIHLHOCTH IO Mepe CJIeAyeT CXOTUMOCTh
mo Mepe. OmHAKO CHAadYaaa MbI JOKAXKEeM, UTO M3 CXOIAMMOCTH IOYTH BCIOLY
cJIeIyeT CXOIMMOCTD M0 Mepe.
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JIemma 1.2.8. FEcau nocaedosamensvrocms uamepumoixr pyrkyud {fn(x)}
cxodumes noumu ecrody k Pynruuy f(x), mo nocaedosamesvrocmo { f,(z)}
cxodumes x Pynruyuy f() no mepe.

Hoka3zaresbcro.PacecmMorpuM MHOKECTBO

A=Y U L& | 1fale) = f(2)] > a}. (1.136)

m n>m

Ecan x € A,, TO B 3T0i TOUKe T MOCJIEI0BATEIBHOCTH [, (X) HE CXOMUTCS K
f(z), mostomy p(A,) =0u

p( U Az | 1fa2) = f@)] > a}) =0, m — oc.

n>m

CrnemoBaTebHO,

pla | 1 fa(x) = f@)] > a}) < (| (o | 1fal2) = f@)] > a}) = 0, m — co.

n>m

JIemma 1.2.9. Ecau nocaedosamesvrnocms {f,(x)} Pyndamenmarvra no
mepe, mo nocaedosamervrocms { ()} codeporcum nodnocaedosamenvrocms,
KOMOPaA cTo0Umca nowmau 6crody.

JlokazarenabcrBo. U3 yeaosus 1.132 caepyer, aro ajst awodoro k > 0 cy-
mecTByeT Takoit Homep n(k), 9T0 Mepa MHOXKeCTBa

A (w € A) = (sup{|fuw) (@) = fm(@)] [ m > n(k)} > 27).
VAOBJIETBOPACT HEPABEHCTBY
/JJ(A]C> < 27k,

[Iyctn

A=A (1.137)

J21k>j

OueBuHO, 9TO

Vi p(A) < (| Ar) <D uA) <277 =0, j — o,

kzj kzj

MTO3TOMY

n(A) =0

64



C(A) = U ﬂp(Ak).

Ecmu © € C(A), o cymecrByer takoe j > 1, uro x € | C(Ag), mosromy
k>

< sup{| fug (%) = fu(2)| [0 > n(k)} < 27%,

a 9TO O3HAYAET, YTO HOCJIE0BATETLHOCTD fi) (%) dyHIamenTanbHa. Jlemma
JIOKA3aHA.

Bameuanue. JIerko 3aMeTHTh, 9TO JOKA3ATENbCTBA ABYX MOCIETHUX JIEMM
ONHOTHUIIHBl ¥ OCHOBaHBI Ha paccMorpenun muoxkects (1.137) u (1.136). B
BepOHTHOCTHOIU/I uHrepuperaguu 9T MHO2KECTBa IIPpEACTaB/JIAI0T HEKOTOPbIE
COOBITHSA, KOTOPBIE MPOUCXOAAT OeckoHedHoe 4ucso pa3. llpu ompemenen-
HBIX YCJIOBUAX TaKue CO6bITI/Iﬂ JOJIZKHbBI 6bITb n3MepuMbl OTHOCUTEJIBHO O-
anredphl, coctostmeil u3 AByX MHOKeCTB: () , X, 1 MOITOMY UX BEPOATHOCTH
MOZKeT ObITh PABHA TOJBKO HYJIIO WK eJIuHuIle (910 oiHa u3 hOopMYJIAPOBOK
3aKOHa HYJIAd WJIA €JMHUIbLI B T€OPpUU BepOﬂTHOCTH).

N3 1ByX HIpEmbIAYIINX JIEMM CJIe/IyeT

Jlemma 1.2.10. Ecau nocaedosamenvrocms usmepumuls GyHuxyui dymna-
MEHMANDHA O MePe, MO OHA CLOOUMCS N0 MEPE K USMEPUMOT PYHKUUL.

Hokazarensctso. [lycts { f,,(x)} -bynmamenranbras mo Mepe mocie0Ba-
TeJIBHOCTD U { fn(j)} -€e ToanocIe10BaTeIbHOCTD, KOTOPAs CXOJUTCS IOYTH
Beroy K dynkuuu f(x). Cornacuo jemme 1.2.7 dyukuus f(z) usmepuma.
[Tpu gr06om a > 0 cupaBeIMBO HEPABEHCTBO

p({z | 1f(x) = fm(x)| > 2a}) <
p({z | 1f(x) = fagy(@)] > a}) + p({z | [fug) (@) = fm(z)| > a}),

[lepBoe ciaraemMoe B IPABOH YaCTH ITOTO HEPABEHCTBA MOXKET OBITH C/IesIa-
HO CKOJIb YTOJIHO MAJIBIM IIPH j — 0O, TaK KAK H3 CXOJMMOCTH MOYTH BCIOLY
CJIeJlyeT CXOAMMOCTD 110 Mepe. BTopoe ciiaraemMoe MozKeT GbITh ¢IeTaHO CKOJIb
YIOJIHO MaJIbIM LIPH BBIGOPE JOCTATOUYHO GOJIBIIOro m B cuily yHaMeHTa/ b-
HOCTH 110 Mepe nocsegoBareabuocta { f,(z)}. Jlemma gokaszama.
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Jlemma 1.2.11. Ilpu a > 0 cnpasedaiuso nepasencmeo

ulla @) > a)) < [ 1) u(do) (1.138)

Hepagenctso (1.138) nasbiBaercs nepasencmeom Hebuiwesa.
1 1oKa3aTeabCTBa TOrO HePaBeHCTBa 3aMeTHM, YTO

JUs@ljautan) = [(f@l/a) 1] 15> a) | 2)atds) =
[ 1 115@)| > a} | 0 uldo) = lfe | 1£(2)] > a).

HamoMHuuM, 9T0 OCIe0BATENbHOCTD { f,, ()} cXomuTesa B MeTprKe MPOCTpaH-
crBa L(X) k dyukmun f(z), ecan

[ 150 = @)l utdo) =0, 0 .
13 mepasencrsa (1.138) caeyer, aro
Vo> 03l | |fule) = @) > ) < 5 [ 1a(o) = ) (o),

noaromy u3 cxomumoctu B L(X) cremyer ¢XoIuMOCTh 1O Mepe.
Cobupag J10Ka3aHHBIE JIEMMbI, MbI IIOJIYYUM

Teopema 1.2.5. Cnpasedausn caedyrowue ymeeprHcoenua.

1. Ecau nocaedosamenvrocms usmepumue gynxuyud {f,(z)} crodumca
noumu 6ctody, Mo OHA CLTOOUMCA NO MEPE.

2. Ecau nocaedosamesvHocms UsMEPpUMbLE Gyrkuutl cxodumcs 6 mem-
puxe npocmpancemsa L(X), mo ona cxodumes no mepe.

3. Jas crodumocmu no mepe nocaedosamenvnocmu { f,(x)} neobrodumo
u docmamouno, wmobu, nocaedosamervrocmo { fr(x)} 6viaa Pyndamenmans-
HO N0 Mepe.

4. @yndamernmanvran no mepe nocaedosamenavrocms { fr,(x)} codeporcum
CLOOAWIYIOCA NOWMU 8CI00Y NOINOCALAOBAMENOHOCTG.

B zakuiouennu npuBe/ieM oy noJie3nyto dbopmyay. [lycts ¢(t) -HenpepbiBHO
muddepenupyemas #Ha uneppase [0, oo) meybuiBatormast dbyukmms, f(x) -
n3MepuMas GyHKnud. Tormga cnpaBeJInBO PaBeHCTBO

[ots@batn = [ uttel 150> G e s

JI1st ToKA3aTeIbCTBA TOr0 PABEHCTBA IOCTATOYHO IPOUHTEIPUPOBATH 10 Mé-
pe p(dzx) oueBHIHOE PABEHCTBO

o(|f(x)]) = /OOOH({JJ [ 1f(@)] >t} ]1) %Sf)dt
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1.2.5 ®ynkiua Kanropa.

[TpuBeeM BO MHOI'MX OTHOLICHHSAX HPHUHIMIUAJIBHO BAsKHBIH KJIACCHYeCKUil
upumep: Gyaknuio Kanropa. Dra dbyukus crpourcs Ha orpeske [0, 1]. TTo-
cTpoenue OyleM BeCTH WHIYKTHBHO. Ha HyJeBoM Imare MHIYKIMH MBI ONpe-
neanm byukuio Kanropa Ct(t) va warepsagax t < 0, ¢ > 1:

Ct(t): Ct(t) =0,t < 0; Ct(t) =1, ¢ > 1.

Hasnee ormerum Ha orpeske [0, 1] uarepsan (1/3, 2/3) u Ha 9TOM HHTEpBaTe
TOJIOKUM

Ct(t)=(0+1)/2=1/2, 1/3 <t < 2/3.

Y mac ocramuch asa orpeska: [0, 1/3] , [2/3, 1]. Ha kaxmoM oTpe3ke Mb
OTMETHM CPEJHIO TpeTh: natepsats (1/9,2/9), (7/9, 8/9) u na ormeuen-
HBIX WHTEpBaJIaX IIOJJOZKHUM

Ct(t) = (0+1/2)/2=1/4,1/9 < t < 2/9,
Ct(t) = (1/241)/2=3/4,7/9 < t < 8/9.

[IpemosioxKuM, 94TO MBI CJieJiaan n maro nocrpoenus. Ha mrare n 4+ 1 Mbr
mocTymnaeM Tak. /IBurasgch ot Toukn ) BpaBO MBI Ha KaxKJI0M BCTPETHBIIEM-
csI OTpe3Ke OyJIeM OTMedaTh JIeXKAIUi ocepeInHe OTPpe3Ka HHTEePBAJI, JIUHA
KOTOPOT'O paBHA OJHON TPEeTH JJIMHHBI OTe3Ka, 1 HA OTMEYEHHOM HHTEPBAJIE
onpenesum Gynknuio Ct(t) Kak ToaycyMMy TeX 3HaYeHHii, KOTOPbIe OHA HMe-
eT Ha OJMKalImMX CJIeBa U ClIpaBa OTMEYEHHBIX paHee WHTepBajax. Tak Mbl
OyaeM jesarhb J0 TeX IOp, IMOKa He JIoi1eM 0 TOYKH 1. 3aTeM Mbl BEpHEMCS
K Touke (0 u nmopTopuM nocrpoenue. ObbeIuHeHHEe OTMEUEHHBIX B Pe3y/IbTrare
TaKOTO MPOIEeCcca MHTEPBAJIOB HA3BIBAETCSI OTPBITHIM MHOXKecTBOM KanTopa

G=(1/3,2/3)( J(1/9,2/9) J(7/9,8/9)...

Jomoinenne muoxkecrsa G
P=[0,1\G

HA3BIBAETCSI 3aMKHY THIM MHOKeCTBOM KaHTopa (1/1H ele coBepuIeHHbIM MHO-
kecrBom Kanropa). Tak Kak Ha KazKJIOM Iare mOCTPOEHHs CyMMapHast J1/1H-
Ha HEOTMEYEHHbIX OTPE3KOB yMeHbIaeTcs B 2/3 pasa, mepa Jlebera 3aMKHY-
TOro MHOXKecTBa KaHTopa paBHa HYJ/I0, TOITOMY Mepa Jlebera OTKpLITOro
MHOxkecTBa Kantopa paBua enunuiie. Ilo mocrpoenuio ¢gpyuknus Kanropa
MOCTOSHHA Ha KayKJI0W CBA3AHHON KOMIOHEHTe OTKPBITOTO MHOXKecTBa KaH-
topa G u MOHOTOHHO He yObiBaeT Ha (G:

Ct(ty) < Ct(ty) , t1 <ty, t1, ts € G,
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npuyeM Bce umesa Bujga m2", 0 < m < 2", n € Z, upuHaJJIeKAT MHOMKe-
crBy 3nadennii bynkuun Kanropa Ct(t) na muoxectse G.

Hoomnpegenum dyuknuio Kanropa Ha Beex Toukax orpeska [0, 1] paBen-
CTBaMH

Ct(0) =0, Ct(t) =supCt(r), 7€ G,0 <t < 1. (1.140)

T<t

deno, aro Tak ompenestennas gynkius Ct(t) MOHOTOHHO He yOLIBAET HA OT-
peske [0, 1] u Ct(1) = 1. doxazxkewm, aro Ct(t) nempepsisua ma orpeske [0, 1].
B cuny monoronnoctn dynkuuu Ct(t) B Kaxkmoit Touke ty € [0, 1] qoxKubl
CYIIECTBOBATH MpeJiebl ceBa u cipasa. [Ipennosoxkum, aro Ct(ty + 0) >
Ct(to — 0). Torma untepsan (Ct(tp — 0) , Ct(ty + 0)) He MOKeT comepKATD
snadenuit yuxmun Ct(t) B cury monoronnoctu dyukiuu Ct(t) , a 910 Mpo-
THBOPEYUT TOMY, UTO Bce uncya Buga m2~ ", 0 < m < 2", n € Z, npuHaj-
Jexkar MEOKecTBY 3Hadenuil yuxmun Ct(t).

Mpur mokazasm, uro Gynknusg Kanropa Ct(t) obramaer cienyomumu CBoii-
CTBAMHU: OHA HeTpepbiBHA HA oTpe3ke [0, 1] 1 MOHOTOHHO He yObIBAET HA ITOM
orpeske, mpuaem Ct(0) = 0, Ct(1) = 1. [lo mocTpoenuto dbyuknus Kamnropa
Ct(t) mocrostHHA HA KaXKJIOM OTKPBITOM HHTEpBaJse, O0beIHHEHNEe KOTOPBIX
cocTaB/sieT OTKPbITOe MHOKecTBO (. OTcoaa caeayer, uro yukims KanTo-
pa auddepeHupyeMa B KazKI0i TOUKe OTKPBHITOTO MHOKeCTBa (G U ee Tpo-
M3BOJIHASI TOKIECTBEHHO paBHa Hy./I110 Ha (. Tak Kak J0moJIHeHne MHOYKECTBA
G uMeeT Mepy HOJIb, MBI TTOJIy4aeM, 9To ¢pyHKIug Kanropa auddepeniupy-
ema mouTtn Beoay Ha orpeske [0, 1] u ee mpou3BoAHAS TTOUTH BCIOJY paBHA
HYJI0. DTO MOXKET MPOTUBOPEYUTH HAWBHBIM ITPEIIOI0KEHUSIM O TOM, YTO
C HENpepbIBHOI (DYHKIMEH Ha MHOXKECTBE MEpPbl HOJIb HUYEro MPOU30HTH He
MOXkKeT. B jtanHOM ciiydae Ha MHOXKeCTBEe Mepbl HOJIb HEIPpEepbIBHAA (DYHKITHS
BO3pacTaeT OT HYJIS JIO €TUHUIIH.

B nammx nocrpoenusx Mbl (DaKTUYECKH HULJIE HE MCIOJIb30BaJIM TO 00-
CTOSTETLCTBO, YTO OTMEYAeTCsI UMEHHO TpeThb oTpe3ka. K Tem ke BBIBOIAM
MOKHO ObLJIO OBl TpHiiTH, ecjim Obl Ha KayKJIO0M IMare oTMedaTh, HaIpUMep,
OTKPBITHIT nHTepBa AauHbl 4/5 win 1/5 ormedaemoro orpeska. Kiaaccude-
CKagd KOHCTPYKIUA yIOOHA TeM, 4TO OHA IMO3BOJSET IPOCTO JI0KA3aTh, YTO
3aMKHYTOe MHOXKeCTBO P mMeeT MOIIHOCTH KOHTHHYYyMa. /leficTBUTE/IHHO, U3
MOCTPOEHUS CJAEIYET, YTO MHOYKECTBY P TIPUHAJTE’KAT T€ W TOJBKO T€ TIHUCJIa
¢, KOTOPbIe UMEIOT BH/I,

q= Z 37"a(n), toe a(n) =0, 2

1<n<oco

-IIPOU3BOJbHAA ITOCJIEJOBATEJIbHOCTDL U3 HYJIeI'/JI n JBOCK. Ho Bce Takne yncia
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HaXoJdTCd BO B3aMMHO OJHO3Ha4YHOM COOTBETCTBHU C YHCJIaMH BHIa

Z 27" a(n), tme a(n) =0, 1,

1<n<oo

a 9TO W ecTh Bee dncsaa u3 noayunrepsasta (0, 1].

TakuMm 06pa3oM 3aMKHYTOE MHOKeCTBO KaHnTopa (nin, Kak ero eme Ha3bl-
BAIOT, COBEPIEHHOE MHOkecTBO KaHTopa) ecTh npuMep MHOXKECTBa, KOTOPOoe
nmMeeT Mepy HOJIb 1 MOIIMHOCTHL KOHTHHYYMa.

B nexoTopoM cMbIC/Ie IPOTUBONOJIOZKHBII IPUMeP MOZKHO LIOJIy YU Th, €CJId
pPaccMOTPeTb MHOXKECTBO

=[0,1]\ U (xn, —47 "€, x, +47 "),
1<n<oo

rae {x,} -mocaea0BaTEIFHOCTL BCEX DAIMOHATBHBIX TOYeK orpeska [0, 1].
MHozkecTBO A 3aMKHYTO U HMeeT Mepy, 6oJblne 94eM 1 — €, HO He COIep:KHUT
HU OJHOI'O OTKPBITOI'O MHTEPBAJIA.

1.2.6 Teopema ®ybuHN.

[Iycts K, Ky -KOMITaKTHBIE TOMOJOTHYECKHE TTPOCTpaHcTBa, K = K X Ko
-JIeKapToOBO npousBejienue mpocrpancts Ky , Ky. Touku npocrpancrsa K =
K x K5 mb1 Oyiem o6o3HauaTh cuMBoiamu (2, y) =Xy, x € Ky, y € Ks.
[Tycrs C(K) -MHOXKeCTBO BeeX HempPepbIBHBIX (hDyHKINI Ha TpocTpaHcTBe K.
BosbMmeM mpocTpaHcTBO Beex menpepbiBHbIX Ha KommakTe K dynkrmmit C'(K)
B KauyecTBe IPOCTPAHCTBA 3JeMEHTAPHBIX (DYHKIIHUH U IIYCTh

Iy: C(K)— R!

-yemenTapublit wnrerpat na Lo(K) = C(K). Hanommum, 9to sgeMentap-
HBI#i HHTErpaJsl HeOOXOANMO YIOBIETBOPSIET YCIOBHIO

V(f e C(K)) : [Lo(f)] < L) sup{[f(z, y)| [ (=, y) € K} (1.141)

[IpeamnomoKuM, 9TO 3JeMeHTapHbBIN HHTerpaJ [y yI0BIeTBOPAET YCJIOBUIO:

V(f(z,y) = o(@)P(y)) : Lo(f) = Loa(#)lo2(¥), (1.142)

tie Io1, lpo -muneitubie dyukmuonanst Ha C'(K;) , C(K3) cOOTBETCTBEHHO.
[Tpusenem mpumep. Ilycrs Ky = Ky = [0, 1]. Torma dynkmuonassr

Iy: f(x, H//fxydxdy

foif(967 ) = f(xo, yo)
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yaosseTBopstor yeaosuto (1.142); a dbyukimonan

10:f<x,y>~>/0 f(o, x)du

He ya0BJeTBOpsier ycaosuio (1.142).

W3 toro dakra, 4To 3JeMEHTapHbIA HHTErpa Iy yI0BJIeTBOPSET YCIOBH-
am 1.1.5-1.1.7 na mpocrpancrse C'(K) caeayer, uro byakuuonaist Iy, , loa B
(1.142) ymomrerBopsior yceaosusiv 1.1.5-1.1.7 na mpocrpancrsax C(K;) , C(Ks)
1 IIO9TOMY MOI'YT PaCCMaTPHUBATLCA KaK dJIEMEHTAapHbIE MHTEI'DAJIbl Ha 3THUX
HPOCTPAHCTBAX.

Oaementapuble uaTerpasl Iy , Io; , Ipo 1o cxeMe Jannsid mopokaaoT
npoctpanctea L(K) , L(K;) , L(K3) COOTBETCTBEHHO W 9TUM HHTETPAJIAM
COOTBETCTBYIOT MepPbl

p(dzdy) , pldz,-) , p(-, dy).

MpbI Oy/1eM TOBOPUTD, YTO ITH MEPbl TIOPOXKJIECHHBI 3JIEMEHTAPHBIMUA HHTErDa-
JlaMH ]0 s IO,l s ]0’2.

Ounpepenenne 1.2.15. Mepa pu(dzrdy) va komnakre K = K; X K, Ha3biBa-
etTcst mpoussenenneM mep p(dx, <) u p(-, dy):

p(dzdy) = p(dx, ) X p(-, dy),

€CJIN IMMOPOoKAaloIue uX dJieMeHTapHble HHTerpaJibl CBA3aHbl COOTHOINICHUEM
(1.142).

Crenytoriee yTBep:K/aeHne Ha3biBaeTCsa TeopeMoit OyOouHm.

Teopema 1.2.6. ITycmv 6unostenv, 6ce COEAGHHBIE BHIULE NPEONOAOHCEHUS
u f(x,y) € L(K). Toeda
1. Howmu sciody no mepe u(-, dy) dynxyua

K13z f(z,y)

npunadaescum npocmpancmsy L(K7).
2. Howmu ectody no mepe u(dz , +) dynrkyus

K29y'_>f(x>y)

npunadaesicum npocmparncmsy L(K3).
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3. Qynryuu

Koo [ put. dy)
K, ByH/f(fc, y)pu(dr, )

npunadaesicam npocmpancmeam L(K7) | L(K3y) coomeememesenio.
4. Cnpasedauso pasencmeo

/fxy (dady) = /(/fxy ))Mm,x (1.143)

2de 6 4601 HaCMmU PasEHCINEa UHMe2PUPosaHue sedemcs no xomnaxmy K, a
8 Npacot wacmu paseHcmen HYMPEeHHUT unmezpas bepemcs no KoMnaKmy
Ks, a suewnuti no xomnaxmy K.

HokazarejiberBo. fIcHO, 410 TeopeMy JI0CTATOYHO JoKa3aTh st f(x, y) €
L, (K). B nanbneiitiem Mbi Oynem pacemarpusarh npocrpancrso C'(K) Kak
6aHaxXOBO TPOCTPAHCTBO € HOPMOH

/1l = sup{[f(z, y)| | (=, y) € K}

B srom npocrpancrse asrebpa hyHKIUNE BHIA
v)= D ¢;(@)e5(y) (1.144)
1<j<n

IJIOTHA 110 HOpMe U ee 3amMbikanue cosmagaer ¢ C(K). Ha kaxmoit dynk-
mun Buga (1.144) dopmyna (1.143) Bepna B cuty npemosnoxkenns (1.142).
CienoBarenbHo, B cuIy HempepblBHOCTH dyHKIHOHAIOB Iy , Iy, Ip2 dop-
myna (1.143) Bepua st so6oit HenpepwbiBaoit byukiuu f € C(K). Ilycrs
reuepb f € Ly (K)u f, € C(K) rakast 1ocjie10BaTeJIbHOCTD, 410 f (T, y) /
f(z,y), n — oo. Torga

Vn: /fnx y)p(dady) = /</fnx ) )u(dw, ). (1.145)

ITocsienoBaTe IBHOCTD

6u0) = [ hula vut, dy

COCTOMT M3 HENPEPBIBHLIX (DYHKIIMI, OHA MOHOTOHHO He yOBIBACT U MHTEIDa-
JBI OT Hee OrpPaHMYeHBl B COBOKYNHOCTH. ClIeI0BaTe/bHO, B CHIY TEOPEMBI
Bemmo Jlepu mouru Beiomy 1o Mepe p(dx, -) CymecTByer mpejes

¢(z) = lim [ fu(z, y)p(-, dy), (1.146)

n—oo
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IpuyeM

[o@ntds, )=t [ futo ) tdndy) = [ ) ptdody). (1147

[Tpu Tex 3navenusx x € K, Ipn KOTOPHIX cymmecTByer npesen B (1.146),
MIOCJIe0BATEIbHOCTD HHTEIPAJIOB

L/ﬁ@nwuhdw,

OTPAHUYEHA B COBOKYITHOCTH, IOITOMY DU STHX 3HAYEHUHAX & B CHJLY TeOpe-
MbI Bermmo JleBu dbyHKIng

y— lim fule, y) = [z, y) € Ly (Ky),

u CIIpaBeJJIUBO PaBE€HCTBO

lim fn(:zc,y)u(-,dy)Z/f(SB,y)M('a dy).

n—oo

Teopema jokazana.

1.2.7 Pa3zaoxkxenwue Jlebera m reopema Pamorna-Hukoauma.

[Iycts Ha o-anrebpe A 3aaHbI 1BE MepPBI My U Meo.

Onpegenenune 1.2.16. Mepa m; Ha3bIBaeTCsd CUHTYJIAPHON OTHOCHTEILHO
MepHhI My, €CJIH CYIIeCTBYeT TaKoe MHOXKecTBO B € A, 4uTo

mo(B) = my(C(B)) = 0. (1.148)
Jlerko Bumerhb, uto ycaosue (1.148) SKBUBATCHTHO YCIOBHIO
ma(B) = 0u V(A € A) : my(A) =my(A[)B), (1.149)

U €CJIM Mepa M CHHTYJISAPHA OTHOCHTEILHO MEPBI My, TO Mepa My CHHTYJIAp-
Ha, OTHOCUTEJIBLHO MEpPHBI 1M).

Pacemorpum npumep. Iyers Ct(t) , t € [0, 1] -dynkuus Kanropa. ra
dbyHKIMS MOHOTOHHO He yOBIBAET M HENPEPHIBHA, U MOITOMY (CM. mpumep
1.1.8) na o-asrebpe A 6opesieBckuX moAMHOKecTB orpeska [0, 1] oHa mopox-
JaeT Mepy Mgy, KOTOpast Ha KazKJI0M OTKpbIToM uHTepBase (o, 3) C [0, 1]
OPHHAMACT 3HAYCHHE

mei(a, B) = Ct(B) — Ct(a).
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Ha s1oii ke anrebpe A GopeneBckux MHOxKecTB orpe3ka [0, 1] pacemorpum
Mepy Jlebera

ml(aa ﬁ) :ﬁ—OZ.
dcuo, aTo

V(A € A) : mei(A) = me(A[ ) P),

n Tak Kak Mepa .Jlebera MHOkecTBa P paBHa HYIIO, TO MEPBl Mcy U Mepa
JleGera cUHIYJISIDHBIL.
[Tycts Ha HEKOTOPOIT 0-aaredbpe A 3a1aHbl 1B MEPBI A U L.

Onpenenenne 1.2.17. Mepa A HasbiBaerca abCOMIOTHO HEIPEPBIBHONE OT-
HOCHTEJILHO MEPBI [, ecn u3 Toro, uto f(A) = 0 caemyer, aro A\(A) = 0.

Ecmn w(z) € L,(X) , w(z) > 0, To bopmyia
V(A€ A): MA) = / I(A | 2)w() p(dz) (1.150)

3a/aeT Mepy, KOTOpasi siBJIsieTcsa abCOTIOTHO HEIIPEPHIBHOW OTHOCUTEIBHO Me-
pol 4. Huzke MBI yBUIUM, 9TO 410004 aDCOIOTHO HEIPEPbIBHAS Mepa UMeeT
TaKOU BUI.

Jlemma 1.2.12. ITycmv wa nexomopoti o-arzebpe A nodmmosceme mmooice-
cmea X 3adanv, dee mepvl A u p. Tozda npocmparncmeo X ecmv 0bsedunenue
mpexr npuHadiedcauur o-arzebpe A HenepeceramouuTca MHONCeCms

X = XoalJ Xou [ Xom

npuvem
)\(XO,)J = M(XU,/L) = O7 (1151)

a wa npocmparcmee X, 0npedeneHa Makaa USMEPUMAL OTHOCUTNENDHO O -
anzebpo, A dynryus w(x), wmo

VA C X,y A€ A): \A) = / I(A | 2)o(z) p(da). (1.152)
HokazareabcTso. [lonoxkum

V(m € A) :v(im) = Xm) + p(m).

PaceMoTpuM AeficTBUTEIbHOE THILOePTOBO TTpocTpancTBo L2(X) co ckazap-
HBIM IIPDOU3BEACHUECM

<f g>= / F(@)g(z) v(da).
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B 3roMm ruis0epToBOM TPOCTPAHCTBE OLPEIEINM JIMHEHHbIH (DyHKITHOHAT

L L2(X) 5 [ I(f) = / £(2) A(dz)

QyHKIUOHAT | HEIPepbIBEeH, TaK KaK

()] < (/m d:p) (/f )1/2 - (/fQ(:c)wdx))l/Q

[To Teopeme Pucca 06 obiieM Bujie JIMHEHHOTNO HENPEPBHIBHOIO (DYHKITMOHAIA
B I'UJILOEPTOBOM NpOCTpaHCTBe, B npoctpanctee L2(X) cymecrsyer Takas

dbyuknus fo(z), aro
V(f e LAX)): I(f) =< fo, [ >

CiiejtoBaTe/ibHO,

V(€ L2(X / F() Mdz) = / £ (&) o) v(d) =

/f ) fo(x) Mdz) + /f ) fo(x) p(dz). (1.153)

Tak Kak

to u3 (1.153) caemyer, 9To

n.B. mod(v) : fo(x) >0

3 (1.153) caegyer paBeHCTBO

V(f e L2(X /f (1 — fo(x)) A(dx) /f ) fo(w) u(dz) >0, (1.154)
[Tyctn
A ={x] fo(zx) > 1+ €}

[Moacrasus B (1.154)
flz) =I(Ac | @),

MbI TTOJTYYHM:

IIO3TOMY

n.B. mod(v): 1 — fo(z) >0
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OmpegetuM MHOXKECTBa,

Xoa = {z| folz) =0}, (1.155)
Xow = {z| folz) =1}, (1.156)
Xy = {2]0< folz) <1} (1.157)
OueBnTHBI paBEHCTBA
V(AC Xon): MA)=0; V(A C Xo,): u(A) =0. (1.158)

onoxmm B (1.154)
f(@) = fule) = (A | @) min(n, (1 - fola) ™), A C X,
TTosrysm:
1A 2 = folo)mine, (1 fofe) ) Ade) =
[ 1 @) minan, (1 fole)) ) fo(o) (o) (1.159)

VA C X, n.B. mod(v) :
I(A ] z)(1 = fo(z)) min(n, (1= fo(2))™) /LA ]| 2),

nostomy u3 (1.159) caemyer, 9o

V(AC X)) : wz) =1A|z)(1 - folx) " fo(z) € L(X)

V(A C Xau) : MA) = / I(A | 2)w() p(da).

B cuiy cuMMeTpun MexKIy MepamMu A U fi AaHAJOTUYIHOE YTBEepKICHUE CIIpa-
BeJIJIUBO W I Mephl 4. JlemMMa mokazaHna.

[Tycrs Ha o-anredpe A 3amanbl jaBe Mepbl A u . Bocoaib3yemest 0603Ha-
YeHUAMHI TPeAbIAYINe JeMMbl U ONPeeINM MepbI

ALt A ALu(A) = MA() Xo,), (1.160)

Mt A N(4) = [ A 21X | Dol (o). (1161)

ZIcHo, 9TO Mepa A), CHHIYIFpHA OTHOCHTEIBLHO MEDHI /i, & Mepa |, abco-
JIIOTHO HEIPEePbIBHA OTHOCUTEIbHO MephI . Takum obpa3om, u3 jiemmbl 1.2.12
caeayer
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Teopema 1.2.7. Fcau wa o-anzebpe A zadanv, dee mepovt X U [1, Mo cnpa-
B€0AUBO PABNOHCEHUE

V(A€ A) : MA) = \ju(A) + Au(A), (1.162)
2de mepa A|, abCOMOMHO HENPEPBIGHA OMHOCUMENDHO MEPYL [L, G MEPa A,
CUHRYAAPHA OTHOCUMENOHO MEPDL [L.

[pencrasnenne mepsl B Buge (1.162) nassiBaercs pasioscenuem Jlebeza
(Jleber oTkphLT 3TY dbopMyTy).
N3 nemmbr 1.2.12 u pazinoxkenud Jlebera ciepyer Teopema Panona-Hukomuma.

Teopema 1.2.8. Fcau mepa \ abcosomuo HeNpepuieHa 0mHOCUMEAbHO Me-
P, mo cywecmsyem maxaa Pynkyua w(x) € L,(X), wmo

V(Ae A): NA) = /]I(A | z)w(x) p(dx). (1.163)

HokazaTenbcTso. Ecin Mepa A abCOMIOTHO HeIpepbIBHA OTHOCHTEILHO
MepBI i, TO Bropoe ciaraemoe B (1.162) paBHO HyJIO, a MEPBOE CJAraeMoe
naercst bopmyioit (1.161), 9T0 U JOKA3BIBAET TEOPEMY.

1.2.8 CuerHo-aganTuBHBIE (PYHKIIU MHOXKECTB M TEO-
pema XaHa.

Omnpenenenne 1.2.18. Oupenenennas Ha o-ajaredbpe A M0IMHOKECTB MHO-
xectBa X (PYHKIHSA [

p: A R
HA3BIBAETCS CUCTHO-aIIATUBHON, €C/In
n(@) =0

¥ €CJIM 15 JIIOOOTO CIeTHOTO ceMeHcTBa HellepeceKaoIHXest MHOKecTB {A; }
BbIIIOJIHEHO PaBEHCTBO

V(G #R) = (A4 A=0): w J 4)= D w4y),.
1<j<o0 1<l<o0

B ommumm oT Mepwl, cueTHO-aIUTUBHAA (DYHKIUA MHOXKECTB MOXKET
NPUHUMATH OTPUTIATeIbHBIe 3HaYeHUd. VIHOT/1a paccMaTpUBAIOT U TAKHe CYeTHO-
aIIUTUBHBIE (DYHKIIMY MHOXKECTB, KOTOPbIe MOTYT TPUHUMATH HECKOHETHBIE
3nadenus. Mbl He OyjieM paccMaTpuBaTh Takue (PyHKIUU U Oy/IeM CUUTATD,
49TO

V(Ae A): |u(A)| < oc.

W3zydenne cueTHO-aJIUTUBHBIX (PYHKIINNA MHOXKECTB CBOJIUTCS K U3YYEHHIO
Mep, U 9TO YTBepKJIeHNe eCTh COJlepyKaHme CJeIyIonieit TeopeMbl XaHa.
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Teopema 1.2.9. Jlasa 21060t onpedesennoti na o-anrzebpe A nodmmoocecme
mHuootcecmea X cuemmno-ad0umushoti GYHKUUL MHONMCECTNG [L CYULECTNEYIOM,
maxue noOMHONCECMEA, Eljf Cc X, Ef €A, umo

X=£efJE, . Ef(E, =0 (1.164)
V(A€ A): u(A()ES) >0, (1.165)
V(A€ A): n(A(E,) <0. (1.166)

JMoxazarebcrso. Mt Gynem nasbiBaTh nonamuoxecTso I C X, EF € A
NOAOHCUMENDHIM, €CTTH BBITIOTHEHO yeaosre (1.165), u Oyiem Ha3biBaTh MOJI-
MHOKecTBO B, C X, B, € A ompuyamenvHvim, €CITH BBIIIOJHEHO YCJIOBHE
(1.166). CemeilcTBO BCeX MONOKUTEIBHBIX (OTPUIATENBHBIX) MHOKECTB He
LLYCTO: IIyCTOE MHOZKECTBO BCEI/IA €CTh OJHOBPEMEHHO M 1OJI0KUATEILHOE MHO-
JKECTBO, U OTPUIATENILHOE MHOXKECTBO. fICHO, UTo JI060e npuHaIexKalee o-
anrebpe A MOAMHOXKECTBO MOJIOKUTEJTBHOTO (OTPHIATETLHOTO) MHOXKECTBA
€CTh MHOYKECTBO IMOJIOKUTEIbHOE (OTPUIATETBHOE), MepecedeHne MoI0KH -
TeJIbHBIX (OTPHUIATENIBHBIX) MHOKECTB €CTh MHOYKECTBO HMOJIOKHTEIbHOE (OT-
puIaTenbHOe), 00beUHEHNE MOTOKUTEIBHBIX (OTPUIIATENIBHBIX) MHOKECTB
€CTh MHOZXKECTBO HOJIOKHUTEIbHOE (OTPHIATEIBHOE).

[Iyctn

TJle HU2KHSS IPaHb OepeTcs Mo BCeM OTPHUIATETbHBIM MHOXKecTBaM. 113 ompe-
JeJieHus TOYHOU HUXKHEHR rpanu cJjejyer, 4To CyLIeCTByeT Takad I10Cae10Ba-
TeJIbHOCTH OTPUIATETHHBIX MHOXKeCTB { B, }, 910

n—oo

Bes orpanundenus OOIIHOCTH MOXKHO CUUTATh, 4T0 B, C B, 11, n103TOMYy

a TaK KaK
(JBn) €A,
TO
b > —o0.
[TooxkuMm
E, = JB.. (1.167)

n
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OmupejesrenHoe paBeHcTBOM (1.167) MHOXKECTBO OTPHIATEIHHO U YIOBJIETBO-
psieT paBeHCTBY

,H.Hﬂ JOKa3aTe/JIbCTBa TeOpeMbI HaM JOCTaTOYHO JOKa3aTh, YTO MHOZKECTBO
+._ -
Ef =X\ E; (1.168)
00J1J1aeT CJIAYIOIUM CBOICTBOM:

V(ACE, Ac A): u(A) >0. (1.169)

Mui A0KazKeM, 9TO OTpUlIaHue 9TOr'0 YTBEPZKACHUA BEeACT K IPOTUBOPECYUIO.

Ilycrs cymectsyer Taxoe MuOMKecTBO Fo C EF, aro p(Ey) < 0. Muoze-

c¢TBO Fy He MoxKeT OBITH OTPUIATEIbHBIM, TaK KaK TOLIA

w(E, | Eo) = u(E,) + n(Eo) < 8,

YTO TPOTUBOPEUHUT BHIOOPY umcaa (. ClemoBaTesbHO, CYIIECTBYIOT TaKHe
muoxecrsa A C Ey, aro p(A) > 0. Iycrs

e1 =sup{u(A) | A C Ep}.

CrpaBeyinBO HEPABEHCTBO
€1 > 0,

Hn cymecrByeT TaKOe MHOZKECTBO

1
Ay C Ey, aro u(Aq) > €L

Iomoxum
El == EO \ Al-

N3 pasencrsa
1(Eo) = p(Er) + p(Ar)

CJIEJIYeT, UTO
u(Er) < 0.

Paccyxmas kak u BbIle, MBI TOJIYYUM, 9YTO MHOXKECTBO F/; He MOxkKeT ObITh
OTPUTIATETHLHBIM, TO3TOMY

o :=sup{u(A4) | AC Ei} >0,
1 CYWIECTBYET TAKOE MHOZKECTBO

AQ C El,
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49TO
1

/L(AQ) > 562.

HpO,ZLO.H}KaH 9TOT MIponecC Mo MHAYKIUN, Mbl IIOJIYyYUM IIOCJI€J0BATECJILHOCTH
MHOZKECTB

En: nfl\AnaAnCEnfluAnﬂAmzwun?én%

U 110CJIe/I0BATENBHOCTD THCEJl
1
€n =sup{u(A) |ACE,1},0< g < w(Ay) .

[IycTh

A:Ump

Tax xak A € A, To p(A) < oo, n

5> < S (A = (4) < oo

IO3TOMY
lim ¢, = 0.

n—oo

CireioBaTesbHO, MHOKECTBO Fjy \ A OTpUIATETHbHO U YIOBIETBOPSIET Hepa-
BEHCTBY

n(Eoy \ A) <0,

qero, Kak Mbl BUICJIN BLIIIE, 6bITb HE MOZKET.
Teopema jokazaHa.
[Tooxxum

pE(A) = £u(A()ES). (1.170)

Onpejenennnie pagencreoM (1.170) dyuxkuun MuoxkecTs p® HeoTpunaTesh-
HBI, CYETHO-A/[IMTUBHBI U SBJISIOTCA MepaMu Ha o-arebpe A, nmpudem cripa-
BeJIJTUBO PAaBEHCTBO

V(Ae A): p(A) = put(A) — u (A). (1.171)

Pagencrso (1.171) massiBaercs pasaoscenuem Xana (moppasyMeBaeTcs, KO-
HEYHO, YTO ITO TO PA3IOKeHue, KOTopoe cdeaas XaH).

Paznoxkenne XaHa e IMHCTBEHHO B CJIEAYIONEM CMBICIE: €CJIH Ej Japyrue
MHOXKECTBa, yJ/IOBJeTBOpgIonue Teopeme 1.2.9, 1o

V(A€ A, ACE*(E"): p(A) =0.
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1.2.9 OOmmii Bua JUHEINHOTO HEITPEPBIBHOTO (DYyHKITMO-
HaJia Ha mpocTtpaHcTBe LF(X).

JluHeHHBIM HenpepbIBHBIM (ByHKIIMOHAIOM Ha poctpaHcTe LP(X) HasbiBa-
eTcs TaKoe 0TOOpayKeHne

[: [P(X)w— Ch
KOTOpO€e JUHEHHO:

l(of + Bg) = ad(f) + Bl(g),

1 HEelmpPepbIBHO:
11(fn)] — 0, ecau || f,, | LP(X)|| = 0, n — oo. (1.172)

Yeaosue (1.172) BBIIONHEHO, €CTH
AC < oo [I(NHI < ClIf T LPX)]- (1.173)

MozkHO moKa3arh, 9To yeaosue (1.173) apisiercss HeOOXOAUMBIM U J0CTATOU-
HBIM YCJIOBHEM HEIPEePHIBHOCTH JIMHERHOTO (hyHKIMOHAIA.
Yucsio
PIY V|| — p
101 LPX)*] o= sup{[L(A)] [ | LP(X)]] < 1}
HA3BIBAETCST HOPMOT, JTUHEHHOrO (DyHKIMOHAJIA.

OO6mmit BUg IUHEHHOTO HENPEPHIBHOTO (DYHKIMOHAJA HA ITPOCTPAHCTBE
LP(X) 1 < p < oo onucan B Teopeme 1.2.10. JTokazaTebCcBY 9TO TEOpEMBbI
MBI IIPEIOILIEM HECKOJIBKO JeMM. Mbl OymeM IIpenojararh, 9To yCJIO0BHEe
1.1.8 Boinoneno: gyukuust fo(x) = 1 upunaexxkur upocrpanctby Lo(X) u
BBITIOJTHEHO YCJIOBUE HOPMHUPOBKH:

I(1) =1.
Huzke MBI OyeM IpeamosiaraTtb, 4To p U ¢ -CONPsIZKEHHBIE IIOKA3aTeU CTe-
HeHH:

1 1

S -=1,

p q
npudeM 1 < p < o0.

JIemma 1.2.13. Ecau w € LX), mo dopmyaa

I(f) =I(wf) (1.174)

sadaem aunelnod nepepoehuil Pynryuonas na npocmparncmese LP(X), npu-
YeM HOPMG 3MO020 PYHKUUOHAAG eCTID

10T LR = flw [ LA (1.175)
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Hokazarenbcto. 13 Teopemsr 1.1.4 ciemyer, uro mpabas dacts (1.175)
KOPPEKTHO oIpejiesisier JTuHeiinblil dbyukimuonan na LP(X), u3 HepaBeHCTBA
MuHKOBCKOTO CJie/lyeT OIEHKa,

LNOE< Nlw LA N1 T LX)

13 KOTOPOil BBITEKaeT, 4To 3aaaBaembiii bopmysoit (1.174) nmuneiinsit dyHK-
[IMOHAJ HETPEPBIBEH W €ro HOPMa yJI0BJETBOPSIET HEPABEHCTBY

11] LPX)* ]| < lw | LAX)]]- (1.176)
[Iyctn
f () = sign((w(@)))|w(@)[77]|lw | LX) | ~*.
Torna
fel”(X), Ifly=1,
1(f) = llw [ LX)
CuietoBaresibHO,

[T LP(X)| = [lw | L1X) -
JlemMa JokazaHa.

Jlemma 1.2.14. Ecau l -aunetinoud nenpepvienvili GyHKuUOHaN Ha NPOCTPAH-
emee LP(X), mo cywecmeyem maxas dynruua w(r) € LX) wmo cnpased-
auso pasenemeo (1.175).

HoxkazareasctBo. [lycTh 1 -Mepa, mopoxkaennas uarerpaiom I u A ecthb
o-aJiredpa MHOXKECTB, H3MePUMbIX oTHOCcUuTeAbHO A. Dopmy.ia

V(Ae A): v(A) =1(I(A ] ) (1.177)
HOPOZK/IAeT -3 UIATUBHYIO (B CHIy HempepblBHOCTH (ByHKIMOHAIA ) DyHK-

1Mo MHO:KecTB Ha o-ajrebpe A. [Tycrh EF -MHOKecTBa, KOTpoble BXOJIAT B
pazsioxkenue XaHa (pyHKIHH V,

vE(A) = £ILA[)ES | ). (1.178)
3 (1.178) caeayer, 4T0
vE(A) < UL ZPOMITA B | ) | LP(X)]| < constp(A)Y7,
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I09TOMY MepEI V" abCOMIOTHO HEIPEPHIBHEI OTHOCHTEILHO MEDHI [i, U B CHITY
Teopembl Pajiona-Hukoguma cymecrsyior takue dynknuu w(x) € L(X),
910

V(A€ A): vE(A) = :I:/w(a:)]I(A | 2)p(de). (1.179)

[onoxum
w(r) =wh(z) —w (z). (1.180)

13 (1.177) coemyer, 9T0 Jjisi BCeX MPUHUMAIONIUX JHUIIb KOHEYHOE UHCIIO
snavenuit dbynknwmit f(x) € LP(X) u onpenenennoit pasencrsamu (1.179)-
(1.180) dbyuknnu w(x) copaBeIuBO PaBEHCTBO

117) = [ (@) f(@nldo) (1.181)

[Tonoxkum

fa]a) = f@)(lw(z)] <alz)
13 (1.181) cuemyer, 9T0 Jjisi BCeX MPUHUMAIONIUX JIUIIb KOHEYHOE UHCIIO
snavennit ynknuii f(r) € LP(X) cupaBeanBo paBeHCTBO

({(f(|a)) = /w(x)f(x)ﬂ(\w(x)l < a|x)pu(dr). (1.182)

[IpemenbHbiM TepexogoM (eM.stemmy 1.2.5 Ha cTp. 59) paBenctso (1.182) pac-
upocrpansiercst Ha Bee dbyukuun u3 LP(X):

V(f e LP(X)): I(f(-]a)) = /W(w)f(w)ﬂ(IW(w)\ <a|z)p(dr). (1.183)
MpUYeM, OUYeBUIHO,
(LG Tanl < HETLPCOTFC T a) | LX) (1.184)

[Moncrapus B ypasaenue (1.184) dynknunro

f(x) = sign(w(@))|w(@)|""I(w(2)| < a | ),
MBI TIOJTY 1M HEPABEHCTEO:
l(f) = / w(@)[I(lw(@)] < a|z)pu(dr) = [lw(-[a) | LX)
< T LRI L2 O =< 1 L2 X Hlw(- | a) | LAX) 7,
OTKYJTA CJIe/IyeT, 4T0
lw(- [ a) [ LX) < [l LP(X) - (1.185)
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[Tepexong B (1.185) K mpesiesy a — 00, MBI TOJTy9UM, 9TO BXOjsmas B (1.183)
dbyuknua w(z) npunagmexut npocrpanctsy LI(X). 3aTeM MBI MOXKeM Ie-
peiitu K npeeny a — oo B pasercrse (1.183). Jlemma nokazana.

Cobupasi TOKa3aHHBIE BBIIIE JIEMMBI, MBI MOJYYIaeM CJICIYIONIee YTBEP-
KICHHE.

Teopema 1.2.10. 00601 sunetinoil Henpepwvienvili GYHKUUOHAA HE NPO-
cmpancmee LP(X), 1 < p < 0o, 3adaemca 6 sude

1(f) =Iwf),
ede w € LX) u q-conpascennud x p nokazamerv: ¢ = p/(p — 1).

Cnygau p = 1 u p = 00 -0cobble, U MBI UX PACCMATPUBATHL HE Oyem,
otocaaB YuraTend K MUTHPOBAHHON B KOMEHTAPHUAX JTUTEPATYPE.

1.2.10 PyukiUmM ¢ OTrPaHUYUEHHON Bapualnueii m abco-
JIFOTHO HenmpepbIBHbIE (DYHKITNN.

B stom maparpade Mbl J0KazkeM HECKOJBKO TeopeM O (PYHKIUAX JIeHTBH-
TeJBHON MepeMeHHON Ha OTpe3Ke. DTH TeOPEeMBbI CYIECTBEHHO UCIIOIB3YIOTCS
B MATEeMATHYIECKON TEOPUH PACCEsTHHUS.
[Tycts na orpeske [a, b] C R! 3anana jeiicrsurenbnas dynknus f(r) u
yCTh
T={a=xy<ux,...<x, =0}

-pa3buenne orpeska |a, b]. TTosoxum

VT [ fe= Y 1f@j— fla)l (1.186)

0<j<n

Omnpenenenne 1.2.19. IMonnoit Bapuanueil (wiu usMeneHuem) GbyHKIUN
f(z) Ha orpeske [a, b] HazbIBaeTCs B3siTast M0 BCeM PA3OHEHMIM TOTHAS BEPX-
Hsst TpaHb cyMM Brga (1.186):

V(f)a=suwpV(T| f)g- (1.187)

Oynkuus f(r) naspiBaercs dbyHKIHEd ¢ orpaHndeHHol Bapuarueii (uau byHK-
el ¢ OrpaHNIeHHBIM H3MEHEHHEeM ), eCJIn



[IpuBesem npumephbI.
1. Jliobass MmonoTonHas PyHKIHUA eCTh (DYHKIHUSA C OTPAHUYECHHBIM H3Me-
HEHUEM | JIJIsi MOHOTOHHON (DyHKITUN

V(f)a= If(a) = fb)].

2. Ecu dyukuus f(z) Ha orpeske [a, b] uMeeT HEMpepBIBHYIO OrpaHMU-
YEeHHYIO NPOU3BOIHYIO, TO

V(f)a < (b—a)sup{|f'(z)| |z € (a, b)}.

3. He nobasi menpepbiBHas (DYyHKIMS WMEET OI'paHMYEHHOE M3MEHEHHE.
[Ipumepom HempepbIBHON (DYHKIIUU ¢ HEOTDAHWYEHHBIM H3MEHEHUEeM SBJIs-

ercs pYHKIUS
0,z=0,
flz) = .
vzcos(3), 0 <z <1

ma orpeske [0, 1]. Ecan
T={zy=0<1/2n<1/2n—1)<...29, =1,

TO

V(T, f) = Z \/%jw\/ﬁaoo,neoo.

1<j<n

Teopema 1.2.11. 1. Ecau ¢pynkuuu f u g umerom oepanuventoe udmeHeHue,
mo pynkuus of + Fg umeem o2parHuMeHHOe USMEHEHUE U

Viaf +Bg)a < alV(f)a + 18IV (9)a-

2. Ecau ¢pynryua [ umeem ozpanuvenmnoe usmernernue u a < ¢ < b, mo

V(fla=V(fa+ V(e (1.188)

HoxkazaTenbcTBo. IlepBoe yTBep:KaeHne odeBuaHO. J[1d moKa3aTe bCTBA
BTOPOTO YTBEDK/IEHHsI PACCMOTPUM IIPOU3BOJILHOE paszbuenue T orpeska [a , b]
u nycrsb 1" -pazbuenue, noaydenHnoe u3 pasbuenus 1 100aBIeHIEM TOYKH C.
Torna

T'=T T,

rae 1) -rouku pasbuenus T’ KOoTOpbIe Jezkar Ha oTpe3ke [a, c|, a Ty -Toukn
pasbuenust 7', KoTopbie JiexkaT Ha oTpeske [c, b]. Mmeem:

V(T7 f)ZSV(Tlu f) SV(Tlv f)Z—i_v(TQ)lc)S
V(f)e+ V(e
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Tak Kak 9TO HepaBEHCTBO CIIPABEIINBO JJIsd JI0OOr0 pa3dHeHus, TO

V(L <VIHL+ VL

C apyroit cTopoHbl, s 006X pazouennit 17 u Ty oTpe3kos |a, c| u [c, b]
nMeeM:

VN, = v T, b =VI(T, e+ V(T £
CrenoBaresibHO,
V(e z V(e +V(fe

Teopema mokazana.

Teopema 1.2.12. Fcau pynkuyus uMeem 02paHUMEHHOE USMEHEHUE HA 0M-
peske [a, b], mo na ompesxe [a, b] ee moocno npedecmasums Kax pasHocmo
08YL MOHOMOHHO HEYOLIBAIOWUL PYHKUU.

HokazarenbcTBo. Jokaxkem, 94To (pyHKIMS

z = V(f)a—f(x)

e yoniBaet. Mmeem:

V(e = fle+ Az) = (V(f)g — f2)) =
V()72 = (f(x + Az) — f(2)) >
V()7 2 = [f(z + Az) — f(2)] =
PasenctBo
f@) =V(fa— V(- fx))
JlaeT MCKOMOe TIpe/icTaBIeHne. Teopema goKa3aHa.
CaencrBue 1.2.2. Qyukuyua umeem 02paHUYEHHOE UIMEHEHUE 6 MOM U

MOALKO MOM CAYYAE, €CAU OHG eCMb PA3HOCTYL 08YT HEeYyOoueawur Gyrk-
yu.

Omnpenenenne 1.2.20. Oyuxiun f(zr) Ha orpeske [a, b] Ha3bpBaeTCs abco-
JIFOTHO HENPEePBIBHOM, ecyid Jist to6oro € > 0 cymecryer Takoe d(e) > 0,
TITO JUIA JTIOOBIX HHTEPBAIOB (a;, bj) C [a, b], 1 < j < n, KOTOpBIE yIOBITE-
TBOPSIOT YCJIOBUSM

V(i #i): (aj, b)) (Vai, b)) =0, > (b —a;) < e)
1<j<n
BBITIOJITHEHO HepaBeHCTBO

Y 1fla) = )l <e.

1<j<n
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OueBnHO, 9TO JTI00ast aOCOIOTHO HENPePBIBHAS (PYHKIHS HENPEPHIBHA.

Teopema 1.2.13. Abcortomuo HenpepvieHas PYHKUUAL UMEEM 02PAHUYEH-
HYI0 8aPUAUUN.

Hokazareascro. llycers dyuknus f(z) abcomorno HempepbiBHA Ha OT-
peske [a, b]. JokarkeMm, 9TO OHA NMEET OTPAHUYCHHYIO BAPUAIIIO HA OTPE3Ke
la, b]. Haiinem Takoe 6 > 0, uro

(0= a) <) = (3 [F(a) - £(b)] < 1)

[Tyctn
T={a=xz<z;<...<x,=">0}

-IPOU3BOJIbHOE pa3dueHue. be3 orpanndyenus oOMHOCTHA OYAeM CUHTATD, UYTO
Vi:xi —x; <O
Oupegeum 1ocjieoBareibHoCTb J(k) 10 npaBuiy:

§(0) =0, j(k+1) =max{j | Y (riy1—z:) <3}

J(k)<i<yj

Nmeem:

Mo lfwp) =)= > D> |f@in) = fa)

0<j<n 0<k<N j(k)<i<j(k+1)

< (N+1), N=[(b—a)/d.

Tak Kak 9TO HEPABEHCTBO CIPABEJIUBO IS JTIOO0TO pa3dueHus, TO TeopeMa
JIOKA3aHA.

Bboiiite Mbl 1puBe/in 1puMep HelupPepbIBHOW (PYHKIMH € HEOI'DHUYEHHOT
Bapuarueii. Cjie/oBaTeIbHO, CYIIECTBYIOT HEIPEPhIBHbIE, HO HE a0COTIOTHO
nenpepsiBabie pynknun. Oyukinsa Kanrtopa ectb npumep GyHKIUKA ¢ Orpa-
HUYEeHHBIM W3MeHeHWeM, HO He abDCOIOTHO HeMpPEePBIBHOI.

Teopema 1.2.14. FEcau dynxyua f(x) abcoaromno nenpepuena na ompesxe
la, b], mo dynxyua
r=V(f)a

abCcontommo Henpepoieha na ompesxe [a , bl.
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Hoxkazarennctso. Ilyers mano e > 0. Haitmem takoe 0(e) > 0, uro

(b~ a > (L 1w) - f@)] <0,

i
s kaxkaoro orpeska [a; , b;| Haiinem Takoe pasbuerue

ﬂ = {CLi =Ti0<Ti1<...< Ti (i) = bl},

4TO
V(f)Zi = Z |f (i jea) = (i )] + 27"
0<j<n(4)
Tak Kak HHTEPBAJBL (T; j+1, T; j) HE IEPECEKAIOTCS U
Z(Iivﬂ-l z;,5) < 6(€)
i7j

TO
Zv(f)l:ﬁ < Z ‘f(l’z‘,jﬂ) - f(%;)’ + e < 2e.

Tak Kak OTpe3KH [a; , b;] MPOU3BOIBHBI, TO TeOpeMa JOKA3aHA.

CaencrBue 1.2.3. Jhobas abcoromuo nenpepuieHas GyrHKuus ecms pas-
HOCG 08YX HEYOLLBAOWUL GOCONOMHO HENPEPLIEHLIT (HYHKUUTL:

f@) =V (g = V() — f(x))

Hanmomuum omnpezenenne unrerpasa Jlebera-Cuabrbeca. Ilycts F(x) -
HeyObIBAOIIAs HEIPePbIBHAs CIIpaBa OrpaHuYeHHast (DYHKIMS HA OTPE3Ke
[a,b] C R' | F(b) < oo, F(a) = 0, u mycts f(z) -HEOpepbiBHA HA OT-
peske [a, b, a T ={a =29 < x1,... < x, = b} -pa3buenue orpeska [a, b|.
CocraBuM HHTErPAJILHYIO CYMMY

f)= Z fENF(xja) — F(xy)) 5 § € (T, x5).

[Ipesen Takux CyMM IIPH CTPEMJICHUH JUaMeTpa pa3bueHu# K Hy/II0 Ha3bIBa-
ercs uHTerpagom Pumana-Cruibrhecas

lim S(T, f): /f VdF (z

diamT—0



Tenepnr pacemorpum npocrpanctBo C([a, b]) Bcex HenmpepbIBHBIX (DYHKIHIT
Ha OTpe3kKe [a, b] Kak mpocTpaHCTBO deMeHTapHbIX GyHKIHii B cxeme la-
Huid U uarerpas Puvana-Cruibrbeca Kak 3JieMeHTapHbIil HHTerpaJ u mo-
CTPOUM paCHIUpeHHe TOro wHTerpaia. llosydennpii naTerpas Ha3bIBACTCS
unterpanoM Jlebera-CtuibTbeca u Mbl OyaeM 0003HAYATH €r0 TEM YKe CUMBO-
Jiom, aro u uaterpas Pumana-Cruwibreca. Ko xapakrepucrudeckast hyHK-
st MHOYkecTBa A C [a, b] mHTErpHpyeMa, TO 9HCI0

W(F | A) = / I(A | 2)dF(z)

HA3BIBAETCSI MEPOl, TOPOXKAeHHOI MOHOTOHHOM byuKineit F'(x). Ecm F(z) =
T, TO MHTerpaJl Ha3biBaeTcs unrerpaJjom Jlebera, a mepa

|A| = /bH(A | z)dx.
-mepoit JleGera.llycrs {z(j)} -MHO)KecTBO TOUeK paspeiBa dbynknun F(x):
2(3): F(z(j) +0) = F(z(j) = 0) > 0.
Muoxkecto {x(j)} ne 6omee gem cuerno. Onpegenanm OYHKIUIO
Fy(x):= Y F(z(j) +0) — F(x(j) - 0).
z(j)<z

[Iyctn
F.(x) = F(z) — Fy(x).

Oyuknus F.(r) HempepbiBHA HA OTpe3ke [a, b| U MOHOTOHHO He yOLIBAET.
CrenoBaTesibHO, OHA TIOpPXKaeT HHTerpai u Mepy A(F. | -) Ha GopeseBcKux
MHOKECTBAX O0Tpe3Ka [a, b], mpruem

V(a, ) Cla, b]: A(Fe | (a, B)) = Fu(B) — Fe(a).

K mepe A(F. | -) u mepe JleGera Ha orpeske [a, b] MOKHO MPUMEHHUTH
pasnoxenue Jlebera, a K abCOTIOTHO HempepbiBHON dactu Mepwl A(F. | -)
MOYKHO MPUMeHuTHh TeopeMy Pamona-Hukommma. Tak MBI moaydum ciemayio-
1ee yTBepZKIeHue.

Teopema 1.2.15. MonomorHo Heybu8a0WY0 HENPEPLIBHYIO CNPABA HEOM-
puyamenvryro dynruuro F(x) na ompeske [a, b] moscno npedemasums kax
cymmy mpex Gyrryut:

Fl) = Fool) + Fang () + Filx), (1.189)
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2de

Fuo(z) :/ W) dt | Fuing(w) = M[a, 2) () B), (1.190)
2de w(t) -Heompuyamenrvras unmeepupyemasn no Jebeey dynxuyus, A 6ope-

nesckas mepa wa ompesxe [a, b | B -mmoorcecmso aebe20600 mepv HOAb.

Bamernm, uTo mas GyHKIun KaHTopa OT/IHYHA OT HYJsS TOJBKO COCTAB-
agroman Fging.

Paznoxenne (1.189) rakzxke HasbiBaeTcs pasjaozxkenuneM JleGera .

OudeBu/IHO, YTO Mepa, MOPOXKIeHHAs HeyObiBawoIeil dbyuknuedi F(x) Ha
orpeske [a, b] abCOTIOTHO HePePBIBHA OTHOCUTEIBHO Mephl JleGera B ToM u
TOJBKO TOM CJIydae, eCan

Fy=Fyng=0u F(x / f(t) ) € L([a, b]).

Teopema 1.2.16. Ecau dynxyua [ unmeepupyema: f € L([a, b)), mo daa
106020 € > 0 cywecmeyem maxoe 6(€) > 0, wmo daa 4106020 MHONHCECMEE
A, mepa komopozo mervuie §(€), BUNOAHEHO HEPABEHCTNEO

[ V@l < (1.191)

Hokazaresnbcrso. Cornacuo gemme 1.1.12 (em. crp. 28) juist garnoro € > 0
u nansaoit ynknun f € L([a, b]) cymecTByer Takas HenpepbiBHAs (DY HKITHI

¢ € C([a, b]), aro
/ F(2) — o(z)|dz < /2.

[IycTb
M = sup{|¢(z)| | z € [a, O]},

Torna (mamomunm, uro |A| -ar0 Mepa Jlebera MmuHOKecTBa A)
WAl < e/200): [ \f@lde < [ 1) = o(lds + [ Jota)lde <
€/2+ M|A| < e
Teopema j0kazana.
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Caencrsue 1.2.4. Fcau f(t) € L([a, b]), mo dynryus

Flz) = / F(t)dt
abCOROMHO HENPEPBIBHA Ha ompeske [a , b].
st moboro muozkectBa E C [a, b] MOXKHO OlpeIe/IUTh BHEIIHIOW Mepy:
|E|owt = inf{|A| | E C A}.

Ecim muOXKecTBO F n3Mmepumo 10 Jlebery, To ero BHENTHSAS Mepa paBHA Mepe
Jlebera. OTMeTnM OUYeBUIHOE HEPABEHCTBO

|AUB|0ut S |A|0ut + |B|out~
Onpenenenne 1.2.21. Cucrema 0Tpe3KOB
So={Il,|1,=as, b Cla, b}

HOKPBIBaeT B cMbIcae Butanu muoxectso F C [a, b], eciu BBIOTHEHBI yCII0-
BU:

LEC| L, Va: E( 1. #0.
2.V(x e E,e>0), 3(x,e)eSy):xel(r,e), 0<|l(z,€) <e

Teopema 1.2.17. Ecau cucmema ompesxos Sy nokpuieaem 6 cmuicie Bu-
maau muoscecmeo E, mo ona codeporcum maxyro we 6oaee wem cHemHiyo
nodcucmemy

{I; |1 <j < oo} C S,

KOMOopasa YI8ACMBOPAL, YCAOBUAM.:
1. Ompesxu I; ne nepecexaromea:

V(i #i): L) L=
2. BbLTLO./LHeHO COOMmMHowenrnue:

lim [E\ | Ljlow =0.

1<j<n
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HoxkazatenbcTBo. [lycTh
ap = sup{|l,| | 1o € So}.

[To omnpenerennio TOYHON BepxXHEl TpaHN CHCTEMA S) COMEPKUT TAKOIT OTpe-
30K [, KOTOPBIl YIOBIETBOPSAET YCJIOBUIO:

1
|[1| > 5&0.
[omoxum
St ={lo | Io( )11 = 0}
[lycrb

a; = sup{|l,| | I, € Si}.

[lo ompemerennio TOYHON BepXHEil rpaHu cUcTeMa S7 COMEP:KUAT TaKOil oTpe-
30K Iy, I5() 11 = (), KOTOPBIit YAOBIETBOPSIET YCIOBHUIO:

1
‘[2‘ > 5&1.

[Tonoxum

Sy ={lo | In[ )12 = 0}

U TPOJIOJIZKAM 3TOT MPOIECC 10 WHYKIUK. TakK Mbl IMOJY9IUM, 9TO JuOO Ha

Ec |J ,L=09,

1<j<n

HEKOTOPM Tare

60O MBI IOJIyIHM CIeTHOe MHOZKeCTBO oTpe3koB {I; | 1 < j < oo} u cuer-
rHoe MuHOXKecTBO {S; | 1 < j < oo} momcemeiicTB cemeiicTBa Sy, KOTOpPBIE
YIOBJIETBOPSIIOT YCJIOBUSIM:

V(i =0): Sj1 C Sy, i1 €55, Ljwa & Sjns

L, 1
Vi # ) () Li=0, Ll > 5 sup{|Lu| | Lo € S;} (1.192)
[IycTh
reE\ |J I
1<j<n
Ecin

e < dist(z, U 1),

1<j<n
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TO 1O YCJIOBHUIO

I (z, o) :xellx,e), Iz, o) |J =0
1<j<n
Tak xak orpesku [; He 1epeceKaloTcd, TO
Y.l <b—a
1<j<00

HO9TOMY
lim |[;| = 0.
j—o0
Ho orcioga B cuny (1.192) crenyer, ato
nh_)nolo sup{|/a| | Io € Sy} = 0.
CrenoBaTebHO,
Am>n): I(x,€) € Spo1, I(z, €) & S
DT0 COOTHOIIEHUE BBILOJHEHO TOJIBKO B TOM CJLydae, eCJiu
Iz, o) \Im #0, 2/Tn| > |I(x, €)]. (1.193)

Kaxnomy orpesky I; = [« , ;] moctaBum B cooTBeTCTBHE OTPe30K 1; =
Ba; — 265, 36; — 2a5] D [ey, B;]. Boobme rosops, 1T; ¢ Sp. 13 (1.193)
cjrejiyer, aro

I(z, €) C Tp.

CrenoBare/ibHO,
E\ |J Ll T
1<j<n m>n
MO3TOMY
E\ U Lilow <D |Tul =5 |In| = 0, n— 0.
1<5<n m>n m>n

Teopema j0kazana.
Tax kak

Blows <1EN ) Llow+ D 141,

1<j<n 1<j<n

TO U3 TeopeMbl 1.2.17 BbITeKaeT
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CaencrBue 1.2.5. Ecau svnosrens yeaosua meopemu, 1.2.17, mo natidym-
ca makue ydosaemsoparouue ycrosuam meopemv, 1.2.17 ompeswu I, wmo

Y(e>0),3n(e): (1—€)|Elow < |l

1<j<n(e)

[Iyctn

€ Lilo b) / (1)
V(z € (a,b): M(f]|z):=limsup|h *(F(z +h) — F(z))| (1.194)

h—0

Teopema 1.2.18. Mnoocecmso
E(f | o) :={z | M(f|z) > a}
UBMEPUMO U
9 b
B(f o)l < - [ 1f(@)ds, (1195)
HokazareabcTso. [Tomoxkum

Am,n, a) = U {x | |h"Y(F(x+h) — F(z))| > a+1/m}.

0<h<1/n

Tak kak yuknus
x| N (F(z+ h) — F(z)))

HenpepbiBHA, MHOXKeCTBO A(m, n, o) ecth 00beJWHEHHEe OTKPBITHIX MHO-
JKecTB M OTKPBITO. [loaToMy MHOKECTBO

E(f|a) = UﬂAmna

m>0n>0

OopesIeBCKOe U, CJIeI0BaTeIbHO, H3MEPHMO.
Ecmn

ze E(f|a)

TO CYIIECTBYET TakKas MOCJIen0BaTeabHocTh {hj(x) | 1 < j < oo}, uro
x+ hj(x) € (a,b),Vj: |h]_1(x)(F(x + h;(z)) — F(x))] > a.
CrenoBaTeibHO, OTPE3KU
Li(x) = {[z = [h;(2)], & + [h;(0)[] | 2 € (a, 0) , 1 <j < o0}
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HOKPBIBAIOT B cMbicie Buramn muoxkecrso E(f | a). ycrs {1;(z;) |1 <j <
n(€)} -Takne OTPE3KU M3 STOrO MOKPHITHS, ITO

L=0lE(fla)< Y L)l=2 > |hiz)l.

1<j<n(e) 1<j<n(e)
Tak KaK orpeskn [;(x;) He IepeceKanTCs, TO
b
[0l 3 1P b)) - Pl za 3 )
@ 1<j<n(e) 1<j<n(e)
CnenoBaTe/bHO,
b
2 (170l > (1= 9alE(f | o).

Tak Kaxk € IPOU3BOJIHHOE MaJIO€ IIOJTOXKHUTEICJIbHOEe YUCJI0, TO TeOpeMa JOKa-
3aHa.

Teopema 1.2.19. Ecau f € L([a, b]) u

Fla) = / " pot,

mo pynruua F noumu ecrody duddepernyupyema u

dF (x)

n.6. i — = f(x).

JlokazarebcTBO. Byjem cauTarh, 9T

/ @t =1

N3 nemmbr 1.1.12 caeyer, 4o cyliecTByeT Takas IOC/Ie0BATE/ IbHOCTD HEllpe-
poiBabix bysxmuit {¢,} C C([a, b]),qaro

b
Vn : / |f(t) — dn(t)|dt < n™*.
[Tonoxum

Un(z) = flz) — Pnl),
Ay ={x | M(¢p, | ©) > 072},
B, = {z | [¢n(z)| > n_Q}'
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13 Teopemsr 1.2.18 caemyer, 9T0 MHOXKeCTBO A,, H3MEPUMO U

b
A < n22/ [ (#)]dt < 2072,

13 nepasencrBa Yebbimena (cM. c¢rp. 66) ciemyer, 9410

b
IB,| < n2/ ()]t < n~2.

[Honoxnm

o= N U “Us)

1<k<oo k<n<oco

MmuoxkecTBO () H3MEPUMO U

vk Q<] U @UBIl< X (A + 1B <

k<n<oo k<n<oo

O(1/k) = 0, k — oo.

Crenosarensuo, |Q| = 0.

[IycTh
r€FE=]a,b\Q.
Torna
Je:xg |J (4B (1.196)
k<n<oo
Nmeem:

z+h
Vn>k): ¢ A,) = (Y(n>k): limsup \hl/ VY (t)dt| < n ).
h—0 T

CrenoBaTebHO,
Vin>k,e>0), 35(n,e), V(0 <h<dn,e)):
z+h
|h—1/ n(B)dt] < n2. (1.197)
Bamernm, uro u3 (1.196) cremyer, aro
V(in>k): x ¢ B,,

IO3TOMY

V(n>k), : [iha(x)] <n 3, (1.198)
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Haxkoner| 3amMeTnM, 910 Tak Kak DYHKIHA ¢y, (2) HENPEPBIBHbI, TO

V(n,e,x), Ios(n, e, z), V(0 < |h| <da(n, e, x)):
z+h

|t Pn(t)dt — g ()] < e. (1.199)

xT

Unmeem:
W F 4 ) = F) = S@)] = 0 [ o )] <

z+h z+h
= / bu(t)dt] + B / bult)dt — du(2)] +
60(x) — f(2)] <n%+etn

eci
0 < |h] <min(d1(n, €), da(n, €, z)).

Tak Kak n -THpoOU3BOJBHOE JOCTATOYHO OOJIBIIOE YHUCTIO, & € -IIPOU3BOJIHHOE
JIOCTATOYHO MaJIoe YHCJ0, TO TeopeMa JOKa3aHa.

CaencrBue 1.2.6. Abcoarommno wenpepuenas dynruyus dudgepernuyupyema
noumu 6cr0dy.
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1.3 KomeHnTapum u juteparypHble YyKa3aHUS.

Mer mpeamnosaraeM, 9T0 9UTATETh 3HAKOM C TEOpWeH MHOXKECTB B 00beme
Kypca aHaJIu3a JJIsd TEXHUIECKUX BY30B WU HECKOJBKUX IIEPBBIX IJIAB KHHUT
|1, 2]. dns nanbHeiinero 03HaAKOMJIEHUST ¢ TEOPUEH MHOXKECTB MOYKHO PEKO-
MEeHJIOBaTh KHUTY |3].

J11g1 GOJTBITUHCTBA PACCMATPUBAEMbBIX HAMU MTPUIOZKEHUI IOCTATOYHO 3HA~
HUd CJIIYIONIAX TeM: oIpejesieHue nHTerpasa, reopema Jlebera o npejenb-
HOM IIepexojie B mHTerpaJe , reopeMa Pucca-@uiirepa 0 motHOTE HPOCTPAH-
crBa LP, mepaBeHcTtBa ['enbiaepa m MHUHKOBCKOTO. DTU TeMbl H3JI0KEHBI B
naparpade, mnocpgienHoM uHTerpajy Jlebera. M3yuenuem 3Toro naparpa-
¢da MOKHO OrPAHWYUTHCS TPHU TepBoM dYTeHnn. OTHAKO 3HAHWE TEOPUU Me-
PBI HEOOXOTUMO JIJIS M3YUeHUsT MaTeMaTUIeCKIX MOoJlesieil TeOpUn paccessHus,
TEOPUH TEIJIOBOTO PABHOBECHUs KJIACCHYECKUX U KBAHTOBBIX CHCTEM, TEOPUH
HEPABHOBECHBIX KBAHTOBBIX CHCTEM, OPOYHOBCKOI'O JIBUKEHUS U MHOTHX JPY-
I'mX 3a a4 MaTeMaTu4eCKoi (1)1/13I/IKI/I, 1IO39TOMY Mbl CHUTACM, YTO 3HAKOMCTBO
C OCHOBAMHU TEOPHUHU MePbI *KeJIaTeIHHO JJIsl CIIeIHATNCTA TI0 MATEMATHIECKOiT
dusuke.

Anamuz meroga /lanusns B Teopun wHTErpaja ectb B [5], crp. 459-461.
[Ipm obcyzKaeHnr 3aTPOHYTHIX HAMH 9JI€MEHTAaPHBIX BOMPOCOB TEOPUH HHTE-
rpaJjia HeT HPUHIIMIUAJILHON pa3HuIlbl MezKy MeTojoM Jlanuais, Korja cHa-
YaJla BBOAUTCA UHTEIrpaJi, a IIOTOM Mepa, U TPpaJUuITUOHHBIM METOJ0M, KOI'la
CHAYaAJIa BBOJUTCS Mepa, a MOTOM HWHTEerpas. YICHO, 9TO 3ajaHue CHUCTEMBI
IOJIMHOZKECTB MHOXKeCTBa X SKBHBAJEHTHO 3aJIAHUI0 XapaKTEPUCTHICCKHX
GYHKIUH 3TUX TOAMHOXKECTB, a 3aJaHHe Mepbl Ha CHCTeMe IOJIMHOYKECTB
9KBUBAJEHTHO 33/[aHUIO0 3JIEMEHTAPHOIO MWHTErpajia HA MHOXKECTBE XapaKTe-
pucTuYeckux (pyHKImii.

[lonsTre wHTErpajga paclupocTpaHsercd Ha (PYHKIUH CO 3HAYCHUSIMU B
OaHAXOBOM IHPOCTPAHCTBE.

[Iycrh () -KOMIAKTHOE TOHOJIOIHYECKOE IIPOCTPAHCTBO, B -pedieKCHBHOE
06aHaxoBO ITPOCTPAHCTBO,

r: Q3w—z(w)eB
-HenpepbiBHAsA MYHKIU co 3HaUYeHusMu B B. Eciu f* € B*, To ¢dpyukmus
Q35w fH(z(w))

HellpepbiBHA Ha (), U OoIpejiesieH HHTerpa
| Famido)
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[Tpu dukcuposaunnoit dyukmun z(w) € C(2) orobpazxkenue

B3 ff / £ (@ (w) )l dw)

€CTh JUHEUHBII HENPEePbIBHBIN beHKHHOHaﬂ Ha B*, u B custy pedieKCHBHO-
cru B cymecrByer rakoit ssement J(x) € B, uro

V() F5(JT / Fla(w))p(dw). (1.200)

Ecau Boimosneno coornomenue (1.200), To ompeeIeHnio moaaraem

/x(w)u(dw) = J(x) (1.201)

u HazbiBaeM dyHKnnonas J(x) uarerpasom ot dyukmun z(w).

BaMeTuM, YTO UHOIJIA HHTErPAJ MOXKHO ONPEeJUTh U KaK HpeJies] HHTe-
rpajabHbIX cymm Pumamna.

[Tpu paccmorpennn uHTErpaia 1m0 6ECKOHEYHONH 00JIACTH MbI HE BBOJIUM
yeaosue CroyHa (cm. [5]), a onupaemcst Ha KOHCTPYKITHIO, KOTODAsT sIBIISIETCS
0000IIIeHneM MTOHATHS KPATHOINO HECOOCTBEHHOTO MHTErpaJia PuMana.

Jlanpueitinue cBeJieHEsA O TEOPUHU MEPBl M HHTETPaJia MOXKHO HOYEPIHYThH
U3 CJeAYIONUX padoT.

[4]-[5]. DT KHETE comepKAT (HACKOIBKO ST MOTY CYINTH) HA CErOTHATITHUI
JleHb HanboJIee MOJTHOE U JIOCTYITHOE M3/I07KeHIe TeOPHH Mepbl U WHTerPaJIa.

[6] DTa kHUra moYTH TMOJBeKa ObLIA HACTOJIBHONW KHHUTOIi BCEX MaTeMa-
THKOB M IIO-TIPEYKHEMY SBJISIETCH KJIACCHYECKUM PYKOBOJCTBOM II0 TEOPUU
MepBHI.

[7] B 9T0ii KHUTE ecTh H3JI0KEHUE TEOPUU HHTErpasia U Mephbl o JTaHuaro.
Hare uzsioxkenue ciemyer 1ol KHUTE.

[8] DTa KHUTA COAEPKHUT KPATKOe W SCHOE H3JIOKEHHe TEODHH Mephl 1
unterpasa Jlebera. B knure mokazano, Kak Teopusi Mepbl U UHTErpasia Mmpu-
MEHBIETCS B TeOpHH (DYHKIUH JTeHCTBUTEILHON epEeMEeHHOM.

[9] D10 KMACCHUIECKOE PYKOBOACTBO MO TEOPUU MEpBI U MHTErpaia, KOTO-
poe MPUCIIOCOOJICHO /IS HYZK/T T€OPUU BEPOSITHOCTH.

[10]9T0 mpocTo M MOHATHO HANMMCAHHAS KHUTA, KOTOpas TaK:Ke MPUCHIO-
cob/ieHa K Hy»KJJaM Teopun BeposTHOCTH. Harire n3ioxenne reopembl Pajona-
Hukomuma ocHOBaHO Ha MaTepuajax STOW KHUTH.

[11]B 9sroii KHuUre coaepzxKaTcst 060OIIEHHsI TEOPUH MEPbI, O KOTOPBIX B
HAIEM M3JI0KEHUU Mbl HE CMOIJIM JIaZKe YHOMSIHYTh, HO KOTOPBIE HOJIY K-
JIM B TOCJIeZIHEE BPeMsl IMHPOKOe MPHUMEHEHHe P AHAJN3e CTOXACTHIECKHX
JUHAMHYECKUX cucreM (Teopust (bpaKkTagbHBIX MHOMKECTB U T.1I.)
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I'1aBa 2

MeTpuyecKkue 1 TOIOJIOTUYECKUE
IIPOCTPAHCTBA.

2.1 Merpuiueckue OpoCTPAHCTBA.

2.1.1 PaccrogHue u cBg3aHHBIE C HUM IMOHATUI.

Omnpenenenune 2.1.1. Paccrosiauem (MeTpukoii) Ha MHOKecTBe M Ha3bIBa-
eTcs olpeJie/IeHHas Ha JIEKAPTOBOM ITpou3BeeHun MuoxKkecTB M x M dyHK-
nus

d: M x M — R,

KOTOPAast YIOBIETBOPSET YCIOBHUSIM:
1. Cummerpuu:

VieeM,ye M) :d(z,y)=d(y, x). (2.1)
2. HeBbipoxK ternocTu:
iz, ) =0) <= (2 =) (2.2)
3. HepaBeHcTBY TpeyroJibHUKA:
VeeM,yeM,ze M) :dx,y) <d(z, z)+d(z,y). (2.3)
[Monoxkus B (2.3) £ = y, MBIl IOJAYYIUM, 9TO PACCTOSTHHE HEOTPHUIATENBHO:
YieeM,ze M) :d(x, z)>0. (2.4)

Onpenenenne 2.1.2. MH0KecTBO BMecTe ¢ OIIPee/IeHHBIM HA HUM PaCCTO-
gaHrueM (MEeTPUKOIT) HA3BIBACTCSI METPHUIECKUM MPOCTPAHCTBOM.
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Ipumep 2.1.1. EBkaugoso mpocTpanctBo RY ecTh MeTpmueckoe IpoOCTpaH-
CTBO OTHOCUTEJIbHO PACCTOAHUN:

1/2
d(z, y) = ( > - yjIQ) ) (2.5)

1<j<d
d(z, y) = max |z; —yil, 2 = (@1,...2a), y = (11, - - Ya).
Onpepenenne 2.1.3. B MmeTpudyeckoM NpocTpaHCTBE MHOXKECTBO
bz, r)={yldx,y) <r} (2.6)

Ha3bIBa€TCA OTKPBITBIM IIapOM pPaddyCa 7 C HEHTPOM B TOYKE T.

DT0 ompe/ieJeHne AaeTCs 10 anajoruu ¢ (2.5).

IIpumep 2.1.2. MuoxkecrBo C([a, b]) Bcex HempepbIBHBIX Ha OTpe3ke [a, b]
GYHKIUI ecTh METPUYECKOE IIPOCTPAHCTBO OTHOCUTEIbHO PACCTOAHUI:

d(f, g9) = sup{|f(z) — g()| | = € M}, (2.7)

b
A(f. g) = / (@) — 9(@)| da (2.8)
N3 nepaBencrsa TPEyroJibHUKA CJIEJIYET, YTO

d(z, y) < d(z, vo) +d(wo, yo) +d(yo, y),

OITOMY
d([[‘, y) - d(l‘U ) yU) S d([[‘, :EO) + d(yv yO)

3aMeHUB B 9TOM HEDABEHCTBE
T ZTo, Y= Yo, Lo~ T, Yo —Y,
MBI MTOJIYYUM HEPABEHCTBO ITapasLIe 0rPaMMa:
|d(x, y) — d(zo, yo)| < d(z,20) +d(y, yo)- (2.9)

Onpenenenne 2.1.4. Paccrosinmem dist(A, B) mexiy muoxkecrBamu A u
B MeTpuvecKoro mpocTpaHCTBA HA3BIBACTCS BEJMYHHA

dist(A, B) :==inf{d(z,y) |z € A, y € B}. (2.10)
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Tak xak
V(e € A) : dist(z, A) <d(z, a) <d(z,y)+dy, a),
TO
dist(xz, A) < d(z, y) + dist(y, A),

TO3TOMY
VeeM,ye M, AC M) :|dist(z, A) —dist(y, 4)| <d(z,y). (2.11)

Hepasencrso (2.11) M0KHO paccMaTpuBaTh Kak 0600IeHTe HEPABEHCTBA TPe-
yYroJibHUKa.

[Iycts (M, di) u (Msy, dy) -1Ba METpHYECKHX MPOCTPAHCTBA. B3amMHO
OJTHO3HAYHOE 0TOOparKeHue

JiMlHMQ, J(Ml):MQ
HA3BIBACTCH MEMPUUECKUM USOMOPPUIMOM, eCIII
V(rx € My, y €M) :di(z,y)=do(J(x), J(y))

[TpocTpancrBa My u My Ha3bIBAIOT METPUIECKNA N30MOPMHBIMU, €CJIN CYIIIe-
CTByeT MeTpudecKuil nzomMopdusM, KOTOpuIil orobpazkaetr M; na My . Met-
PUYECKH M30MOPQHBIE IPOCTPAHCTBA OOBIYHO OTOXKIECTBIAIOTCS.

2.1.2 CxoamMOCTh B METPUYECKOM IIPOCTPAHCTBE.

Onpexnenenune 2.1.5. Ilocienosarensuocts Touek {z,} C M merpudecko-
ro npocrpancrea (M, d) cxomures K Touke xg € M, ecin

lim d(z, ,x0) = 0. (2.12)

n—oo

Eciu Beimosaeno yesosue (2.12), To mociaegosarenbHocTh {x, } Ha3bIBa-
eTcsl CXOIAMIEHCs, a TOUKA To HA3BIBAETCS MPEJIENOM ITOC/IeI0BATETHHOCTH

B MeTpHuecKoM IPOCTPAHCTBE KazK/1ad CXOAAIIAAC MOCIeI0BATeIbHOCTD
IMeeT TOJILKO OJMH TIpeies, TaK KaK ecin

d(zy , x0) = 0, d(z, , z;) — 0, n — o0,

TO
d(zo, ry) < d(xy, xo) + d(2n, 25) — 0, n — 00,

IO3TOMY
/ /
d(zo, x5) =0, 1 x9 = .
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Onpenenenne 2.1.6. Ilocrenosaresnsnocts Touek {z,} C M meTpudecko-
ro npocrpanctBa (M, d) ynoaersopsier yeaosuto Kormu (110 gpyroii Tepmu-
HOJIOTUH: SBJIAETCS MOCJIe0BaTeIbHOCTbI0 Ko nin aigercs dbyHIaMeH-
TaJBHON MOCJIEI0BATELHOCTBIO), eCITH
lim sup{d(z,, Tpim)|m >0} =0. (2.13)
n—oo
Ecan mocienosarembrocts Touek {x,} C M MeTpHIecKOro mpOCTpaH-
crBa (M, d) cxomurest, o oHa ypoBjaerBopsier ycaouio Komu, Tak Kak

V(n > N(e)): d(xn, Tnim) < d(xy, 20) + d(Tpim, To) < €.

OHAKO HEe BO BCAKOM METPHYECKOM IIPOCTPAHCTBE JI00As 110C/Ie10BATE b
noctsb Ko cxogurces, T.e. umeer upejes. IIpuMepsl MeTpUYECKUX IIPOCTPAHCTB,
B KOTOPBIX MOCJIEI0BATeILHOCTL KOl MOXKeT He UMeThb Mpejesia: MHOMKe-
CTBO PAIIMOHAJIBHBIX YHCEJI C OOBIYHON MeTpHKOil, paccMorpeHHoe B 2.1.2
IPOCTPAHCTBO HEMPEPBIBHBIX Ha orpe3ke [a, b] dyukimit C([a, b]) B MeTpu-
ke (2.8).

Merpukn d u d Ha METPHYECKOM IIPOCTPAHCTBE M 2K6UGAACHMHY, €CIH

V({z,} CM):
(lim sup{d(z, , Znym) | m >0} = 0) < (lim sup{d(zy , Tpim) | m > 0} = 0).

DKBHUBAJICHTHDIE METPpUKH YaCTO H€ pa3JIMdalOoT.

Onpenenenue 2.1.7. Merpudueckoe mpoCTPAHCTBO HA3BIBAETCS HOJIHBIM, €C-
Jau B HeM jobast mocseaoBarTeabHocTh Kormn (dbyHmaMenTaabHas mocaeno-
BATEJIbHOCTH) MMeeT TpeJIell.

[TpuMephl HOJHBIX METPHYICCKIX ITPOCTPAHCTE: IPOCTPaHCTBO RY ¢ 06bId-
HOIf MeTPHUKOil, paccMoTpeHHOe B 2.1.2 TpOCTPAHCTBO HEMPEPHIBHBIX HA OT-
peske [a, b] dynknuit C([a, b]) B MmeTpuke (2.7).

Onpeaenenune 2.1.8. Merpuyeckoe MpocTPaHCTBO (]V[ , c?) Ha3BbIBAETCS I0-
HOJTHEHHEM MeTpudeckoro npocrpanctsa (M, d), eciu:

1(]T4/ , J) -IIOJIHOE METPUYECKOoe TPOCTPAHCTRO.

2. CymecTByeT m3omerpmieckoe Bioxenwe J mpocrpancrsa M B 1po-
crpanctBo M, T.e. Takoe 0TOOparKeHue

J:M»—>]\7

MeTprueckoro npocrpanctsa (M, d) B merpudeckoe npoctpanctso (M | d),
KOTOpOE YIOBJICTBOPAET YCIOBHIO

V(z,yeM):d(x,y)=dJ(x), J(y))
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3. 9T0 m30MeTpUUeCcKoe BIOKeHUe J YIOBIETBOPSET YCIOBUIO: I JIFOOOTO

ssementa & € M cymecTByeT Takasi MOCJIeI0BATeIbHOCT {x,} C M, uro
lim d(¢, J(z,)) = 0. (2.14)
n—oo

Teopema 2.1.1. 1. Jhoboe mempuieckoe NpocmpaHcmseo UMEEM NONOAHE-

HUE.

2. Jhobwie dea nonosnenus 0anH020 MEMPUMECKO20 NPOCNPAHCNEE MET-
PUMECKU USOMOPPHDL.

JokazarenbctsBo.llycts My -MHOXKEeCTBO BCex mocjeaoBaTeabuocTeit Ko-
i ipoctpancrsa M @ {x,} € My, ecau mocaenoBaTeabuocTh {x,} yIoBie-
TBOpsieT yeaoBmio (2.13). YeranoBum B My COOTHOIIEHHE SKBHBAJEHTHOCTH:

(lim d(z,, 2)) =0) & ({z,} ~ {2 }). (2.15)

n—o0o

CummerpuanocTs cootHomrenns (2.15) odeBuna.
13 HepaBeHCTBA TPEYTOILHAKA CJIEYET, ITO

d(x,,, xy) < d(an, 2,) + d(zn , 7)),
MIO3TOMY €CJIN

{zn} ~ {zn}, {zn} ~{an}, ro{al} ~ {ay

OTKYJIa CIeJlyeT TPaH3UuTHBHOCTEL cooTHomenus (2.15). Tlostomy (2.15) neii-
CTBUTEJILHO yCTaHABJIUBAET COOTHONICHNE IKBuBasienTHOCTH. ITyCcTh M -MHOKECTBO
BCEX KJIACCOB 9KBUBAJICHTHOCTH 110 coornomrenuio (2.15). Kirace sxBusasent-
HOCTH, KOTOPBIil COAEPKUT HOCTEA0BATEILHOCTD { X, }, MBI 0003HAMIM CHMBO-

JIOM [Z,]. DTOT KTacC SKBUBAJIEHTHOCTH €CTh TOYKA IPOCTPAHCTBA M. Oupe-
nennm B Muozectse M pacerosaue d, MOTOKEE 10 OIPEIEIEHHIO

(], [yn]) = Tim (., yo). (2.16)

n—oo

[Ipenen B (2.16) cymecrByer s a06bx nocsegosarensuocreit Komm {x,} , {y,}
B M, Tak Kak B cui1y HepaBeHcTBa (2.9)

(@0 s Yn) = d(@m s Ym)| < d@n, Tr) + d(Yn s Ym)-

Hokazxkem, aro dopmyia (2.16) KoppekTHO oupejesser paccrosaue B M,
T.e. 4TO mpaBas 9acThb (2.16) 3aBHCHT TOJBKO OT KJIACCA SKBHBAJICHTHOCTH
[IOCJIETOBATEILHOCTH {X,, } ¥ ITO BLIMOIHEHO YCIOBHE HEBLIPOZKICHOCTH PAC-
crostaus (2.2). Ecau

d([zn]; [ya]) =0,
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TO B cuiy oupexenennii (2.15) u (2.16) aro o3nagaer, 4To

{zn} ~ {yn},

TTOITOMY
Cummerpust paccrosaust (2.16) n HEPABEHCTBO TPEYTOJbHUKA TIPOBEPSIOTCSI

TpUuBUaJIbHO.
[TocTpoum orobOpazkerue

J:MHM,

[IOCTABUB B COOTBETCTBUE TOYKE T € M TOT KJacC SKBUBAJIEHTHOCTH [$] S M ,
KOTODBIH COMEPKUT CTAIMOHAPHYIO MOCJIEe0BATeNbHOCTD {X,, | T, = x}. c-
HO, 9TO TaK ONPEJIeJeHHOe 0TOOpazKeHe eCTh N30METPHIECKOe BJIOKEHEHHe.
[Tokazkem, 9TO OHO YIOBJIETBOpsieT ycaoBuio (2.14).

[Iycts € = [2,] € M. Tak ax {z,} -nocaenosarensuocts Komm B M, T0
V(e >0), In(e), Y(n >n(e)) : sup{d(zy,, Tpim) | m >0} <e.

dAcuo, 9o

d(&, J(xpe)) = lim d(z, , The) <€

n—oo

Teneps gokazem, aro M -mosHoe npocrpaunctio. [Tycrs {€, } -nocaegoBaresbHOCTD
Ko B metpuke d. Ilyctb x, -Takoil ssemenT mpocrpancTsa M, KOTOpbIi
Y/IOBJIETBOPSET yCJIOBHIO

&, J(an)) <27 (2.17)

Torma

(T s Tom) = d(J(20) s J(Tnam)) <

d(gn ) ‘](xﬂ>> + d(§n+m ) 571) + d(§n+m ) J(:L‘n+m))
<27 4+ 270 4 (& s £n)-

CaenosaresnbHo, cooTHomenue (2.17) conocrapiger KaxK/I0ii MOCIe10BaTe b-

Hoctu Komm {§,} B mpocrpancree M nocienosaresbHocts Komu {z,} B
npocrpanctee M. OGo3HAYIIM CEMBOJIOM £y TOT KJIACC SKBUBAJICHTHOCTH, KO-
TOPOMY MPHHAJJIEKHUT ompe/ensemas 1o (2.17) nocaenoBarenprocts Korm
{z,} C M . Jokazkem, 9T0 371eMeHT &) eCTh Mpe/iesl HoCae0BATeIbHOCTH &,

B npocTpancTee M.
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Bocnosb3oBaBmmcen HepaBeHCTBOM (2.17) 1 TeM dhakToM, 9T0 mocae10Ba-
TeJIbHOCTD {X,} ecTh mocsaenoBaresbHocTh Kormm B M, MBI moJydaemM Hepa-
BEHCTBO

d(&n s &o) < d(&n s J(wn)) +d(J(2n) , &0)

<27+ lim d(z,, z,) < 27" + ¢,

ecan To1bKO 1 > N (€). UTak, snemMeHT & ecTh Npees Mocae0BaTebHOCTH
{¢,} m monnoTa mpocTpancTBa M mokasaHa.

Tenepsb JoKazKeM eMHCTBEHHOCTH TonoHeHust. [1ycthb (M , di) -npou3BoabHOe
nonoiHerne npocrpaunctsa (M | d) u Jy -ymoBiaerBopsiomiee yciaosuio (2.14)
BJIOXKeHHe IIpocTpaHcTBa M; B npocrpancTBo M. [Ing KaxKIoro sJjeMeHTa
z € M; B mpocrpancTBe M CyIIecTByeT Takasi MOCJIEI0BATEIbHOCTh {X,},
q9TO

di(z, Ji(xp)) — 0, n — 0. (2.18)

Ecou mocnenoBarenbuocts {x, } yaoBierBopser yeaosuio (2.18), To ona ecTh
nocJsieoBaresbHOCTh Kot B M, Tak KaK B CUJLY U30METPUYHOCTHU BJIOZKEHUS

Ji

sup{d(z, , Tpnsm) | m > 0} = sup{di(Ji(z,), J1(Tpim) | m > 0})
— 0, n— oo.

Ecau mociegoBarenbroctsh {2} Takzxke ygorersopsier yciaosuio (2.18), To
d(z,, , ) = di(Ji(xy), Ji(z})) — 0, n — oo, (2.19)

nosromy ycsopue (2.18) ycTaHABIMBAET B3AUMHO OJHO3HAYHOE COOTBETCTBHE
MeKJy MpoCTpaHcTBOM M W KJaccaMu SKBUBAJEHTHOCTH MO COOTHOIIEHUIO
(2.15) u Tem ompeesisieT B3aMMHO OJHO3HAYHOE 0TOOpayKeHNe MPOCTPAHCTBA
M, Ha IPOCTPAHCTBO M. Jlerxo BHJIETH, YTO 3TO OTOOPaKEHUE U30METPUIHO.
TeopeMma mokazana.

B pasibneiiiiem, nHOTIa HE OrOBapUBas 3TO CHEIUAJIbLHO, Mbl OyAeM CYu-
TaTh BCE METpUYICCKHE ITPDOCTPaHCTBa IMOJHBIMH, TaK BCETJda Mbl MOZKeM ITpeE /-
moJjiaraThb, UTO yzKe MePenuin K HOMOJHEHHIO PacCMaTPpHBAEMOr0 MpOCTpPaH-
cTBa.

2.1.3 IIpuHIMO C2KUMAIOMINX OTOOPaKEHMIA.

Omnpenenenne 2.1.9. Orobpazkenne

A M — M (2.20)
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METPUYECKOr0 TPOCTPAHCTBA B ce0s HA3BIBACTCH CTPOIO CKUMAIOIUM, €CJIH
CyIIeCTBYeT Takas KoHcTaHTa « < 1, 910

Ve M,ye M) :dA(z), A(y)) < ad(x, y). (2.21)

Bameuanue. Pambire ymosiaersopsiomnue ycaosuio (2.21) oTobpazkenus
Ha3bIBaJIUCh CZKHMAIOITWUMHA. Tenepb B HEKOTOPbIX pa60TaX CZKUMaIOIIUMM
0TOOpaKEeHNUSIMH HA3BIBAIOTCH TaKHe OTOOpayKeHus, KOTOpPbIE Y/IOBJIETBOPS-
10T yeaosuio (2.21) mpu a < 1.

Omnpenenenne 2.1.10. Touka zy € M Ha3BIBaeTCHd HENOIABUYKHONW TOUKOI
orobpazkenns (2.20), ecyn

Teopema 2.1.2. Cmpozo corcumarowee omobpasicenue 6 NnoAHOM Mempu-
YECKOM MPOCMPAHCMEE UMEEM, HENOJBUNCHYIO TOYKY U IMA HENOISUNCHAA
mouka eduHCMBEHHE.

JokazarebcrBo. CHavdasa JIOKaKeM CyHieCTBOBAHNE HEIOABUZKHO TOU-
ku. [lycrb x1 -ipou3BosibHBIN 3s1iemeHT npocrpancTsa M. [loctponm mocie-
JOBATETBHOCTD {T;, } MO HPABILILY

Tpr1 = Axy,). (2.23)
[To MHIYKIMET JIErKO JOKA3BIBACTCS, UTO TIPH N > 1 ClpaBeinBa ONeHKa,
d(Tpy1, 1) < " Hd(A(xy), 11),
U3 KOTOPOH CAeNyeT, 94TO
A(Tpim > Tn) < A Tpim s Tnom—1) + A Tpim-1, Toem—2) + ...

a1 (2.24)
(1_—a)d(14(1'1) s lL'l).

U3 370it ONEHKY CJIeIyeT, 9TO HOCAe0BATENbHOCTD {1, } dyHIaMeHTaIbHA
7 TO3TOMY mMeeT mpejest. [lomoxkum mo ompe/ieieHUIO

<a" M1+ +a™ Hd(A(x), 7)) <

To := lim z,,.

n—oo

Cupape1nBa OIEHKA,
d(A(zy) , A(zo)) < d(xy, 9) — 0, n — o0,
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MIO9TOMY TIepexo/is K mpejeny B (2.23), Mbl mostydnM paBeHcTso (2.22). Ecau
T(, TAKKe YIOBJICTBODSET ypaBHeHUIO (2.22), TO

d(x07 I6> = d(A(x0)7 A(‘d))) < Oéd(l’o, x())v
OTKY/Ia CJeyeT, IYTO
d(zo, xy) = 0.
TeopeMma mokazana.

Bameuanue. Asropurm (2.23) Ha3bIBAETCS METOJIOM IOCJIEI0BATEIbHBIX
npubJINKEeHU 1 9acTO UCHOJb3yeTcs Ha mnpakTuke. Ilepexonas k mpejesry
m — oo B (2.24), MBI OJTy9aeM OIEHKY

d(x,, , z9) < const.a",

13 KOTOPOH CICIyeT, 9T0 MEeTO/ MOCHACA0BATeIbHBIX NPHOJIAKEHINA CXOIUTCH
SKCITIOHEHINATHHO.

Pacemorpum mpumep. Ilycrs K(x, y, z) -onpejiesieHHAsT Ha MHOXKECTBE
[a,b] X [a, b] x R! dynknus, KoTopas yI0BIETBOPACT YCJIOBUAM:

1. K(z, y,2) €C(a, b] x [a, b xR,

2.0.K(x,y,2)€C(a, b x [a, b] xR,

2. sup{(|K(z,y, 2)| +|0.K(x,y, 2)| |z, y, 2 € R'} = const. < c0.

[Iycts zo(z) € C(la, b]) -3amannas dbyuknus. PaccMoTpuM HHTErpaibHOe
ypPaBHEHHEe OTHOCHTEJIbHO Hen3BecTHOH dyHKun z(z):

b
Aa) = 2o(0) 4 | Koy, 2()dy. (2.25)

J1s TokazaresbeTBa CyecTBOBAHNSI PellleHns ypaBaerns (2.25) B IpocTpaH-
crBe C([a, b]) ¢ meTpukoit (2.7) paccMOTpHUM oIepaTop

A2)() = 20(@) + p / Kz, y, =) dy. (2.26)

DToT OlepaTOp KOPPEKTHO onpeeseH, tak Kak npu z(z) € C([a, b)) mpasast
gacTh (2.26) mpunamaexut npocrpanctBy C([a, b]). Hasee uveem orneHky

d(A(z1), A(z2))

b
< \u!sup{/ K@, y, 2(y) = K@, y, »@)|dy |z € a, ]}
< const.|ul|b — ald(z1 , z2),

13 KOTOPOil caemyer, uto mpu const.|u||b — a| < 1 omeparop (2.26) sBister-
¢l CTPOTO CZKUMAIONINM M MOITOMY ypaBHeHHe (2.25) MMeeT eTHHCTBEHHOe
pemeHnue, KOTopoe MOxKeT OBLITH IMOJIY4Y€HO MEeTOJ0M I10CJIe10BaTEe/IbHbIX IIPH-
OJIMIKeHnit.

107



2.2 TomoJjornyeckue OpoCTPAHCTBA.

2.2.1 OmnpeaeseHne TOMOJOTUYECKOTO ITPOCTPAHCTBA.

Onpenenenne 2.2.1. Tomosorusa Ha MHOZKecTBe X -3TO Takas cucreMa 7
MOJMHOZKECTB MHOXKecTBa X, KOTOPas YJIOBJIETBOPSIET YCJIOBHSIM:
1. ITycToe MHOXKeCTBO U BCe MMPOCTPAHCTBO MpUHAILIE)KAT cucTeme 7 :

DeT,XeT.
2. Jlioboe oObeIuHeHne MHOYKECTB 13 CUCTeMbl 7 IpUHAIeKAT cucreme 7

A, eT: UAaeT.

3. Ilepeceuenne J11060T0 KOHETHOTO YHCJIA, MHOYKECTB U3 CUCTEMbI 7 TpPUHAI-
JexkuT cucreme 7
A eT: () 4T (2.27)

1<j<N

dcuo, aTo B (2.27) 66110 GBI TOCTATOYHO HOTPEGOBATD, YTOOBI MEpecede-
Hue JI00bIX IBYX MHOXKECTB U3 cHCTeMbl 7 NpHHAIIe)KAI0 OB cucTeme 7 .

Onpenenenne 2.2.2. MuoxkecTBa, KOTOpbIe TpUHAIEXKAT cucTeme 7 | Ha-
3BIBAIOTCSA OTKPBITHIMH MHOKECTBaAMU B TOMOJOrHH 7 (MJIH OTKPHITBIME MHO-
xkectBamu Tonosoruu 7).

MuoxkecTBo X BMecTe ¢ Onpe ie/IeHHOIT Ha HeM TOmo iorneit 7 Ha3bIBaeTcs
TOMOJIOTHIECKUM MPOCTPAHCTBOM. | OBOPAT TaK:Ke, I9TO CUCTEMa, MHOXKeCTB T
OTIpe iesisieT TOMOJIOTHIO Ha MHOYXKeCTBe X . 3aMeTHM, YTO TOHOJIOTHel Ha3bI-
BaeTCs W HAYKa, KOTOPas U3ydaeT TOMOJOTHIECKHE MPOCTPAHCTBA.

Onpegenenne 2.2.3. B rononorunaeckom npocrpanctse (X , 7)) MHOXKECTBO
B C X mnaspiBaeTcs OKpecTHOCTBHIO MHOxkKecTBa A C X, ecim cymecTByer
Takoe OTKpbiToe MoxkecTBo O € T, 9To

ACOCB.

OTKpPBITOE MHOYKECTBO SIBJISIETCS OKPECTHOCTBIO KaXKI0i CBOGH TOYKH.

Jluckpemmoti Tonoiorueii Ha MHOXKeCTBe X HA3bIBAETCsI TOTOJIOTHSI, KOTO-
pad COCTOUT U3 BCEX IMOAMHO2KECTB MHOZKECTBa X B ZLI/ICerTHOIU/I TOIIOJIOI'UNA
OTKPLITBHI BCE IIOAMHOZKECTBAa MHOXKeCTBa X

Anmuduckpemmoti TOTOIOTHE HA3BIBAETCS TOMOJIOTHST, KOTOPAst COCTOUT
u3 AByX MHOKeCTB: (), X. B aHTHIMCKPETHON! TONOJIOTMH OTKPBITH TOJIBKO
nBa MHOKecTBa (), X 1 JIPYIruX OTKPHITHIX MHOMKECTB HET.
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Omnpenenenne 2.2.4. [loqmuoxkectBo A C M MeTpHIeCKOro IpOCTPAHCTBA
(M , d) orkpsiTo, ecin 6o A = (), mubo mag moboit Toukn Ty € A MHOXKe-
crBa A cymecryer map b(zg, €) ¢ LEHTPOM B 9TOi TOUKe, KOTOPHIi Couep-
xured B A.

Jlemma 2.2.1. Ilepeceuerue 110662 08YL OMEDPLIMYLE 6 CMUCAE ONPEIeACH U
(2.2.4) mmoorcecme omrpumo.

Hokazarenbctso. [Tycrs Ay, As OTKPBITBIE B CMBIC/E onpeenenns (2.2.4)
IOJIMHOZKECTBA MeTpuueckoro npocrpancrsa (M, d). Ecmm A\ B = 0, o
AN B orkpwito 1o onpegenenuto. Ecim A(\B # 0 u g € A1) Az, 1O
TOT/IA

H(b(llf[), 61) C Al , b(ﬂfo, 62) C AQ),

IO3TOMY

(e <min(e, €)) = (b(zo, €) C Ay nAg).

CaemoBarenbHo, MHOKECTBO Ap (| Ay YAOBIETBOPSET YCJIOBUIO OMPEIETCHUST
(2.2.4).

CaencrBue 2.2.1. Ilycmo O -cucmema noOMHOHCECTNE METMPUYECKOZ0 TPO-
empanemea M, xomopvie omxpoimos 6 cmuvicae onpedeserus (2.2.4). Tozda
cucmema T = {0, M, O} zadaem monoaoeuro na M.

Onpenenenne 2.2.5. Tonomorus 7 = {}, M, O}, rae O -cucrema ot-
KPBITBIX B CMbIC/IE onpeaeneHus (2.2.4) MOJAMHOXKECTB METPHIECKOTO IIPO-
crpancTBa M, Ha3BIBAETCSA €CTECTBEHHOH TOMOJIOTHEH METPHYECKOrO Ipo-
CTPAHCTBA.

PaccMmorpum npumepsl JIPYyTrUX TOMOJOTHYECKHX MPOCTPAHCTB.

IIpumep 2.2.1. Pacemorpum nostyuaTepsad [0, 1) 1 Ha HEM CHCTEMY TOJMHO-
JKECTB, KOTOPasi COCTOUT U3 Beex moayunrepsanos [0, a), a < 1.

JIerko npoBepuTh, 4TO TA CUCTEMA IIOJMHOXKECTB YIOBJIETBOPSET aKCUO-
MaM TOIIOJOTHH.

IIpumep 2.2.2. Pacemorum orpe3ok [0, 1] U paccMOTpuM Ha HEM CHCTEMY
noamuo)kecTB O, KOTOpasi COCTOUT U3 BCEX JIONOTHEHUI K KOHEWIHBIM MHO-
xkectBaM: A € O, ecmn A = [0, 1]\ {z;, 1 <j<n<oo},n=1,...
Cucrema muoxkects 7 = {0}, [0, 1], O} oupegessier TOnOJIOTHIO HA OTPE3Ke
[0, 1].

Omnpenenenne 2.2.6. Cucrema OTKPBITBHIX IOAMHOKeCTB B C 7 Tomoaoru-
geckoro mpoctpancTsa (X , 7 ) mazsiBaercs 6a30ii Tonosoruu 7, ecan no6oe
OTKPBITOE MOJMHOZKECTBO MIPOCTPAaHCTBA X eCcTb 00beJJuHeHne MHOXKECTB U3
cucremsr B.
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Ipumep 2.2.3. Bazoit ecrecTBEHHO# TOITOJIOIMHA METPHYECKOT'O TIPOCTPAHCTBA
apJisiercst cucrema mapos B = {b(z, ¢) | x € X, e > 0}.

OnmHa ¥ Take TOIOJIOTHS MOXKET OBITh 3ajlaHa C IOMOIILIO PAa3HBIX 0a3.
Hanpumep, ecrecTBeHHAsT TOMOJIOTHS METPUIECKOIO MPOCTPAHCTBA MOZKET
OBITH 3a/aHa C IOMOIILIO CHCTEMBI IAPOB ¢ PANMOHAJBLHBIME PAIAYCAMHE.

Jlemma 2.2.2. Ecau cucmema muosicecms B ecmo 6a3a monoso2uy Ha mo-
noaozuseckom npocmpancmee (X |, T), mo

b1. Jlaa mobozo x € X cywecmeyem maroe muoscecmeo B, € B, umo
r € B,.

b2. Ecau By, By € B u x € By Bs, mo cywecmeyem maxoe By € B,
wmo x € By C By () Bs.

JoxkazareabcTBo. IlepBoe yTBep:KieHHe clieyeT U3 TOrO, YTO BCe MpPO-
crpancTBo X ecrb 00beJuHEHNEe MHOXKECTB u3 cucreMbl B. Bropoe yrsep-
JKJIEHUe CJIeJyeT U3 TOro, 9T0 MHOXKeCTBO B (| By OTKPBITO H MO3TOMY €CTh
00'be/IMHEHNE MHOYKECTB U3 CHCTEMBI 5.

Jlemma 2.2.3. Ilycmov B -cucmema nodmmoocecms npocmparemsa X, Ko-
mopasa ydosaemsopaem ycaosuam bl u b2 aemmu 2.2.2. [lyemv O -cucmema
nodmmoocecme npocmpancmses X, KOmopas cocmoum ud ecex 0bsedunenuli
mroocecms cucmemv B. Tozda cucmema muoscecmes {0, X, O} onpedens-
em monosozuto wa npocmpancmee X, 0as Komopot cucmema muosxcecms BB
aeasemes 6a3ot.

Hokazarensctso. JoctaTouno gokazars, aro ecm Op, Oy € O, 10 O (102 €
O. Tlycrn

01:UVQ, O2:UV5’ Va,VﬁEB
u r € O1() 0O, Torma cymectsytor takue V., , V3 u3 cucremsr B, ato
reVl, xeVy,

IMO3TOMY

reV,cV,( V), V,eB.

Caenosarenbro, MEHOKeCTBO O () Oz €cTh 00beINHEeHne MHOXKECTB U3 CHCTe-
MBI B U II05TOMY NpHHAIIEKHUT cucTeMe MHOKecTB O.

[Iycts By -npou3BoIbHas CHCTEMa HOIMHOXKECTB MHOKECTBa X , KOTOpas
VIOBJIETBOPSIET YCJAOBHIO:

X =JVa. Vo €By. (2.28)
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[Iycth B -cucreMa IOJAMHOMXKECTB MHOYKeCTBa X, KOTOpas COCTOUT M3 BCEX
nepeceveHnii KOHETHOr0 YHC/Ia MHOXKECTB U3 cHcTeMbl By:

BeB: B= ﬂ Bj,BjEBo,n:L...

1<j<n

JIerko BUIEeTh, 9TO TaK MOCTPOEHHAsI CHCTEMa MHOXKECTB [ yIOBIeTBOpseT
ycaosuam bl u b2 w moaTomMy sBJisieTcst 6a30if TOMOJIOrMM HA MHOXKecTBe X.
Cucrema By HasbiBaeTcs npedbasoti monosozuu ¢ 6a3oit B.

[IpuBesem npuMep 3aJaHUsT TOMOJOIUN C IIOMOIIBIO 0a3bl TOMOJIOTHH.

Ipumep 2.2.4. Ilycte X -0KpyKHOCTH pajuyca 1 u B -MHOKeCTBO AyT [ ¢
VTJIOBBIMU KOODIMHATAMHA

l={¢|dl <d<¢2,0< ¢l <¢2<2r}CX. (2.29)

MuozxkectBo B obpasyer 6a3y ronosioruu. [Ipocrparncrtso X B 310it TOMmO-
JIOTUH €CTh CBEPHYTask B OKPYKHOCTH NpsiMast 3oprerdpest (Ipyroe Ha3BaHUe
9TOrO TOMOJIOIHIECKOTO MIPOCTPAHCTBA -CBEPHYTOE B OKPYZKHOCTH MPOCTPAH-
CTBO CTPEJIOK).

[IpuBejem npumep 3a/aHns TOMOJOTHH C TOMOIIBIO MPea0a3bi.

IIpumep 2.2.5. Ilycrs X = R, u By -cucrema 1mosy6ecKoHeYHBIX MHTEpBa-
0B Buga (—oo, a) , (b, 00), a,b € R Dra cucrema obpasyer npenbasy
ecTecTBeHHOf Tomosiorun Ha R!.

Onpenenenune 2.2.7. MHoxkecTBO TeX 3JeMEHTOB 0a3bl TOMOJOIUU, KOTO-
pble cojiepyKaT JAHHYIO TOYKY T, Ha3bIBaeTcsd 0a30if TOMOJIOTUU B TOYKE T
WK JOKAJbHON 6a30it TOMOIOTHN.

dcHo, 9TO A 3a7aHUA TOIOJOIHU AOCTATOYHO B KaKJIOW TOYKe IIPOo-
CTPAHCTBA 33JaTh JIOKAJBHYIO 63y TOIOJIOTHH.

Onpenenenne 2.2.8. CucreMa OKpeCTHOCTEH TOUKHU & Ha3bIBaeTCs (DYHIA-
MEHTaJIbHOM CHCTEMON OKPECTHOCTEN B TOYKE T, ec/iu JII00oi dj1eMeHT 0a3bl
TOIIOJIOIUKU B TOYKE T COJAEPzKUT OKPECTHOCTDL U3 3TON CHUCTEMBI.

Onwmiem 3aaine TOMOJOIHH B TIPOM3BEIEHNH TPOCTPAHCTB.

CuavaJia HAIOMHKM OIpeIeIeHre 1eKapToBa IPOU3BeIeHUs IPOCTPAHCTE.
[Iycts [ -nipomsBojibHOEe MHOXKeCTBO. [Ipeanosoxkum, 4ro Kaxaomy 7 € [
IIOCTAaBJIEHO B COOTBETCTBHE MHOXKeCTBO X,.. PaccMoTpuM MHOXKECTBO BCeX
GYHKIHUI, KOTOpble KaXKJI0My T € [ cTaBAT B COOTBETCTBHE JI€MEHT MHOXKe-
crBa X,

I>517— 2, € X,
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DTO MHOKECTBO (PYHKIUH HA3BIBAETCHA JIEKAPTOBBIM ITPOU3BEICHUEM IIPO-

crpancTB X, u obo3madaercs cumsojaom || X .
Tel
[Tpusepem npumep. Ilycth [ -3T0 OTPE30K HATYPAJIHLHOTO PsjIa:

I={1,...d}, X, =R.

B sTom carydae Touka npocrpancTsa | [ X, -910 dyHKIHA, KOTOPas KaZKA0MY
Tel
ancity 7 € {1,...d} craBur B coorBercrBue Touky r, € R!'. Muomxecrro

3Hauwennit 3To# dynknEM (T1, To ...T4) €CTH TOUKa TpocTpancTia RY.
Terepb UPEIIIOJOKIM, YTO KazKI0€ MHOKECTBO X, €CTh TONOJOIHYECKOe
IPOCTPAHCTBO ¢ Tomojoruel 7,. B 1eKapToBOM IPOU3BEIEHNN MPOCTPAHCTB

[T X pacemorpum cucremy B moaMHOXKECTB BUIA
Tel

BeB:B=]]0O.,0,€T. (2.30)

Tel

rae O, = X, J1j1si Beex T, 38 UCKJAOYEHHEM KOHEYHOI'O YHCJIa HHIEKCOB T € [.
DTa cucTeMa IMOAMHOXKECTB 33aeT 0a3y TOIOJOTHH B AEKAPTOBOM ITPOU3BE-

nennn [ [ X, n mopoxaeHHast 3T0i 6a30if TOMOJOTUST HABBIBAETCSA MULOHOE-
Tel
cKoti monoao2ueti Ipon3BeaeHns mpocTpancTB. OOBIYHO IO YMOJTIAHHIO CUN-

TaeTCd, 4TO JEKapTOBO IPOU3BeIeHHE TOIOJOTMYECKHUX IIPOCTPAHCTB CHAO-
JKeHO TUXOHOBCKOHM TOIIOJIOTHEl.

2.2.2 3aMKHYThIe MHO>KECTBA.

Onpenenenne 2.2.9. MuaoxectrBo A C X B TOIOJOIHIECKOM IIPOCTPAHCTBE
(X, 7) Ha3piBaeTCs 3AMKHYTBIM, €CJIA €70 JOMOTHEHHE OTKPBITO:

(AzamkuyTo) <= (C(A) € T).

[IpuBeneM mpuMepbl 3aMKHYTBHIX MHOXKecTB. Bee mpoctpanctso X u 1my-
cTOe MHOXKeCTBO () 3AMKHYTH B JII0OOM TOHOJIOTHYECKOM IIpocTpancTse. OT-
pe3oK [a, b] ecTb 3aMKHYTOE MHOXKECTBO B €CTECTBEHHOH TOIOJIOTUH PO-
crpancta R!. B npumepe 2.2.4 kaxaoe Muoxkecrso uja (2.29) ecrsb ojHo-
BPEMEHHO M OTKPBLITOe U 3aMKHYTOEe MHOYKeCTEBO.

13 onpenenenns ronosorun u (popmyna ge Moprana ciaepyer

YrBepxkaenune 2.2.1. Jhoboe nepecevenue 3aMEHYMBLE MHOHCECTNG 3AMKHY-
mo u 005edUHERUE KOHEUHO20 YUCAG 3GMEHYMBLE MHONCECTNE 3AMKHYMO.
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Onpenenenne 2.2.10. 3ampikannem Cl(A) muoxkecTBa A Ha3bIBaeTCs Ie-
pecedeHre BCeX 3aMKHYTHIX MHOXKECTB, KOTOPBIE COEPKAT MHOZKeCTBO A:

Cl(A) := n B, B 3aMKHYTO. (2.31)

ACB

BaMbIKaHIe MHOXKeCTBa BCErla CyIecTByeT ( Bce MPOCTPAHCTBO eCTh 3a-
MKHYTO€ MHOXKECTBO M COJEPKHUT JI000€ MHOXKECTBO, IIO9TOMY IepecedeHne
BCEX 3aMKHYTBIX MHOXKECTB,COJEPKAIINX JAHHOE MHOXKECTBO, BCErJa OIIpe-
JIeJIEHO) U 3aMBIKAHUE MHOXKECTBA €CTh HAMMEHbITee 3aMKHYTOe MHOMKECTBO,
KOTOPOE COAEPIKUT MHOMKECTBO A.

Sameuanne. [To-aHrmmiicKu 3aMKHYTOe MHOXKeCTBO -3TO closed set, u 3a-
MBIKAHIe MHOZKECTBA 9acTO 00O03HAYAIOT cHMBOJOM A (KakK CKa3all aBTO-
Py CTYIEHTBI, 4epTa CBEPXy CHMBOJU3UPYET KPBIIIKY, KOTOPOH MHOZXKECTBO
closed). Onnako 310 0603HAUEHHE HE COBCEM YIOOHO, €CJU HA JIAHHOM MHO-
ZKECTBE PACCMaTpPUBaeTCd HECKOIbKO TOIOJOINH U HY?KHO HOACHUATDH, B KAKOR
TOMOJIOTHH OepeTcst 3aMbIKAHUE.

Onpepenenne 2.2.11. B Tono/iornuyeckoM 1pocTpaHCTBE TOYKA Lo HA3bIBA-
eTCs TOYKOH MPUKOCHOBEHUSI MHOXKECTBA A, ecsu Ji00ast OTKPhITas OKPeCT-
HOCTh TOYKW T( UMEeT HEMyCTOe TMepecevdeHne ¢ MHOKEeCTBOM A.

JIrobas Touka muOKecTBa A ecTh TOUKa ero npukocHoBeHus. Touku 0, 1
eCTh TOYKH TIPUKOCHOBeHNUs jijist mHTepBada (0, 1) B ecTecTBeHHOIT TONOIOM N
npamoit RY.

Teopema 2.2.1. Mnuoocecmeo ecex mouex npuKocHo8eHUA MHONHCECNEA COG-
nadaem ¢ e20 3aMbKGHUEM.

JlokazareabcTBo. ODO3HAMUM MHOZKECTBO TOUYEK MPUKOCHOBEHUST MHOYKE-
crBa A cumBosiom [A]. JlokaxkeM, uro [A] -3aMKHYTOE MHOZKeCTBO. IlycTh
zo € C([A]). Torma cymecrByeT Takas OTKPBITast OKpeCTHOCTD V' (xg), 9TO
V(zg) A = 0. TokaxkeMm, 9TO 3Ta OKPECTHOCTH YIAOBIECTBOPSIET YCJIOBHIO:
V(xo) N[A] = 0. Tlycrs yo € V(x) [A]. Tak kak yo € [A] u V(xg) ecrb or-
KPBITasi OKPECTHOCTh TOYKH Yo, OKPECTHOCTD V' (Zo) H0JIKHA HMETh HEIyCTOoe
nepeceveHre ¢ MHOKECTBOM A, a 310 mporuBopednT ee Bribopy. CiieoBaTeib-
HO, TOUEK Tepecedenust okpecrnoctu V(o) u Muoxecrsa [A] me cymectByer
U OKPECTHOCTL V(xy) TPHHAIEKUT TOMOTHEHII0 MHOKecTBa [A]. Orcroma
CJIe[lyer, 9TO JIOIOJIHEHIEe MHOXKECTBa [A] OTKPBITO, a caMO MHOXKeCTBO [A]
3aMKHYTO. Tak kak Cl(A) -HanMeHbliee 3aMKHYTOe MHOZKECTBO, KOTOPO€ CO-
JAEPZKUT MHOXKECTBO A, MBI JOJIZKHBI UMETHh BKJIIOYCHHUC!

Cl(A) C [A]. (2.32)
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JIokarkeM, 4TO BBINOJTHEHO BKJIOYCHUE
C(CI(A)) C C([A)). (2.33)

[Tycte 29 € C(CL(A)). Tak xak C(CI(A)) OTKPBITO, TO CYUIECTBYET TaKas
OTKPBITas OKPECTHOCTD V () TOuKM T, 910 V (29) C C(Cl(A)). Dra okpect-
HOCTB y10BJeTBOpsteT yeaosuto V (xg) (| CL(A) = 0. Ilosromy V(zg) (A = 0.
CaenoBarenvuo, xo € [A], uTo u gokaseiBaer (2.33). 13 (2.32) u (2.33) cie-
JIYeT YTBEDXKJICHHE TEOPEMBI.

CnencrBue 2.2.2. B mempuueckom npocmparcmee mouka Ty 6 MoM U
MOALKO MOM CAYHGE NPUHAOAEHCUM 3AMBKAHUN MHOMcecmsa A, ecau 6
MHoocecmee A cyuecmsyem nocaedo8amesbHOCY, KOMOPaA CTOOUMCA &
mouke xg.

s moKa3aresbCcTBAa ITOTO YTBEDIK/IEHUS JOCTATOYHO 3aMeTUTh, YTO B
CUJIy TOJBKO YTO JIOKA3aHHOI TeopeMbl B METPHUYECKOM MTPOCTPAHCTBE TOUKA
ZTo B TOM ¥ TOJBKO TOM CJIyYae MPUHAIIEKHUT 3aMBIKAHUIO MHOMKeCTBa A,
ecn JIo00i map ¢ HEHTPOM B TOYKE T IIEPECEKAETCSI ¢ MHOKECTBOM A.

N3 onpenenenns 2.1.4 cireryer, 9T0 pacCTOdHNE MKy TOYKOW U MHOZKE-
CTBOM PaBHO HYJIIO B TOM U TOJILKO TOM CJIy4ae, eCJIu CyIIeCTBYeT MTpUHaIIe-
JKalllasg MHOXKECTBY TIOCJIe/I0BATEIbHOCTh, KOTOPas CXOJIUTCS K ITON TOUKe.

[Tostomy u3 2.2.2 BBITEKaeT

Caenctue 2.2.3. Ecau A -3aMKEHYMOE NOOMHONCECTBO MEMPUNECKO20 NPO-
cmparemea, mo x € A 6 mom u Moavko mom cayuae, ecau dist(z, A) = 0.

3aMeTnM, UTO PACCTOSHUE MEXKIY ABYMs 3aMKHYTBIMH HEIlePeCeKaIOIH-
MHCsl MHOYKECTBaAMH MOzKeT ObITh paBHO HYy/I0. [IpuBesem npumep. B mioc-
koctn R? ¢ 0OBIYHOI TOMOIOTHEH PACCMOTPIM MHOMKECTBA

A= {(l’l, 1'2) | T1T9 = 0}, B = {(ZL‘l, (L’Q) | T1T9 = 1}

MHuo)kecTBO A -3TO KOOPJAWHATHBIE OCH, MHOXKECTBO B -3T0O jiBe runpOOJIbI.
MuoxkecrBa A u B 3aMKHYTHI U He nepecekatorcs, Ho dist(A, B) = 0.
BarkHoe cBOICTBO 3aMKHYTBIX MHOZKECTB B HOJHOM METPHIECKOM IPO-
CTPaHCTBE OMUCHIBAETCS B TeopeMe, KOTOpas MO0 HCTOPUYECKUM MPUUNHAM
HOCHUT Ha3BaHHe TeopeMbl bBapa o kareropusx. TepMuH KaTeropus B 3TOM
HA3BAHUU HE WUMEeT HUYEro ODIero CO CBOMM COBPEMEHBIM 3HAYEHHUEM.

Teopema 2.2.2. Ecau noanoe mempuueckoe npocmparcmeo M ecmv cuem-
Hoe obsedunenue C80UT 3AMKHYMBLT NOOMHONCECTNE:

M= JA,, vn: Cl(4,) = A,
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mo 00HO U3 ITNUL NOOMHONCECTNG COOEPHCUM, OTNEDPLIMBLT WaD:
A(A,, €>0,b(zo, €))) : bzg, €) C A,.

JokazarenncrBo. Ecaun M = Aq, To Bce m0Ka3aHO: MHOKeCTBO A; comep-
xKut Bee mapbl npocrpancrsa M. Ecou C(A;) # (), o muoxkecTBo C(A;)
OTKPBITO M COIEPXKUT II0 KpaiiHeil Mepe ogHy Touky x1. CiiegoBaTeabHO,
MuOKecTBO C(A]) COmEPKUT OTKPHITHIH TIap:

Hb(ZL‘l, 61) C C(Al)
OdeBuaHO, YTO

b(ZCl s 61) ﬂAl = @

Ecau map b(xq, €;/4) comepxurcs B MHOKecTBe As, TO Bee nokazano. Ecin
b(zy, €/4) ¢ As, To muoxectBo C(As) () b(xy, €1/4) OTKPBITO U COAECPIKUT

10 Kpaiireil Mepe ouy ToUKy Z2. CiaegoBarennio, Muozkectso C(Aq) (b(z1, €1/4)
COJIEPZKUT OTKPBITHII 11ap:

Ib(ws, €)1 b(az, €2) C C(Az) [ )b(x1, €1/4)
Mpubr MozkeM BBIOpATh paJuyc 3TOrO Mapa Tak, 4YTo
€x < 61/4 .

OueBuiHO, 9TO

bz, e2) () (A1 UA2> — 0.

Tak Mbl 1160 Ha N-OM IIare IMOCTPOCHUS IIOJIYYUM IIAP, KOTOPLIA HEJIHKOM
COICPZKUTCS B MHOZKECTBE A,,, 100 MOCTPOUM GECKOHEIHYIO TOCIEI0BATEIb-
HOCTH apoB {b(z, , €,)}, KOTOpbIE YIOBIETBOPSIOT YCIOBUSIM:

1
b(xy, €n) Db(Ty, €,/4) Db(Tpi1, €ns1) Doy €ngr < Zen,
bz, en)ﬂ< U Aj) =0, . (2.34)
1<j<n

OdeBuaHO, YTO

d(xna In+m) S d<xn7 xn—&-l) + ... d(xn—f—m—l ) xn-i—m) S
1 (1+ 1 n 11 b < 1
4671 1 11 3671-



Tak Kak €, — 0, n — 00, TO OTCIOJA CJIEYET, 9TO HOCIET0BATEIbHOCTD { X, }
CXOIUTCST, IPUYEM ee MpeJiesl Lo JeXKHUT B mape b(x, , €,):

1
Vn: d(z,, x9) < 36n-
B cuty coornomenust (2.34) orciona ciaeayer, UTo
vz g | A
1<j<n

Jero OBITH He MOXKeT, TaK Kak xog € M. Teopema moxkazana.

B 3aKJIIOYEHHUU 3aMEeTUuM, 4TO B TOIIOJIOI'MYECKOM HPOCTPAHCTBE MHO2KE-
CTBO MOZKeET 6bITb OTKPBITBIM, 3aMKHYTBIM, OTKPBLITHIM W 3aMKHYTBIM OJIHO-
BPEMEHHO M HU OTKPBHITHIM, HU 3aMKHYTHIM.

2.2.3 HenpepsbiBHBIE 0TOOpaXKeHU4.

Onpegenenne 2.2.12. Orodpazkenue
f: X—Y (2.35)

(mo aryroit TepmuHosIorHu: GyHKIUA ¢ 06aacTbio onpejeeruss X u obJa-
CTHIO 3HAYEHUH Y') TOMOJOrHYIECKOrO MPOCTPAHCTBA X B TOHOJOTHYECKOe
MPOCTPAHCTBO Y Ha3BIBAETCS HEIPEPBIBHLIM B TOUKE To € X, eC/In Mpoodpas
Y (V(yo)) € X moboit okpecrnocru V(yg) C Y Touku yo = f(x9) ecrnb
OKPECTHOCTb TOYKH X().

OueBugna

Jlemma 2.2.4. Omobpascenue (2.35) menpepueno 6 mouxe ro € X, ecau
daa mobozo mmoocecmea V(yo) € Blyo), e2de B(yo) C Ty -aokanrvuaa basa
monoaoeuu 6 mouke yo = f(xo), cywecmeyem makas oxpecmmuocms U(zy) €
B(zg) C Tx us aokasvnol 6a3v monoaozuu ¢ mowke xo, wmo f(U(xg)) C

V(o)
Orciona caeayer

Jlemma 2.2.5. Omobpasicerue
f: M1 = M2

mempuseckozo npocmparemea (M, dy) 6 mempuueckoe npocmpancmeo (M, ds)
HENPEPLIEHO 6 MOUKE T, ECAU

V(e >0, 3(6(e) > 0) : f(bo, 8(e))) C b(f(wo), €). (2.36)
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Kak u B Kypce MareMaTHYeCKOIO AHAJIN3a, JIEFKO JOKA3bIBACTCSH, UTO
yeaoBre (2.36) 9KBUBATIEHTHO YCJIOBHIO:

V{zn}: (20 — 20) = (f(20) — f(20))-

Omnpenenenne 2.2.13. Orobpazkenue (2.35) TOMOJOrHIECKOTO MPOCTPAH-
crBa X B TOIIOJOTHYECKOE IPOCTPAHCTBO Y HENPephIBHO, €CIM OHO Hempe-
PBIBHO B KaxKJIOfl TOUYKEe IPCTPaHCTBA X .

[Ipumepbl HEIPEPBIBHBIX 0TOOPAKEHHIT XOPOIIO U3BECTHHI: J1I0bast (PyHK-
IMsl, KOTOpas HenpepbiBHA Ha oTpeske [0, 1] B cMbIcsie TOro onpe/ieieHus, KO-
TOPOE IaBAJIOCh B KypCce MaTeMaTHIeCKOTO aHAIN3a, €CTh HEIIPEePhIBHOE OTO0-
pazkenue orpeska [0, 1], paccMaTpuBaeMoro Kak METPHIECKOE IPOCTPAHCTBO
¢ merpukoii d(z, y) = |x — y|, B geficrBurensuyio npsmyio R, paccmarpu-
BaeMYIO KaK METPUYECKOe IIPOCTPAHCTBO € TOH »Ke METPUKO.

3aMeTuM, YTO HEIPEPHIBHO OTOOparKeHHe WU HEeT, 9TO CBOMCTBO 3aBH-
CHUT U OT TOIOJIOTUM B 00JIACTH OIpeaeaeHuss (PyHKIWH, H OT TOIOJOTUU B
obsiactu 3uadenuii pyukiuu. Jliodoe orodparkenue JUCKPETHOrO MPOCTPAH-
CcTBa B JI000E TTPOCTPAHCTBO HENpepbuiBHO. Ha aHTHAMCKPETHOM MPOCTPaH-
CTBe HeIIPEePBIBHBI TOJBKO IIOCTOsIHHBIE OTOOpakeHusi, a oTobpazkeHue J11000-
r'o IPOCTPAHCTBA B aHTHIUCKPETHOE HenpepbiBHO. Ha onpemesieHHOM B IpH-
Mepe 2.2.4 TpocTpaHcTBe (CBEPHYTOM B OKPY2KHOCTH TPOCTPAHCTBE CTPEJIOK )
paceMorpuM (PYHKITUIO

0,0<op<m
1, 7 < ¢ <27

f(9) =

Jlerko BujeTh, 4TO 3Ta (PYHKIMA HENPEPbIBHA, €CJAU €€ PACCMATPUBATH KaK
0TOOpakeHue CBEPHYTOI0 B OKPYKHOCTD MPOCTPAHCTBA CTPEIOK B JIEHCTBY-
TEJbHYIO IPAMYIO C €CTECTBEHHON TOIOJIOruei.

Teopema 2.2.3. Ilycmo
f: XY

-omobpasicenue monosozuveckozo npocmpancmea (X, Tx) 6 monosozuue-
cxoe npocmparcmeo (Y | Ty). Caedyrouue ycaosus IK6UBAAECHMHL:

1. f nenpepwvieno na X.

2. Obpaz 3aMuKaHUA A100020 MHONCECTBG COOEPHCUMCHA 8 3AMBIKGHUL
obpasa:

V(A C X): f(CL(A)) C CI(f(A)). (2.37)

3. IIpoobpas 2106020 3aMKEHYMO20 MHOHCECMEBG 3AMKHYM:
(B =CUB)) = (CI(f(B) = f(B)). (2.38)
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4. Ilpoobpas ecaxozo omrpvimozo 6 Y muoscecmea omrpoim 6 X :
V(B € Ty) : f_1<B) € Tx. (239)

HoxkaszarenncTBo. JlokazkeMm, UTO M3 HEPBOrO YCJIOBHUS CJIELYyeT BTOPOE.
[IycTh orobpaxkenue f HempepbIBHO B CMbICHIe ompeaenennd 2.2.13 u xy €
Cl(A). Tlycre V(yo) € 7y -upousBosibHAsE OTKPBITAss OKPECTHOCTH TOYKH
yo = f(xo) mw U(xg) € Tx -Ta OKPECTHOCTh TOYKH To, KOTOPAsk B CHIY OIIpe-
JIeJICHAS HeNPEPBIBHOCTH YAOBJICTBOPLAET YCIOBHIO

f(U(x0)) € V(wo)-

Tak kak g € Cl(A), To U(zg)(A # 0, nosromy f(U(xo)) () f(A) # 0.

CanenoBaTe/ibHO,
Vo) () £(A) #0.

MBI 10Ka3aJ1H, 9TO TPOU3BOIbHAST OTKPBITAs OKPECTHOCTH TOUYKH Yy Hepece-
Kaetcst ¢ MHO)KecTBOM f(A). Otciona caenyet, uro yo € CI(f(A)) u mostomy

F(CL(A)) C CI(f(A)).

Tenpsb goKazKeM, YTO U3 BTOPOTO YCJIOBHUA cieayeT TpeThbe. [lycth B 3aMKHY-
oY n A= f1(B). Torna

f(CI(A)) C CI(f(A4)) = CI(B) = B,

IIO9TOMY

CllA)c f'(B)=A

u A 3aMKHYTO.
JlokazkeM, 9TO U3 TPETLErO yCJIOBUs BbITeKaeT 4erseproe. Ecaum A or-
KpbiTo, T0 C(A) -3aMKHYTO, TIOSTOMY MHOZXKECTBO

C(f7(A)) = f7H(C(A))

3aMKHYTO, & 9TO M O3HAYaeT, 4To MHOKecTBO [ (A) OTKpHITO.

Eciin BbIIOJIHEHO YeTBEPTOE yCA0BUE, TO B KaxKJ0i TOUKe & € X BbIIOJ-
HEHBI YCJOBUS JieMMbI 2.2.4, 103TOMYy OTOOparKeHUe HENPEPBIBHO B KaXK0M
Touke x € X, T.e. HenpephiBHO. Teopema mokaszaHa.

[Tepeuncanm HEKOTOPbHIE OYEBUIHBIE CBOMCTBA HEMPEPHIBHBIX 0TOOparKe-
HUH.

Ecau oto6pazenwe (2.35) HenpepsiBao, Imf = Y u orobpaxkenue g: Y —
Z HenpepbIBHO, TO KOMIO3UIHsT 0ToOpaxkeHuit g o f : X +— Z HempephIBHA.
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Ecau {f,} -npousBosibHOe cemeiicTBO oToGparkeHuii MHO)KecTBa X B TO-
MOJIOTHIECKHE TPOCTPAHCTBA Y (), TO CHCTEMa MHOXKECTB

B={0]0=[;"(A), A€ Ty}

orpeaeasdeT Ha MHOXKecTBe X 0a3y TONOJOIHH, B KOTOPO Bee OTOOParKeHHsI
fo HETIPEPBIBHBI. DTa TOMOJIOTUS HABBIBACTCS UHUUUAALHOT MONO0A02UET TS
cemeiicTBa oTobparkenuii { f, }.

B uactroCTH, onpenessiemast o (2.30) 6a3a TOMOIOTHE B POU3BEICHUN

[] X mpocrpancTs siB/sleTcst HHUIUIAIBHON TOMOJIOTHEH OTHOCHTEIBHO KO-
Tel
HEYHBIX CHCTEeM O0TOOparKeHHil IPOeKTUPOBAHUS

P(r(j) : [[Xr = Xy 1< < (2.40)
Pr(i)) ([ ) = z-i)- (2.41)

Ecau { f,} -cemeiicTBO mpoH3BOIBHBIX OTOOPAKEHHUI TOMOJTOIHICCKHX TIPO-
crpancTB X () B MHOXKECTBO Y, TO CHCTEMa MHOXKECTB

B={B|f,(B) € Txw}

ompejiesIsieT Ha MHOYKecTBe Y mpenbasy TOHOJIOIHH, B KOTOPOil Bee 0ToOpaske-
must { f, } HEMPEpLIBHBI. DTa TOMOJIOTUS HABBIBACTCS HunasbHOT MONnoAo2uet
BY.

Ecim 77 , 75 -nBe TOMOIOTHH Ha MHOXKECTBe X, TO TOBOPAT, YTO TOIO-
aorust 7y cusbhee (obosuadenue 7y = T3) Tonosoruu 7o (wau tonosorust 7o
cnabee Tononorun 71), eciim Ty C Tq, T.e. eCid KazKJI0€ MHOKECTBO, OTKDBbI-
TOE B TOMOJIOTHU T3, OTKPBITO U B Tomosoruu 7;. Eciu BRIOYeHHsT cTporue,
TO FOBOPST, YTO COOTBETCTBYIOIIAs TOLHOJIOIHs CTPOro cuiibHee (ciabee).

Jlas Toro urober Tonosorust 7y Obita Obl cusibHee Tomoorun 7y, HEOOXO-
JIIMO U JIOCTATOYHO, 9TOOBI OBLIO HEIPEPBHIBHBIM TOYXKIECTBEHOE 0TOOpaKeHe
npocrpancrsa (X , 77) B mpocrpanctso (X | T3).

Ecim A C X npousBo/ibHOE TTOAMHOKECTBO TOMOJOTHIECKOTO MPOCTPAH-
crBa (X, Tx), To Ha MHOXKeCTBe A MOYKHO BBECTH TOMOJIOTHIO T4, TOJOKUB
o oupegenennio Ty = {0, A, A O}, tne O € Tx. Tononorna T, Ha-
3BIBAETCS UHAYUUPOSaHHOT monoaozuet. BoobIie roBops, OTKPHITHIE W HJIN
3aMKHYTbIe IOJMHOYKECTBA TOMOJOTUU T4 He SBJIAIOTCA OTKPBITBIMH HJIA
3aMKHYTHIMH TOAMHOKecTBaMu Tonoaorud Ty. [lpusenem npumep. Ilycrs
X =R! ¢ o6sranoit Tomomorneit u A = [0, 1). B sTom caydae Mmuoxkectso A
B Tomojioruun 7x HU OTKPBHITO, HU 3aMKHYTO, a B TOmOJ0ruu 74 MHOZKECTBO
A ¥ OTKPBITO, U 3aMKHYTO.
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Jlemma 2.2.6. Fcau A -omEpoimoe nodmMHoiHcecmeo monos02uieckozo npo-
empanemea (X , Tx ), mo nodmmuoscecmeo B C A omxpwmo 6 monoaozuu Ty
6 MOM U MONBKO MOM CAYYUAE, ECAU MHONMCECTNE0 B omKkpbumo 6 monoaso2uu
Tx. Ecau A -3amxHymoe NOOMHONCECMBO MONOA02UYECKO20 NPOCTPAHCMEA
Tx, mo nodmnosicecmeo B C A zamrnymo 6 monoaozuu T, 6 mom U moavko
MOM CAYHGE, ECAU MHoKcEcmBo B samkxnymo 6 monoaozuu Ty .

JoxkazarenscrBo.Fieoim A w B C A orkpwiThl B Tomosoruu 7Ty, TO MHO-
xkectBo B = A() B orkpsiTo B TOmOJMOTHA T4, TOTOMY JIE0O0E MHOKECTBO,
OTKPBITOE B TOHOJIOTUKA Ty, OTKPBITO U B Tomoorun 74. Ecau A oTKpBITO
u B orkpbito B Tononoruu Ty, o B = A() O, rpe O OTKPHITO B TOMOJIO-
run 7y, mosroMy B oTKpuiTO B Tonosoruun ZTy. Ecim A u B C A 3aMKHYTHI
B ronostorun Ty, To MHOXKecTBO Cx(B) oTKphITO B TOmOMOrNN 7y, MO3TO-
My MmuOKecTBO Cu(B) = A[)Cx(B) orkpsiTo B Tomoarnu 7y, a MHOXKe-
ctBo B 3amkHyTO B TOomosioruu 74. Ecim A 3aMmkuayTO B Tomosorum Ty, a
B C A samkuyto B Tomosoruun T, 1o A\ B orkpbiTo B TOomogoruu Ty,
nosromy A\ B = A O, tae O orkpbITO B TOMOAOTUH Tx W MHOXKECTBO
Cx(B) =(AN0O)UJ(Cx(A)) orkpsito B Tomonoruu Ty, 1. €. B 3aMKHYTO B
ronoyrun Ty . Jlemma nokasana.

2.2.4 AKcuomsbI OTJEJIMMOCTHU.

BzanMooTHOIIEHNS TOYKN W OKPECTHOCTH B TOMOJOTHYIECKOM ITPOCTPAHCTBE
PeryJIpyIoTcd aKCMOMaMU OTJIeJIMMOCTH. BOT CHIMCOK 4acToO UCIOJb3YyeMbIX
AKCHOM OTJICJTUMOCTH.

1. Axcuoma Ty. ITo kpaiiHeit Mepe oHA W3 JIOOBIX ABYX TOYEK MPOCTPAH-
CTBA UMeeT OKPeCTHOCTb, KOTOPas He COJEPXKUT JIPYIYIO TOYKY.

[Tpumep MPOCTPAHCTBA, KOTOPOE YIOBAETBOpsieT akcuome Ty (u He yio-
BJIETBODSIET HUZKE CJICJLYIONIUM aKCHOMaM) IpuBeseH B npumepe 2.2.1

2. Axcuoma’l). Kaxkaast w3 AByX JIIOOBIX TOUEK TTPOCTPAHCTBA NMEET OKPECT-
HOCTb, KOTOPasl He COJEPKUT APYIYIO TOUKY.

[Tpumep MPOCTPAHCTBA, KOTOPOE YIOBIETBOpsieT akcuome Ty (v He yio-
BJIETBOPSIET HUZKE CJIC/LYIONIMM aKCHOMaM) MPHBEJIeH B npumepe 2.2.2.

B mpocrpancTse, KoTOpOe yIoBAETBOpsAeT akcuome T, Kaxkjasd TOUYKa
€CTh 3aMKHYTOE MHOYKECTBO.

3. Axcuoma Ts. Jliobble jiBe TOYKH MPOCTPAHCTBA UMEIOT HEMEPeCceKaro-
muecs OKPeCTHOCTH.

4. Axcuoma Ty. Y mroboro 3amrHyToro muoxkecrsa A u Toukn x € C(A)
€CTh HellepeceKaroluecss OKPeCTHOCTH.

5. Axcuoma Ty. JlioOble 1Ba 3aMKHYTBIX HEIIEPECEKAIONINXCA MHOYKECTBA
UMeIOT HellepeceKalolnecs: OKPeCTHOCTH.
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Axcmome Ty HA3BIBaETCA aKCHOMO OTHeTmMOCTH Xaycaopda, a mpocTpaH-
CTBa, KOTOPBIE YIOBJETBOPSIOT aKcuoMe 15, HA3BIBAIOTCS Taycdophosuimu
nPOCMPAnacmseamuy. fICHO, 4TO METPUYECKOE HPOCTPAHCTBO SBJISETCH Xay-
c1opdoBBIM TTpocTpaHcTBOM. Berpeuaronnecss B aHan3e MpPOCTPAHCTBA, da-
1€ BCETO SIBJISIIOTCS XaycA0pdOBaMu MTPOCTPAHCTBAMHA.

[TpocTpancTBa, KOTOPHIE YIOBJIETBOPSAIOT akcmomam 17 u T3, Ha3bIBAIOT
pPeryaapHBIMI IPOCTPAHCTBAMH.

[TpocTpancTBa, KOTOPHIE YIOBJIETBOPSIOT akcuomam 17 u Ty, Ha3bIBAIOT
HOPMAaJIbHBIMU TTPOCTPAHCTBAMH.

JI1060e HopMaJIbHOE TPOCTPAHCTBO ABJIAETCA PETrYASIPHBIM IPOCTPAHCTBOM,
Ji06oe peryasipHoe MPOCTPAHCTBO ABJIAeTCS XaycI0pdOBBIM IPOCTPAHCTBOM.

Jlemma 2.2.7. IIpocmpancmeo X xaycdopdoso 6 mom u moavko mom cay-
wae, ecau 6 dexapmosom npoussedenuy npocmparcme X X X duazonans:

diag C X x X, diag ={rxy|lzeX,ye X, xz=y}
eCmb 3AMKEHYMOE MHONCECTNEO.

[IycTh mpoctpancTo X xaycaopdono. Jlokaxkem, 4T0 iHaroHa b 3aMKHY-
ta. Ilycts o X y & diag. Torma © # y, U CymeCTBYIOT TaKue OTKPBITHIE
okpectroctu V (z) u V(y) Todek x u y, 9TO

V(z)(\V(y) = 0. (2.42)

Torma muo)kecTBO V(%) X V(y) €cTh OTKPBITAs OKPECTHOCTH TOYKH T X Y B
npocrpancTBe X X Y, koropas B cuity (2.42) He mepecekaeTcs ¢ IHATOHATBIO,
nosromy muoxkecrBo C(diag) orKpbiTo, a MHOXKeCTBO diag 3aMKHyTO. Ecjiu
JINArOHAIH 3AMKHYTa, TO TOYKA T X Y IPH T 7# Y UMEET HeIePeCeKAIONTy0cs C
JITArOHAJIBIO OTKPBITYIO B TOTOJIOTUN nipou3seienus X X X okpecTHOCTD. [1o
ornpejesieHuio 6a3bl TonoIorun B npocrpancTse X X X JTOMKHBI CYIECTBO-
BATh TaKue OTKPBIThIE OKpecTHOCTH V () 1 V (y) TOUeK = U y, 9TO BBIIIOJIHEHO
coornomenue (2.42). Jlemma noxazaua.

CirecTBHEM 3TOi JIEMMBI SIBJISIETCSI

Jlemma 2.2.8. Ecau f u g -nenpepustvie omobpasrcenus npocmpancmea X
6 raycdopposeo npocmparcmeo Y u

V(z e A) : f(x) =g(x), (2.43)

V(x € CL(A)) : f(z) = g(z). (2.44)



JokazarenbcrBo. Paccmorpum orobpazkenue F' nmpocrpancrsa X B mpo-
crpancTBo Y X Y:

Xz F(x)= f(z) x g(x) €Y x Y.

OrobGpazkenue F menmpepblBHO, T03TOMY TIpoobpas F~!(diag) C X samxmy-
Toro B TomoJioruu Y X Y mHOxkKecTBa diag C Y X Y 3aMKHYT B TONOJIOTHH
npocrpanctea X. Ho A C F~(diag), nosromy Cl(A) C F~(diag). Jlemma
JIOKA3aHa.

JIlemma 2.2.9. Mempuueckoe npocmpaHcmeo ecmb HOPMAALHOE TPOCTPAH-
cmeo.

Jlokasamenvemeo. 3aveTuM, 9T0 B cuiy HepaercTBa (2.11) as mo6oro

MHOXKecTBa A dhyHKIHA
x +— dist(z, A)
HenpepsiBHA. [IycTh MHOXKecTBa A n B 3aMKHYTHI U He IlepecekaroTcs. Torma
byHKIMST
x — dist(x, A) 4+ dist(x, B)

B Ccuily cjaejcTBus 2.2.3) He paBHA HYJIO HU B ONHOI TOYKe, TaK KakK HET
TaKUX TOUEK, KOTOPhIE TTPIHA/IIEYKAIN ObI 1 MHOKECTBY A, n MHOXKecTBY B.
[TosTomy bynkmus

B dist(x, A)
~ dist(x, A) + dist(z, B)

/(@)
HerrpepbiBHA. [lomoxkuMm

Op ={x | f(x)>3/4}, Oa={z | f(x) <1/4}.

B cuny uenpepsiaoctu dyukunu f(x) muoxkectsa O4 u Op oTKpbiThl. Ode-
BH/IHO, YTO OHH HE TI€PECeKAIOTCs U BbINoJHeHbl BKIodenns A C Oy, B C
Op. Jlemma mokazana.

Jlnst 100bIX JBYX HEIepPeCceKarouxcst 3aMKHYTBIX MHOXKecTB A u B B
MeTpHYECKOM TpocTpaHcTBe dbyHKImst (2.45) HENPEphIBHA W YIOBJIETBODSIET
yeaosuto: f(A) = 0, f(B) = 1. Takag byHKIHs CYIIECTBYeT He TOJIBKO
B METPHYECKOM MPOCTPAHCTBE, HO H B JTIOOOM HOPMAaJIbHOM TOMOJOTHIECKOM
npoctpancTBe. /1 moKazaTeabeTBa 9TOTO (DaKTa MBI CHAYAJIA, TOKAKEM JIeM-
MY, KOTOPYIO Ha3bIBAIOT MaJION JIeMMOM VY pPbICOHA.

(2.45)

Jlemma 2.2.10. Ilycmv X -HOPpMAADHOE MONOAORUMECKOE NPOCTPAHCEO U
A -zamrnymoe mmooicecmso ¢ X. Toeda daa w060t omxpuymoti oxkpecm-
nocmu Oy mmoscecmsa A cyuecmeyem makas omMEPLIMGA OKPECMHOCTND
Va2 A, umo

A CVyCClVy) COg. (2.46)
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Hoxkazarennctso. Ilycrs D = C(O4). Muoxkectso D 3amknyroun A D =
(). Tak Kak mpocTpaHcTBO X HOPMAJBHO, TO CYIIECTBYIOT TAKHE OTKDPBITHIE
okpecraoctu Vi D A u Vp D D, uro V4 Vp = 0. TTosromy C(Vp) C Va.
Muozxkectso C(Vp) 3amkuyro u comepxkut V4. Ho Cl(Vy) -namvensrree 3a-
MKHYTO€ MHOYKECTBO, KOTopoe comepkut Vy, nosromy Cl(V,) C C(Vp). Tak
kak Vp D D, o C(Vp) C C(D) = O4. CiegoBaTeabHo, BBIIOJTHEHB! BKJIIO-
qeHUs]

ACVyC CI(VA) C C(VD) C Oy.

JlemMa nokasana.
Tereps j10Kazkem OOJIBITYIO JIEMMY Y PBICOHA.

Jlemma 2.2.11. ITycmo X -HopmaavHoe monoso2uueckoe npemparcmeo, A
u B -3amrxHymule nenepecexarowueca muoocecmsa 6 npocmpancmee X . To-
2da cywecmeyem maxaa nenpepuisnad gynryus f: X — R wmo f(A) =

0, f(B)=1,0<f(x) <1

Hokazaresnscrso. [Tonoxum V(1) = C(B). Muoxkecrso V(1) orkpbiTo un
conepxur MuOKecTBO A. ITycrs V/(0) -rakast OTKpbITasg OKPECTHOCTH MHO-
kecTBa A, 91O

A CV(0) c CUV(0)) C V(1)

Takass OKpecTHOCTBH CYIIECTBYET Ha OCHOBe MaJioil JileMMBbl YpbicoHa. lo-
KaxkeM, 4To Jig Jo0eix n = 0,1,... U JABOMYHO-PAIMOHAJBHBIX P, p =
27"m, 0 < m < 2" MBI MOZKEM HaiiTu Takue OTKpbIThie MHOXKecTBa V (p) , V ('),
49TO

V(' >p): ACV(p) c ClV(p) C V(p). (2.47)

JokazarenbcTBo OyjieM Bectu 1o uuayknuu. Ilpu n = 0 cymecrBoBanue Ta-
KUX OKPECTHOCTel MOKa3aHo Boilme. (n + 1)-if mar wHIyKInd TpoBeIeM Tak.

s

1
p/ = E(Q_Hm + 2—n(m + 1)) = 2_("+1)(2m + 1) , m < 2—n7

MbI, BOCIIOJIb3PBABIINCH MAJIOH JIEMMON Y PBICOHA JIJIst 3aMKHYTOTO MHOMKe-
crea CL(V(27"m)) u ero orkpsiroit okpecrnoctu V(27" (m + 1)), maiizem
TAKYI0 OTKPBITYIO OKpecTHOCTh V (p'), 910

CLI(V(27"m)) c V(2= (2m + 1)) c CI(V (2~ "D (2m + 1)) € V(27" (m + 1)).

CymiecTBoBaHUE YIOBIETBOPSIONIAX YCIOBUIO (2.47) OKpecTHOCTel JTOKA3aHO.
[To moCcTPOEHUIO 3T OKPECTHOCTHU YIOBJIECTBOPSIOT yCJIOBHUIO

V(p'>p) : AC Cl(V(p)) C V() C V(1) = C(B).
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Ornpegenum QyHKITUIO

Fa) = {inf{p [z e V)

1, x€eB.
Oynkuus f(x) yroBIETBOPSET yCIOBUSIM:
fx)=0,z€A; f(z)=1,2€B;0< f(z) <1,z € X.

Hokazxem, aro dyHknus f(z) HenpepbiBHA.
[TIycth

o) = |J V).

p<e/2

MuozxkectBo O(€) oTKpbiTO U U3 onpejgesenust GyHKImuu f(x) caemyer, 910
f(O(e)) C 0, ¢)

[ycrs (t—€/2,t+€¢/2) C (0,1) m O'(e) = V(t+¢/2) \ CLV(t — €/2)).
MuozxkecrBo O'(€) oTkpeiTo U U3 onpejaesnenust Gbyukmun f(z) caemyer, 9To
f(O'(e)) C(t—e€/2,t+€/2).

[Iycte O"(e) = C(CHV (1 — €/2))). Muoxecrso O”(€) orkpeiTO U U3
onpenesennst byuxmun f(z) caemayer, aro f(O"(e)) C (1 —e, 1].

HenpepoiBuoctb dyukiuu f(), a BMecTe ¢ 9TuM u 60JibIlast JeMMa Y Pbi-
COHA, JIOKA3aHbI.

Caencrue 2.2.4. [Iycmo X -HOpMasbHOE MONOAORUYECKOE NPOCNPAHCITEO
uA;, 1 <i<n < oo -NonapHo HENEPECEKANUUECH 3AMKHYMBIE MHOHCE-
cmea 6 X | a; -npoudsosvrvie kKoncmarnmo. Tozda cyuiecmeyem nenpepois-
nasa dynxyua f: X — R, xomopas ydosaemeopaem yeaosuam:

J@)=ai, o€ A [f(@) < ) lal, v € X.

1<i<n

Hoxkaszarenscrso. s muoxkects A = |J A; u B = A; nocrponM byHK-
J#i
o f;(x), KoTopasi yI0BJIeTBOPSET YCJIOBUSM GOJIBINON JTeMMbI Y PBICOHA.
Torma dpyuxmus

flz) = Zaifi(x)
i
€CTh UCKOMasd (DYHKIIMS.
D10 cJejicTBHE yTo4uHseT TeopeMa bpayspa-Turie-Ypoicona o mpooJ-

JKeHuu hYHKIUH.
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Teopema 2.2.4. [lycmv X -Hopmaavhoe npocmparcmeo, A -zamrHymoe
nodmmonstcecmso 6 X, u: A RY -nenpepvisnas 6 mononozuu Ty oepanu-

wennan pynrkyua. Toeda cyuecmeyem makas wenpepuenas pynrkuyusa f: X —
R, wmo V(z € A) : f(x) = ¢(x).

Hoxkazarenncrso. Ilycrs My = sup{|¢(z)| | € X}. Oupeaennm muoxe-
cTBa

Ago ={z [ () > Mo}, An = {z | P(x) < —Mp}.
MuoxkectBa Aoy, Ap1 3aMKHYTH B ipocTpanctse (A, 74), a mockoabky A 3a-
MKHYTO B X, TO 3Tl MHO»XKeCTBa 3aMKHYTHl U B X . [locrpoum HenpepbiBHYIO
Ha BceM mpoctpancTBe X byHKIH0 fo(x), KOTOpast yA0BIETBOPSIET YCIOBH-
SIM:

fo(z) = My/3, x € Ag; folr) = —My/3, z € Apy
|fo(z)] < My/3, z € X.

CyiecrBoBaHme Takoii (DYHKIINK CAeayeT 3 O0bINOoi JeMMbl Y pbicoHa. To-
JIOYKUM

i(z) = ¥(x) = folx).

Dyukus ¢ () HenpepbIBHA HA A U yJIOBJIETBOPSET OIEHKE
sup{|¢1(z)| | x € X} < 2/3M,.

K dyukiun ¢; Mbl cHOBa NpUMEHUM Hallle noctpoeHue. Tak Mbl HOJTYyIUM
GYHKITMOHAIBHBIE TTOCIEI0BATE/IHHOCTU

bo(x) = P(x) , Ynir(2) = hn(z) — fulz),
sup [Pn1 ()] < 2sup [a(2)|/3, = € A,
fn(@) = Pn(2) = Pnia (@), | ful2)] < sup[vn(@)|/3, 2 € X,

QyHKIMA

fl)=Y fal@)

0<n<oo

eCcThb UCKOMOE TIpoioyizKeHne byHKuu ().

2.3 KomnakTHble IIPOCTPAaHCTBA.

Omnpenenenne 2.3.1. Cucrema P = {A, | @ € I} OTKPBITBIX IOAMHOXKECTB
TONOJIOIHYECKOTO IPOCTPAHCTBA HA3BIBAETCS OTKPBITHIM IIOKPBITHEM MHOZKE-
crBa A, ecin

Ac A

acl
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Onpegenenne 2.3.2. Orkpbitoe nokpeirue P = {A, | « € [ C I} mHo-
KecTBa A Ha3BIBAETCH MOANOKPbITHEM TOKpbiTua P = {A, | a € [}, ecom
P’ C P, T.e. ecam KayKa0e MHOXKECTBO, BXOJAIIEE B MOKPBITHE P’ BXOTUT U
B IOKpBITHE P.

Onpenenenune 2.3.3. Tonosoruvdeckoe npocTpancTBO K HA3BIBACTCH KOM-
HAKTHBIM TOMOJOTHYECKUM TMPOCTPAHCTBOM (MJIH KOMIAKTOM ), €CJId JIH000e
oTkpbiToe mokpbiTHe {A, | a € I} mpocrpancTa K COAEPXKHUT COCTOSIIEE
U3 KOHEYHOIO YUCJIa MHOKECTB IOJIIOKPBITHE, T.€. COCTOANLYIO U3 KOHeYHOIO
uncsia MHOKecTB nogcucTeMy {Aq.;) |1 < j < N < oo} C {Ay | a € I},
KOTOpas ecTh MoKpbiTHe K.

Onpenenenne 2.3.4. MuoxkectrBo A C X B TOMOJOIHYIECKOM TTPOCTPAHCTBE
(X, 7) na3wpiBaeTCs KOMIIAKTOM B X, €CJIM OHO €CTh KOMIAKTHOE TOMOJIOTH-
YeCKOe IPOCTPAHCTBO B MHJLY IIUPOBAHHOIT TOIOIOIHMH, T.€. €CJIU IPOCTPAHCTBO
(A, T4) KOMIAKTHO.

Onpenenenne 2.3.5. MuoxkectrBo A C X B TOMOJOTHIECKOM TTPOCTPAHCTBE
(X, 7) naseiBaerca npegkoMinakTHbiM B X, ecsin 3aMbikanue Cly(A) ectb
KOMITAKTHOE B X MPOCTPAHCTBO.

Yeaosue (2.3.3) maswiBaercsi ycaosunem Bopess-JleGera. B paGorax H.
Bypbaku n ux mnocsiegoBare/ieil KOMIAKTaAMU HA3bIBAIOTCA Laycdopdhosu, Po-
CTPAHCTBA, KOTOPBIE YIOBIETBOPSIOT yeaoBHI0 bopens-Jlebera. 3amernm, 9To
MIPUMEPHO JI0 cepeauHbl 80-X T'0JIOB B MATEMaTUYECKOU JIMTepaType Ha PyC-
KOM A3bIK€ KOMIIaAKTHBIC ITPOCTPAaHCTBA HA3bIBAJINUCH 6I/IKOMHaKTaMI/I, a KOM-
MaKTaM¥W HA3BIBAJINCH Te€ MMPOCTPAHCTBA, KOTOPHIE Temeph HA3BIBAIOTCA Ce-
KBEHIIHAJTHBHO KOMIAKTBIMH.

[Tpumenenue dbopmyn ge Moprana k (2.3.3) gaer ciejayroriue SKBUBa-
JIEHTHBIE ONpeJie/IeHnIo 2.3.3 yCJI0BUsa KOMIAKTHOCTH.

YceaoBue 2.3.1. Tonosozuueckoe npocmparcmeo K xomnaxmuo 6 mom u
MOALKO MOM CAYUGE, ECAU 6 A000T €20 CUCEME 3AMEHYMBLE MHOACECTNE C
NYCMBM NEPECEYEHUEM COOEPAHCUMCA COCMOAULAA U3 KOHEYHO020 YUCAE MHO-
HCeCms nodcucmema ¢ NYCMvLM NEPECEUEHUEM.

¢lcHO, UTO 3TO yCI0BUE IKBUBAJIEHTHO CJIEAYIOMIEMY.

YceaoBue 2.3.2. IIpocmpancmeo K KoMNaxmmo 6 mom u moasbko mom cAY-
wae, ecAl 8 HemM U3 YCAOBUA, MO M00AA KOHEUHAA NOOCUCTEMA

{Fag) [1Sj<N<oo,a(j)el} C{F.|acl}

cucmemv, {Fy, | o € I} 3ammnymois mnostcecms umeem Henycmoe nepecee-
nuA caedyem, wmo u eca cucmema {F, | a € I} umeem nenycmoe nepeceue-
Hue.
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O6paTuM BHEMaHHE Ha TO, YTO BO BCEX CJIyYasX MHOxKecTBO K paccmat-
PUBaeTCd KaK TOIOJOTHUIECOe MPOCTPAHCTBO U PeUb HAET 00 OTKPBITHIX HUJIH
3aMKHYTBIX MHOXKE€CTBAX B TOIIOJIOTMH IIPOCTpaHCcTBa K.

Jlemma 2.3.1. Fcau K -3amkHymoe nodMHONCECMB0 KOMNAKMHO20 MONOo-
nozuneckozo npocmpancmea (X, T), mo K -xomnaxm.

JTokazarebeTBo. Tak Kak MHOKeCTBO K 3aMKHYTO B X, TO B CHJTY JIEMMBbI
2.2.6 3aMKHyTBIe B K MHOXKeCTBa 3aMKHYTHI U B X, TIO9TOMY YTBepiK/IeHUe
ciaenyert u3 2.3.2.

[TpuBesem apyroe JoKa3aTeIbCTBO 9TOTO (haKTa, KOTOPOE OMUPALTCS TOJIb-
KO Ha ONpejie/eHne KOMIIAKTHOCTH ¢ TTOMOIIBI0 OTKPBITHIX MHOKeCTB. [lycTh
{A, | @ € I} -orkpriToe nokpeiTne muokecrsa K. Torma A, =V, () K, rae
muoxecrBa {V, | a € I} orkpeirol B X, u cucrema muoxkects {C(K), A, |
« € I} ecTb OTKpBITOE TTOKPBITHE MHOKecTBa X . ClieioBaTeIbHO, HEKOTOpAasT
koneunas cucrema {C(K), Vo) | 1 < j < N < 00} ecTb OTKPHITOE MOKPHI-
THe MHOXKecTBa X, a IepecedeHne MHOXKECTB 3TOH CHCTEMBI ¢ MHOZKECTBOM
K ectb OTKpBITOE MOKpBITHE MHOXKecTBa (. JleMma jloka3aHa.

Jlemma 2.3.2. Feau K -xomnaxmuoe nodmmoscecmeo xaycdopdosa npo-
cmparncmsa X, mo K samxnymo 6 X.

Hoxkazarenbcrso.Ecin K = X, ro K 3amknyTo. [lyers C(K) # ). doka-
xkem, uro C(K) orkperro. [lycts y € C(K), z € K. Tak Kak TpocTpaHcTBO
X xaycinopdoBo, TO y TOYEK T, Yy CYHIECTBYIOT HEIPEPCEKAIOIIUECS OTKPbI-
Thie¢ OKPpECTHOCTHN

V(z)sz,U(y) >y, V(x) ﬂ Uy) = 0. (2.48)

Cucrema orkpeiteix B K mmoxecrs {K [V (z) | € K} ectb 0TKpBITOE 1I0-
KPBITHE MHOZKECTBA K, I0ITOMY CYIECTBYET COCTOAIIAST N3 KOHEUHOTO YHCIa
MHOZKeCTB nojcucreMa 31oit cucremsl {K (\V(z;) |1 < j < N < oo}, KoTO-
pas ectb HoKpbITHe MHOKecTBa K. Ilycrs U;(y) -Ta OTKpBITas OKPECTHOCTD
TOYKH Y, KOTOpasi YIOBJETBOPsIeT yeaoBuio (2.48) mnsa okpecrnoctn V(z;),

u nycts Up(y) = () Uj(y). Tak Kak nHIEKCOB j TOJLKO KOHEYHOE GHCIIO,
1<j<N

To oKpecTHOCTb Up(y) oTKpbITa U yaosaersopser ycaosuio Uy(y) C C(K).

JlemMa, mokazaHa.

Teopema 2.3.1. Henpepusrviii 06pa3 KomMnaxkmmoz20 npocmpaHcmen ecmo
KOMNAKM.

Jokazareabcrso. IlycTn

[T K—Y
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-HEIPpEePBIBHOE OTOOpazKeHne KOMIIAKTHOTO IIPOCTpaHcTBa K B TONOJIOrHYe-
CKO€ TIPOCTPAHCTBO Y H

fE) | Vo, VaeT

-OTKPBITOE MOKPBITHE 00pa3a kommakTa K npu orobpaxkenun f. Torna
KclJfrva)

1 13 OTKPHITOrO MOKPHITHs KoMmnakTa K muoxectsamu f~1(V,) MOXKHO BbI-
OpaTh KOHEYHOE TOJIOKPLITHE:

Kc | gy

1<j<N

CanenoBaTebHO,

f(K)C U Va(j)a

1<j<N
9TO U JOKA3bIBAET KOMIIAKTHOCTH MHOKecTBa f(K).

Hokaxkem Teopemy Jlunu.

Teopema 2.3.2. [lycmo f,, -nocaedosamesvrocms Henpepuervir GyHkyut
Ha Komnaxme K:
fo: K — RL

Hp@dTLO./LODfCUM, MO 6blNOAHEHDL YCAOBUA!

Vixe K,n):0< fur(z) < fulx), (2.49)
lim fn(x) =0. (2.50)

Tozda
nh_}rg() sup{f.(z) |z € K} =0. (2.51)

JokazareabcrBo. DukcupyeM Npous3BoJIbHO € > () B pacCMOTPUM MHOZKe-
cTBa

Fo = Az | f() = €}.

B cuty menpepsiBHOCTH (DYHKIHH f,, () MHO)KecTBa F), 3aMKHYTHI, a Tak Kak
B cuy (2.49) nocaeoBaTebHOCTD f,(2) MOHOTOHHO HEBO3DACTAET, TO

Fo1 C F,. (2.52)
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3 (2.50) caemyer, 9T0

Tak kak MHO)KecTBO K KommakT, To u3 (2.52) u ycaosus 2.3.1 caemyer, 410
cymecTyer Takoe n(e), 9o Fy = 0, a 9170 03HaTaeT, 4TO

V(n >n(e)): sup{fu(z) |z € K} <e.

Teopema j0kazana.

[IpuBeem KpuTeprr KOMIAKTHOCTH MHOYKECTBA B METPUIECKOM ITPOCTPAH-
CTBe.

CuavaJsia 1aum

Onpenenenne 2.3.6. MuoxectBo K B MeTpudeckoMm npoctpancTee M cBep-
XOIPaHUYEHO, €CJU KaKoBO Obl HEM ObLI0 € > (), Haiijgercsd Takoe KOHEYHOe
uncio mapoB {b(z;, €) | 1 < j < N < oo}, uro MHOKeCTBO K COAepKUTCS
B O6”be,D;HH€HI/H/I 9THUX HIapPOB:

Kc |J b, e. (2.53)

1<j<N

Pambire cBoitcTo (2.53) Ha3BIBAIOCH BIOJHE OrPAHHYCHHOCTHIO, HO Te-
IePb 9TOT TEPMUH CBA3LIBACTCS € JPYTUM HOHITHEM.

Teopema 2.3.3. Ecau K -mempuueckoe npocmpancmeo, mo CAedyrousue
C80TUCMBaA IKBUBAAECHIMHDL.

1. K -xomnaxmmoe npocmpancmeo.

2. Jhobas nocaedosamenvrnocms {x;} mouex 6 npocmparncmese K codep-
atcum, cxodawyroca x mouwke ro € K nodnocaedosamenvrocms.

3. K ecmb noamnoe mempuueckoe npocmpancmseo U C8eProPaHUMEHHOE
MHOIACECTNBO.

HoxkazarenbcTBo. JloKazkeM, 9TO U3 MEPBOIO YCJIOBHS CJEIYET BTODOE.
[TIycrs K -xomuakraoe npocrpauctso u {z;} C K. Ilycrs F,, = C1({z; | j >
n}). Muoxecrsa F,, 3aMKHYTBI 1

V(j < o0) : ﬂFn#@.

n<j

[ToaToMy U3 yCja0BUS KOMIAKTOCTH 2.3.2 CJeyeT, YTO

dzg @ 2 € m E,.
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CaenosarenbHo, 110601 map b(zg, 1/m) uMeer HemycToe mepecedenne ¢ Kazxk-
IBIM 13 MHOXKeCTB {x; | j > n}:

Vim>0,n<00), 3Tjm): Tjm) € {z; |7 > n}ﬂb(mo, 1/m).

[ocaeposarenbrocts {Xjgn)}, m = 1,... ecTb UCKOMas II0/IIOCIIEI0BATE b
HOCTB HOCJIEI0BATENBLHOCTH {7, }.

JlokazkeM, 4TO U3 BTOPOIO YCIOBUS CAEAYET TpeThe. FICHO, 4TO U3 BTOPO-
ro yCJIOBUS CJejyeT nojaHora npocrpancrsa K. Jlokaxkem cBepxorpanunyeH-
HocThb. llycTh mya Hekoroporo € > () HykHOro HaOOpa mapos HeT. Bo3bMem
IpOU3BOJILHO Tap b(xg, €). DTOT Mmap COrIacHO MPeIIOJOKEHIIO He COep-
JKAT BCEro IMpocTpaHcTBa K, HO9TOMY B pocTpaHcTBe K CyIecTBYyeT TOUKA
x1 & b(xg, €). Pacemorpum map b(x; , €). OUgTh COMACHO TPEIIIOI0KEHHIO
CyHLIECTBYeT TaKas TO4YKa To € I, 410

2 & b(zo, €) | Jblan, e).

Tak MBI MOCTPOUM MOCJIEIOBATENIBHOCT TOYeK {x,} C K, KoTopas ymoBJie-
TBOPLET yCJIOBHIO
Tp+1 ¢ U b(ajj7 6)7
0<j<n
LOYTOMY
V(im>0,n>0):dx,, Tpim) > €

U TOCIeJI0BATENBLHOCTD {X,, } He MOKET COJeP:KaTh CXOJSIIENHCsT TTOIOCTIe 0
BATE/JIbHOCTH, YTO IIPOTUBOPEYUT KOMIAKTHOCTH K.

Teneps JI0KazKeM, 9TO U3 TPETHETO YCJOBUs ciejyer nepsoe. [Ipenmnoso-
JKHM, 9TO TPEThE YCIOBUE BBHIIOJIHEHO, HO HIPOCTPAHCTBO He KOMIHAKTHO. To-
rja cymecrByer oTkpbitoe mokpbitue {V,} npocrpancrsa K, KoTopoe He co-
JICPKAT KOHEUHOTO MOAMOKPHITHS. B CHIy CBePXOrPAHHYEHHOCTH TPOCTPAH-
crBa K cymectByer KoHewdHOe dmncsio mapos {b(z;, 1), 1 < j < N}, koropsre
HoKpbiBaloT MHO:KecTBO K. Ilo Kpaiineli Mepe OJMH U3 3THUX IIAPOB HE IIO-
KPBbIBaeTCsI HUKAKOM KOHEYHOM cucTteMot MHOXKecTB V,,. [IycTh 3T0 OyaeT mrap
b(x1, 1). Teueps paccMorpum HOKpbITHE HPOCTPaHCTBA K mapamu pajuyca
1/4. Cpean mapos pamuyca 1/4, koropsie mOKpbeiBatoT map b(zp, 1), Haii-
qem mmap b(zy, 1/4), KOTOpHI He TOKPHIBAETCS HUKAKONH KOHETHON CHCTEMOiH
MHOZKeCTB V. IIpojoszKas mocTpoeHne, Mbl IIOJIy UM TaKy0 HOC/I€I0BATE b
HOCTH mapos {b(z, , 4"}, uro

Az, Tpam) < d(Tp, Tpi1) + oo+ A Tprm—1, Totm)
<4714 1/4400)) <4723,
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1 HUKAKOH u3 1mapos b(z, , 4_”“) HE MOKPBbIBACTCA HUKAKOU KOHEYHOU CH-
cremoit MuOKecTB V. IlocienoBaTelbHOCTh HEHTPOB STUX MapoB (yHIa-
MEHTaJIbHA, U B CHJLY MOJHOTHI HPOCTPAHCTBa K OHA CXOJUTCH K HEKOTOPOI
Touke xg € K. CymiecrByer takoe OTKpbITOe MHOKECTBO Vi) € {Va}, uTo
To € Vi (0),l109TOMY cylmecTByer Taxoit map b(zg, €), uro b(zg, €) C Vo).
Tak kax d(z,, 19) < 4™2/3 — 0, n — 00, TO OPU JOCTATOUHO GOJIBIIOM
n map b(z,, 4" 6yger nesmkoM comep:kaThes B mape b(zg, €), 1 HO3TO-
My OyJer cogepzKarbes B MHOKeCTBE Vi (o), 4T0 HPOTHMBOPEYUT BLIOOPY Liapa
b(x,, , 47", Teopema mokazana.

CnencrBue 2.3.1. Ecau K -xomnaxmmoe MHOMCECMBO 6 MEMPUMECKOM
npocmpancmee, mo cyuecmsyem marxoe cuemmnoe mnoscecmso {x;} C K,
4Imo

K = Cl{z;}. (2.54)

JlokazareabcTBo. 1 KaxKI0ro mesaoro 4ucjaa n HOCTPOUM TaKHe IHIaphl
b(z;, 1/n), aro mEOKecTBO K OyneT COAEPKATHCA B KOHETHOM O0beIHHEHHN
3TUX MIAPOB, a IIOTOM PACCMOTPHM O0beJWHeHHe IEeHTPOB BCeX MIapoB. DTO
1 OyJIeT ICKOMOe CYeTHOe MHOXKECTBO.

[Iycrs C'(X, M) -MHOKECTBO BCeX HENPEPBIBHBIX (DYHKIMI HA TOHOJIO-
I'HYECKOM IpOCTpaHCTBe X €O 3HAYEHHSIMH B METPHYECKOM IPOCTDAHCTBE
(M, d]w)l

feC(X, M), f: X— M.

Mpr OyseMm cuuTaTh, YTO

sup{du (f(z), 9(2)) [ x € X} < o0,

TaK KaK IpHd HeOOXOIMMOCTH MBI MOYKEM 3aMEHHTH MeTpuKy B M Ha SKBHBa-
JIGHTHYIO:
dm
_ —.
1+dy
MuozxkecrBo C'(X , M) ecTb MeTpUYECKOE IPOCTPAHCTBO OTHOCUTENBHO MeT-
PUKHI

dnm

do(f,, g) = sup{du(f(z), g(x)) | v € X}. (2.55)

Jlemma 2.3.3. Ecau M -noanoe mempudeckoe npocmpaHcmen, mo MHoHce-
emso C(X , M) ecmv noanoe Mempuueckoe npocmpaHcmeo 0mHoCUmMenbHo
mempury (2.55).

Hoxkazarenncrso. Eciu { f,} -byngamentanbuas B merpuke (2.55) moc.ie-
JIOBATEJIbHOCTD, TO B CUJLY HOJHOTHI IIpocTpancTsa M

3f (@), fz):= lim fu(). (2.56)
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Jokazkem, aTo onpejesnenHas papeHcTBoM (2.56) dynknua f(z) Henpepbis-
na. Ilyctb g € X u m, n -npousBoybubl. Toraa

du(f (o), fin(@)) < dui(f(2o) s fmn(2o)) + dar(fin(0) , ful@o)) + dar(fa(wo),
fu(@)) +du(fal@) ) fn(@)) < 2supldu(fu(@), fin(2)) | 2 € M}+
dM(f(xO) ) fm(xo)) + dM(fn(w) ) fn(x0)> (257)

Beibepem n(€) HACTOIBKO GOTBITIM, ITO
V(n > n(e), m > n(e)) : sup{du(fule) . (@) |z € X} < /3,

u HepaBeHCTBe (2.57) mepeiieM K mpeeny m — Q.
[Tony4anm:

Yl > 1(0) : dus(Fwn), () < s+ duslfalan) s fule))

@ukcupyeM n > n(€) U I TAHHOTO (DUKCHPOBAHHOTO N MCIIOJIbB3Ysl HEIpe-
pBIBHOCTE byHKIHE [, () HaliieM TaKyI0 OKpecTHOCTh V (xg) TOUKH T(, ITO

V(z € V(x0)) : du(fulzo), fnlx)) <€/3.

Tora Oy/1eT BBITIOJIHEHO HEPABEHCTBO

V(z € V(xo)) : du(f(z0), fz)) <,

KOTODOE JOKa3bIBaeT HenpepbiBHOCTh byHKImN f(x) B Touke xo. Tak Kak
TOYKA T IPOU3BOJIbHA, TO JEMMa JIOKA3aHA.
OrmeruM oHO cBolicTBO (byHKIuii u3 npocrpancrsa C(K |, M).

Jlemma 2.3.4. Ecau f € C(K, M), mo
V(e >0),30(e): (dx(z, 2") < d(e)) = (dp(f(x), f(2')) <e). (2.58)

IokazareabcTBo. [lycTh yrBep:KAeHMe JeMMbl HeBepHO. Torma cymecTBy-
eT Takoe €y > 0, 9To mJs a1000r0 1 > 0 €CTh TOYKU Ty, , X}, YAOBIETBOPIIO-
e YCJIOBUIO:

dic(wn, @) <1/n 5 du(f(zn), f(2,)) > €.

Tak kak MHO)eCTBO K -KOMIIAKT, TO Mbl MOXKEM CUUTATb, YTO LIOC/IEI0Ba-
TeJILHOCTH Xy, , T}, CXOIATCH:

/ /
Ty — To, T, — Ty, N — OC.
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dcHo, 9TO MBI TOTZKHBI UMETh:
/
Ty = Ty
B cuny menpepsiBrOCTH DyHKIHHT f:

dy(f(zn), f(23,) < du(f(zn), fz0)) + dar(f (o) , f(27,)) — 0,

9TO MMPOTUBOPEUUT HAIEMY Hpe/INoIoKeHnTo. JlemMa mokazaHa.
[MoyaumM KpuTeprnr KOMIAKTHOCTH MHOXKecTBa B pocTpanctse C'(K |, M).

Onpenenenne 2.3.7. Muoxecrso A = {f, |« € I} C C(K, M) na3biBa-
eTCs PaBHOCTEIIEHHO HEeIIPEePBIBHBIM, €CJIN

V(e >0), 3(e): (dr(z, 2') < d(€)) = (sup{du(fu(z), falz")) | a € I} <e).
(2.59)

Tenepn moxazkem Teopemy Aprena-Ackosn.

Teopema 2.3.4. Ilycmov svinosnenv caedyrouyue Yeaosu.
1. Mnuoowcecmso K -xomnaxmmuoe mempureckoe npocmpaHcmeo.
2. Mnoowcecmso A = {f, | a € I} pasnocmenento nenpepuleHo.
3. Cywecmeyem makoe KOMNAKMHOE MHOHCECTNEO K C M, wmo

V(fa € A): fulK) C K. (2.60)
Tozda mmrosrcecmeo A npedkomnarmuo ¢ C(K , M).

Hoxkasarenscrso. Ilycts {x; | j = 1,...} -cueTHOe MHOXKeCTBO, KOTO-
poe yraoBieTBopsier ycesopuio (2.54). TokaxkeMm, 4ro MHOXKecTBO A comep-
KUT MOCJIEJIOBATEIBHOCTD, KOTOPAst CXOJAUTCS B KAXKJOH TOYKE MHOKECTBA
{z; | j =1,...}. Jya 310ro MBI HCHOJIB3YyeM MPHEM, KOTODLIH HA3BIBACTC
KQHTOPOBCKUM JIMATOHAJIBHBIM TTPOIECCOM.

Quxcupyem touky 1 € {x; | j = 1,...}. B cuny ycroBua 2 Hameit
TEOPEMbI BBIIIOJTHEHO BK/IKOUEHHE

By = {falz1) |a €I} Cc K C M. (2.61)

Tak kak MHOKeCTBO /X KOMIAKTHO, TO MHOXKECTBO B COIEPKUT CXO ALY FOCS
[IOCJIeTOBATEILHOCTE. [IycTh 910 Gyaer nociaenoBarensnocts { fi,(z1) | n =
1,...} C By. PaccMoTpuM MHOXKECTBO

By = {fin(z)) |n=1,...} CK C M.
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DTO MHOKECTBO TAKKE COMEPIKUT CXOALAILYIOCS TI0CIe[0BATETLHOCTD. [1yCcTh
3T0 OyIeT HOCIeA0BATeNbHOCTD 3Hadennit Gyukmuit {fo, | n = 1,...} C
{fin|n=1,...} BTOUKE T5. OueBUAHO, YTO DYHKIMOHAIBHAS TOCTIETOBA-
TeabHOCTD { fo,(z) | n = 1,...} cxogurcst o KpaHeil Mepe B IBYX TOYKax:
T1 U To. Jlazee paccMOTPUM MHOXKECTBO

Bs = {fom(xs) |n=1,...} C K C M.

I BBIGEPEM TOAMOCAe0BATEIBHOCTD {f3, [ n=1,...} C{fan |n=1,...},
KoTOpas OyIeT CXOMUThCA B TOUKe X3. 1IpojioszKas 9T0T mporece, Mbl IoJTy-
9iM Takue yHKIHOHAIBHBIE OCIEI0BATELHOCTH

{fm,n|n:1a"'}c{fm—l,n|n:17"'}am:17"'a

9TO MOCACIOBATEABHOCTD { fr, () | n = 1,...} cxogures mo kpaitueit Mepe B
TOYKAX L1, Lg, ... Lm. [locaegoBareasnocts { f,,, | n = 1,...} ectb nckomas
II0CJIEJOBATEIBHOCTD: OHA CXOIUTCH B KayKJI0H TOUKe MHOKecTBa {x; | j =
1,...}, Tak Kak

Vm : {fonln=1,...3 C{fmn|n=1,...}

SaMeTI/IM7 YTO B Hall€eM IMOCTPOEHUMW Mbl HE€ HCIHOJIb30BaJIM KOMIIQKTHOCTH
MHOZKecTBa K.

Temepb JTOKazKeM, UTO HOCTEIAOBATENABHOCTD { fr, | m = 1,...} cXoquTes B
merpuke npocrpanctsa C'(K , M). @ukcupyem € > 0 u HalijeM cOOTBETCBY-
fomee 1o (2.59) gucsio d(€). Tak kak MHOKeCTBO K -MeTPUYIECKHUiT KOMITAKT,
TO CyIIecTByeT KOHedHoe 4ncao mapos {b(y; d(e)/2) | 1 < j < N}, koropere
MOKPBIBAIOT Bee pocTpancTBo K. B kaxkmom mape b(y;) d(e)/2) ectn Touka
u3 mEOKecTBa (2.54). Ilycrs 310 Oyaer Touka x; € b(y; 0(e)/2). llycts z € K
-MPOU3BOJIbHAST TOUKA. [IpemoIoKum, 9To 9Ta TOUYKA MPUHAICKAT IIAPY
b(y; d(e)/2). Tak kak rouku = u x; upunagrexar oguomy umapy b(y; d(e)/2),
to dg(x, x;) < 0(€), u B cuny (2.59) cHpaBeIuBO HEPABEHCTBO

dM(fn,n<x>v fm,m(z)) < dM(fn,n<x>v fn,n(xj>>+
dM(fm,m(xj) ) fn,n(mj)) + dM(fmﬂn(x) ) fm,m(xj))
< 2+ dM(fm,m(xj) ) fn,n(xj)) (2'62)

Tax kak mocienoBaTeabHOCTH {f,,(%;) | n = 1,...} cxomurcsa B KOXKIOM
TOYKE T, TO

nfe), V(n >nle), m>n(e)) : sup{da(fmm(;), fan(z;) |1 << N}Y) <€, .
Torma u3 (2.62) caemyer, 9To

V(n > n(e), m>n(e) : sup{dy(fon(®), frnm(z)) |z € K} < 3e.
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tak, MBI YCTAHOBHJIM, 9TO MHOMKECTBO A COmep:KUT PYHIaMEHTAJbHYIO B
Mmerpuke npoctpanctsa C'(K , M) mocieaoBaTeIbHOCTD, & OTCIONA U CJIE/IYeT,
49TO 3aMblKaHue MHOXKecTBa A ectb KommakT. Teopema gokasaHa.

Teneps Mbl niepeitem K Teopeme Croyna-Belipmrpacca, KoTopas ONMHCHI-
BaeT cTpykTypy mpocrpancra C'(K , C!). Cragana magamM HECKOIBKO OMpe-
JeJCHUM.

Omupenenenne 2.3.8. Muoxectso ¢dyukimii A Ha3biBaeTcsa aaredbpoit pyHK-
A HAJ TOJEM JeHCTBUTEIBHBIX (KOMHJIGKCHBIX) quCes, eCJau

1. MuoxkecrBo dyHkiuii A ecTb JinHEHTHOE TTPOCTPAHCTBO HAJL IOJIEM JIeii-
CTBUTEJIBHBIX (KOMHJIGKCHBIX) quceJl OTHOCHTEJIbHO onepauﬂﬁ IIOTOYE€YHOT'O
CJIO2KEHUA U YMHOXKEHUA Ha YUCJIO:

VifeAd,ge A :af+Pge A

JTsT JTIOOBIX JIeHCTBUTEIBHBIX (KOMIUIEKCHBIX) YHCET v, [3.
2. MuoxkectBo dynkimii A 3aMKHYTO OTHOCUTEIBHO ONEPAIUH TOTOY€Y-
HOI'O0 YMHOZKEHUS:

VifeA,ge A): fge A

Omnpenenenne 2.3.9. MuoxkectBo 3amaHubiXx Ha K dyuknuit A pasmenser
TOYKH MHOXKecTBa K, ecm Jiyid JiroOOi mapbl HE COBIAJIAIONINX TOYEK T €
K,y € K B muoxkectBe A cymecryer Takas dyukmus f € A, aro f(x) #

f(y).

B nasprelimeM MBI He OyeM YTOYHATH, HAJ, KAKUM MOJIEM PacCMaTpUBa-
eTcd anreOpa (bYHKIINIHA, eCIU 3TO ICHO U3 KOHTEKCTa WM He HMeeT 3HAUeHUs.
[IpuBeeM npuMepsI.

IIpumep 2.3.1. MHO)KecTBO Beex NOJMHOMOB Ha oTpeske [0, 1] ecth anreGpa
dyHKIHi.
Ipumep 2.3.2. MuoxkectBo DyHKIMNE BUIA

P(x)
Q(z)’

rae P(x) -mpon3BoIbHBIH TOJHHOM, a () -TIPON3BOIBHBII TTOJIHHOM, HE HMe-
ot KopHeit Ha orpeske [0, 1], ecth anrebpa dyuknuii Ha orpeske [0, 1].

fz) =

Ipumep 2.3.3. MHo2KecTBO BCeX KOHEUHBIX JIMHEHHBIX KOMOUHANINH DYHKITUI
{sinnz, cosnz | n=0,1,...} ectb anreGpa dyukuuii Ha orpeske [0, 27].

Ipumep 2.3.4. MuozkecTBO BCEX KOHEUHBIX JIMHEHHBIX KOMOUHANNI DYHKIUIT
{exp(inz) | n =0,1,...} ecth anrebpa dbyuxiwmit Ha orpeske [0, 27].
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B nuxke ciexpyrmorieii Teopeme pedb miaerT 00 anredpe JeHCTBUTETbHBIX
GyHKIUH HAJ TOJIeM JIeCTBUTEIbHBIX YNCEJT.

Teopema 2.3.5. IIpednoaoscum, 4mo 8uiNOAHEHDL CACOYOULUE YCAOBUS.

1. Mnooicecmeo K ecmov xomnaxm.

2. Anzebpa nenpepvienoz gynryuti A C C(K , RY) pasdeasem mouru
Mmuooicecmea K.

3. Auneebpa wmenpepvienur dynrwuyul A codeporcum dynryuro, moorcde-
CMBEHHO PABHYI EOUHUUE:

(folz) =1) = (fo € A).

Tozda samvikanue arzebpo, A 6 mempure npocmpancmea C(K , RY) cosna-
daem ¢ npocmpancmeom C(K , RY):

CI(A) = C(K , RY),

Dta Teopema HazbiBaercst reopemoit Croyna-Beitpurrpacca. Cumbic 310k
TEOPEeMbI COCTOUT B TOM, UTO €CJIH 33aHHOe HA KOMOakTe K MHOZKECTBO
HenpepuIBHBIX (PyHKIH A yIoBIeTBOpsaeT yeaoBuaM 2-3, TO JI0OYI0 Hempe-
PBHIBHYIO Ha KOMITakTe K (DYHKIUIO MOKHO CKOJIb YTOJIHO TOYHO B PABHOMED-
HOI MeTpuKe IpHOIN3UTH pyHKIHEH u3 MHOKecTBa A. 3ameTnMm, 9T0 ecan
MHOKeCTBO A yiosierBopsier yciaoBusiM 2-3, 1o u muoxkectso CL(A) rakxke
VAOBJETBOPSAET YCIAOBUAM 2-3.

[Tepeiigem Kk moka3aTesbCTBY Teopembl. CHavYaMa JOKAKEM, ITO eCjn f €
A, 1o |f] € CI(A). Ilycts a = sup{|f(z)| | z € K} u P,(t) -upoussosibHag
HOCJIeJOBATEILHOCTh TIOJIAHOMOB, KOTOPasi paBHOMepHO Ha orpeske [0, 1]
cXoauTes K (BYHKIHAT v/t

sup | Po(t) — V[ |t € [0, 1]} = 0, n — oo.

Takas I10CJIeA0BATEJIbHOCTDL IIOJIMHOMOB CYIIIECTBYET. Mo2KHO B34Tb COOTBET-
CTBYIOIIUE IMOJTUHOMDBI BepHmTeﬁHa, MOXKHO B34Thb olIpeaeadeMble 110 HHAYK-
o IIOJIMHOMBL

Pit) =1, Poa(t) = Pu(t) + (t = Pa(t)?)/2.
deno, uto P,((f(z)/a)?) € An
supaPu((f(2)/a)*) = |f(@)]| |z € K} — 0, n — oo.
Uraxk, mbt gokaszauu, 910 | f| € CI(A). Otcrona cienyer, 4to

V(fi € A): max{f; | 1<i< N}eClA), min{f; | 1<i< N} e ClA).
(2.63)
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[Iycrh Temepsb ¢(z) -mpoussosnbias dbynkmus u3 npocrpanctsa C(K | RY),

2", 2" -mpoussosibubie Toukn u3 K. [locrponm takyio dyuknuto f (2, 2”5 x) €

A, KOTOpasi yI0BJIeTBOPSIET YCIOBUSIM:
[ 22 = o(2), f(Z, 2"2") = o(2"). (2.64)

Takas dbyHKIMsI 06539 TENbHO cymecTByeT. JleiicTrBuresnbho, mycth fo(2', 2”5 x) €
A cymecrByionias 10 yC/I0BUIO (DYyHKIUs, KOTOopast pasjejaser Touku 2, z:

folz", 2" 2) # fo(2", 275 2") npu 2" # 27

Torna dyukuuio f(z', 2”;x) MBI MOKEM MOCTPOUTH KaK JIMHEHHYIO KOMOU-
HAIMIO

[, 2" x) =afo(, 2"x) + B3,

TaK KakK JJIsi OLPEIEJeHHS KOHCTAHT v, 3 MBI HOJIYyYaeM Pa3peiuMyio CH-
CTEMY ypaBHEHHN

o(z") = afo(z', 2";2) + B
¢(Z//) — af0(2/7 ZN; Z//) + /6
Tenepnb pukcupyem Npou3Bo/IbHO € > () 1 opeaeTuM OTKPBIThIe OKPECTHOCTH
V(' ") ={z| f(', 2" 2) < d(x) + €},

dAcuo, aTo
eV, "),

[Ipun duxcuposarnom 2" orkpeitbie muoxkectBa {V (2", 2") | 2/ € K} 06-
Pa3yoT MOKPBITHE KOMIIAKTA K, MOITOMY CYIIECTBYeT KOHEYHOE IIOKDPBITHE
koMnakTa K muoxkectBamu V (2, 2”):

[Iyctn
g9(2"; ) == min{f(2}, 2"; 2) [ 1 <j < N}

B cuny (2.63) cupaBeninBo BKIIOUCHHE
g(z";x) € CL(A).
flcrHo, gTo
V(e € K): g(z"; 2) < 6(x) + 5 m g2 ") = B(=").
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Tenepb Oolpeae/JiMM OTKPBIThIE OKPECTHOCTH

U(Z") ={z | 9(z";2) > ¢(x) — €}

Tak kak z” € U(Z"), o okpecruoctu {U(2") | 2" € K} o6pa3yior oTKphI-
TOe MOKPHITHE KOMIAKTOIO MPOCTPAHCTBA K, U I09TOMY CYIIECTBYET TaKOi
KOHEeTHBIH Habop Tovek {2} | 1 < j < N'}, uro

K C U U(2)).

1<j<N/

OmnpenenuMm GYHKIAIO

3(x) = max{g(z/;z) | 1 < j < N},

Tax kak muoxecrBo Cl(A) samknyTo, 10 B cuity (2.63) cupaBeyiuBo BKJIIO-
qeHIe

§(x) € CI(A).

OueBuiHO, 9TO
V(z e K): ¢(x) —e<g(z) < o(x) +e,

[TosTomy
d0(¢7 g) < €.

TeopeMma moxkazana.

W3 sToit Teopembl cpasy xKe ciepyer TeopeMma Croyrna-Beipirrpacca s
ayreOpol (byHKIME HAJ 110JIeM KOMILIEKCHBIX duces. Huke cuMBoioM 2* MBI
0003HaYAEM YHUCJTI0, KOMILTEKCHO-COMPSIZKEHHOe YUCTY 2

(a+1ib)" =a—1ib
u ajaredpa MOHMMAETCs KakK ajredpa HaJ M0JeM KOMILIEKCHBIX YHCEJI.

Teopema 2.3.6. llpednoaooicum, 4mo GuknoAHeH L CACOYIOULUE YCAOBUS.

1. Mnoocecmeo K ecmo womnaxm.

2. Aneebpa nenpepvienuz gynryuti A C C(K , C!) pasdeasem mouru
Muoxncecmea I .

3. Aunzebpa nenpepwennr dynrkuyut A codeporcum dymnryuro, mooicde-
CMBEHHO PasHYI0 edurule:

(folz) =1) = (fo € A).
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4. Aneebpa nenpepwsrox dynxyuil A ydosaemeopaem ycaosuio:
(feA=(feA. (2.65)

Tozda samwvikanue arzebpo, A 6 mempure npocmpancmea C(K , C') cosna-
daem c npocmpancmeom C(K , Ch):

Cl(A) = C(K , CY).

Jlna moKazaTesbeTBa 3TOTO YTBEPKICHHA JOCTATOYHO 3aMETUThL, YTO B
cuny yesopust (2.65) comepzKaiieecst B A HOJIMHOKECTBO (DYHKITHIA

A={gl(g=(f+f)/20)V(g=(f—-[)/2), [€A}

ecTh anreOpa MYHKIMI HAJT TOJIEM e CTBUTENbHBIX YHUCes, KOTOpasd yI0BJIe-
TBOPSIET YCJIOBUSAM IMpenblayIneit Teopemsl, u B A MOKHO HajiTu (pyHKINH,
KOTODBIE CKOJb YTOTHO TOYHO MPUOIUKAIOT MO OTAEJTBHOCTH JeHCTBUTETh-
Hyio u MEEMYI0 dactb gynkimun u3 C(K, C!), a norom B3arh jauHeiinyio
KOMOWHAIUIO TAKUX (PYHKITHI.

Eciu komnaxT K ecTh HOIMHOMKECTBO KoMILleKcHO# maockoctu Cl) To
B cuity yeaosus (2.65) anreGpa A te mootcem COCTOATH U3 AHATUTHICCKIX
byHKIMA, 1 MOITOMY K 3aJade anmpOKCUMAINN AHATUTHYECKUX QYHKITHI
anauTnaeckumu teopema CroyHna-Beiipirrpacca HanpsaMyo He TPUMEHUMA.

2.4 OuabTphbl, YATpaUILTPHI U TeopeMa Tu-
XOHOBA.

B meTpudeckoM mpoCcTpaHCTBE MOHATUS TIpeJie/ia (PyHKIMKI, 3aMbIKAHUS MHO-
ZKeCTBa 1 KOMIIAKTHOCTH MOFyT 6bITb OIINCaHbI B TepMI/IHaX CXOAAmMUXCA I10-
cieoBaTesibHoCTel. B obiem ciayvae js 3Toro Tpebyercsi obobIienue mo-
HATHAA HpeJesa [MOC/JIeI0BaTeIbHOCTH: IMOHATHe npeaenaa no (buabrpy. Ilpn
N3YyYeHUH CXOIUMOCTH B TOIIOJOTHIECKUX MPOCTPAHCTBAX TeOpHsa (HILTPOB
OKa3bIBaCTCAd MOIIHBIM H y,ZLO6HbIM I/IHCprMeHTOM n B HeKOTOprX OTHOIIIE-
HHAX OHA Hpome, qyeM TeOpI/IH, OCHOBaHHad Ha IIOHATHUH ITIOCJICI0BaTCJIbHOCTH
nin noHaTuu cxoanmoctn no Mypy-Cmuty, ogHako teopust (GhujibTpoB Tpe-
OyeT HEKOTOPBIX HABBIKOB PabOTHI ¢ OObEKTaMI, KOTOPbIe HE CTPOSTCS SIBHO,
HO CYIIEeCTBOBAaHHE KOTOPBIX IMOCTYIMPYETCS Ha OCHOBE aKCHOMBI BBHIOOPA.

Onpenenenne 2.4.1. unbTpoM B MHO)KeCTBe X HA3BIBAETCH TaKasl CHCTE-
Ma F ero moJMHOXKeCTB, KOTOpas yIOBIETBOPSET YCIOBUSIM:
l.EcmAe Fu ACBC X, 10 BeF.
2. Ecoim Ay € F, Ay € Foro A1 (A € F.
3.0¢F.
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[IpuBesem npumephbI.

IIpumep 2.4.1. Ilycts muOKecTBO X cocTout u3 Tpex snementon: X = {a, b, c}.
Torma cieytonime cucTeMbl €10 MOJIMHOMXKECTB SIBJISIIOTCS (DUIHTPAMMU:

Fir=Alal], [a,b], [a, ], |a, b, d]}. (2.66)
Fo=Ala, ], la,b, ]} (2.67)
Fs=A[b], [a, b], b, ], |a, b, c]}. (2.68)

Ipumep 2.4.2. Ilycts X -Tonosiorndeckoe mpocTpancTBo n JF, -cucrema Bcex
okpecTHOCcTel Touku x. Torma JF, -puabrp.

Jlemma 2.4.1. Ecau F, ,a € I -uavmpu, mo ux nepecenenue F = (| Fa
a€cl
ecmob usvmp.

JokazarenncTBo. Tak kak Va: X € F,, To nepecedenne F He mycTo. Tak
kKak Va: 0 & Fo, 10 0 & F. llyceth A € Fu A C B. Torna Va: A € F,,
nostromy Va: B € F, u nodromy B € F. AHaJIOTHYHO JTOKA3BIBAETCS, UTO
nepecederne JIByX MHOXkecTB u3 F npunajiexur F.

Ecnu cucrema Fy noaMHOZKECTB MHOKECTBA X Y/IOB/IETBOPSIET YCJIOBUSIM:

1bf. Ecim A € Fy,, B € Fy, to cymecrByer takoe C' € Fy, uro C C
AN B.

2bf. 0 & Fo,

TO cucTeMa JF IMOAMHOKECTB MHOXKECTBa X, KOTOpast COCTOUT U3 TeX MOJI-
MHOZKECTB MHOXKeCTBa X , KayK0€ U3 KOTOPBIX COJEPKUT MTOJAMHOKECTBO U3
Fo, ectb Guabrp. YaosiaeTBopsiomasa ycaousaM 1bf-2bf cucrema mommuo-
KecTB Jy Ha3bIBaeTcd 0430t rusvmpa F, ecau F ecTb HAUMEHbBIUR PUIBTD,
KOTOPBIA comepRuT Fo. Takoi (pmIbTp Beeraa CymecTByeT: 3TO eCTh Iepece-
JeHne BceX PUILTPOB, comepsKarmux Fo.

ITyctrb Foo cucrema o iMHOKECTB MHOXKECTBA X , KOTOPAasi y/I0BJI€TBOPSIET
YCJIOBUSIM:

@gfoo,V(AEfoo,Befoo)ZAﬂB?A@. (269)

Torna cucrema Fj MOAMHOXKECTB MHOXKECTBa X, KOTOPasi COCTOUT U3 Iepe-
CeYeHN KOHEYHOI'0 YHCJIa MHOXKECTB U3 cucTeMbl JFg, VIOBIETBOPSIET YCJIO-
BugM 1bf-2bf u asngerca 6a3oii dbunbrpa. Cucrema Fyy B 3TOH CHTyaIllUH
HasbIBaeTcs npejabasoit puiasrpa F ¢ 6azoit Fy.

Taxum obpaszom, 1715 3aJaHus (PUIBTPA JOCTATOTHO 331aTh VIOBIETBOPSI-
01y 10 yeoBusiM (2.69) cucreMmy MHOZKECTB, 3aT€M OCTPOUTH 0a3y (bHIbTDA,
a moToM u caM (PUJIbTP.

Pacemorpum Tomosiorndekoe mpoCTPaHCTBO W MYCTh BB, -cocTosiast u3
OTKPBHITHIX MHOXKeCTB 6a3a TOIIOJIOTUN B TOUKE T. JIerko Buaerh, 9to B, ecTh
0a3a GUILTPa OKPECTHOCTEH TOYKH .
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[Iyctn
f: XY

-oTobpakenue npocrpanctea X B Y.

Jlemma 2.4.2. Ecau Fy -basa gusvmpa 6 npocmparcmee X, mo ./7-:0 ={A|
A= f(B), B e F} -6asa gusvmpa 6 npocmpancmee Y .

JlokazaTenbcTBO. /[OCTATOIHO 3aMETHTH, ITO

FAB) € F(A () £(B).
nostomy ecin C' C A B, To f(C) C f(ANB) C f(A) f(B).

Ounpenenenune 2.4.2. Quabrp F' maxkopupyer bunbrp F (Mbl yiem obo-
3HaUaTh 310 Tak: F' > F), eciu F C F', T.e. eciim KaxkKJ0e MHOKECTBO,
KOTOPOe MPUHALICKUT DUILTPY F, IPUHALICKUT U puasTpy F'.

B npumepe 2.4.1 duabrp F; MaxKopupyet Guiastp Fo @ Fi = Fo.

Mpbi OyJjieM Ha3blBaTh (DUJIBTPbI CPABHUMbIMH, €CJAU OJIMH U3 HUX MarKoO-
pupyet japyroit. B npumepe 2.4.1 dunbrpol F; u Fy cpaBHUMBI, a (PUILTPHI
F1 u F3 -mer. 3ameruM, 9TO B CHJIy NPUHATOrO Hamu coryamrenust A C A,
IOITOMY LI KaKJI0ro (pUJIbTPa CIIPaBeIJINBO cooTHomenue F >~ F. Ecian
X -oTmennMoe TOIOJOTUYeCKOe IPOCTPAHCTBO , T # Y, a F, 1 Fy ~pUIBTpPHI
oKpecTHOCTeil ToYek 1 y, To buasTpsl F, u F, He cpaBHUMBI, TaK KakK Cy-
uecrsior Takue okpecruocru O, € F, , O, € F,, uro O, (O, = 0, nosromy
O, ¢F,, Oy & F,.

Ecimu Foo = For 1 Foz = Fao, TO Fosz = Fa1, HOITOMY BBEJIEHBIM COOTHO-
IIIeHIEeM »— MHOKEeCTBO BeeX (DUIBTPOB HA JaHHOM HPOCTPaHCTBe X YaCTUIHO
YIOPSIIOYEHHO .

Jlemma 2.4.3. Hycmo {F, | a € I} -mnoorcecmso duavmpos, kasicdue d6a
u3 komopux cpashumo,. Tozda cywecmeyem makot dusvmp F, Komopoil
masrcopupyem ece puavmpvr Fo:

Viawel): F = F,. (2.70)
JokazarenbctBo. [lomoxum

F=JFu (2.71)

acl

Hokazkem, uro onpenesentoe coornomenneM (2.71) cemeiictBo MHOXKeCTB F
ectb duabrp. dcno, uro ) & F. Myctb A€ F, Be F. TornaAe F,yn B €
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Foz. Homycrum, ato Fao = For. Torma A € Fo, caenoBarenbho, A B €
Foz u nodromy A (| B € F. Ananorndno jokasbiBaercs, 9410 ecin A € F u
A C B, 10 B € F. Coornormrenne (2.70) ogesumo. JlemMma jgoka3ama.

3aMeTuM, 4TO e JABa (PUJIbTPa He CPABHUMBI, TO UX O0beIUHEHAE MO-
»KeT He ObITH puiibTpoM. B npumepe 2.4.1 obbeaunenue dbuabrpoB Fi; u Fj
He ecTh HUILTP, Tak Kax [al ()[b] = 0.

Onpegenenune 2.4.3. QuabTp F Ha3bIBaETCd YJIbTPAMHIBTPOM, €CJIH OH HE
COJIEP>KUTCS HU B KAKOM JpyroM bHIbTpe, T.€. eciu u3 F, = F ciaeayer, 9To

Fo="F.

B npumepe 2.4.1 dunabrpel F; u F3 ecTb yabTa]pUIbTPHI.

U3 akcuombl BeiGOpa B popme akcuombl Kyparosckoro-Ilopaa (eM. cTp.
147)u nemmbl 2.4.3 coiejtyer, 9T0 KazK bl (GIIBTP COAEPIKUTCA B HEKOTOPOM
yIbTpagUIbTPE.

JIemma 2.4.4. Ecau F -yaompagusemp u A B € F, mo aubo A € F,
aubo B € F.

Hokazarenbcrro. [lycte A|JB € F u nycts F -cHCTeMa BCeX MOJAMHO-
JKeCTB MHOXKECTBa X, KOTOPBIE YIOBIETBOPAIOT YCIOBHIO:

(Al M) e F)= (M e F).

U3 onpejeienust puibrpa ciejyer, 4To F -punrp. Ecm A ¢ Fu B¢ F,
to F = F, rak kak B € F. CunenoBarenwtuo, F = F u qubo A € F, qmmbo
B € F. Jlemma nokazana.

Ecim F -ynaprpaduabrp B npoctpanctse X, To X € F, HO3ITOMY U3 JeM-
MBI 2.4.4 BBITEKaeT

CiaencrBue 2.4.1.

Ecmu F -ynerpaduastp B npocrpancree X u A C X, o ymbo A € F,
aubo C(A) € F.

Onpenenenne 2.4.4. Touka x ects npenen ¢puiasrpa N, ecaun dbuabrp N
MazKopupyer (PUJIbTP OKPECTHOCTEH TOYKHU .

W3 onpenenenus ciaemyer, 9To npejes pUIbTpa OKPeCTHOCTEH TOYKU X
€CTh TOYKa T.

Jlemma 2.4.5. B omdeaumom monoaso2useckom npocmpaHemee huibmp mo-
AHCEM UMEMD MOALKO 00UH npeden.
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HoxkazarenncTso. llycTh Touky T, y apagiorca npejgetamu puiasrpa N, a
O, , O, -Takue OKpecTHOCTH To4YeK = 1 Y, uro O, [ O, = 0. Tax xax GuabTp
N MaKopupyer (pUIbTPbI OKPeCTHOCTEH TodeK x u Yy, 10 O, € N, Oy €
N, a 370 HEBO3MOKHO, TaK KaK Mepecedenue JI0ObIX ABYX IPUHAIICKAIIAX
GUIBTPY MHOYXKECTB JIOJIZKHO OBITH HE IYCTO.

[Iycte X m Y -Tomosorudeckue mMpoOCTPAHCHBA,

f: XY
-oTobpakeHne MpocTpaHcTBa X B IMPOCTPAHCTBO Y .

Omnpenenenne 2.4.5. Touka y € Y ectb npegen ¢yukmun [ mo Guasrpy
OKPECTHOCTEel TOUKH X, eCJIM TOUYKA Y eCTh mpeaea (hUuabrpa ¢ 6a3oi

No={A|A=[f(V(z)), V(z) € Fu}, (2.72)
e F, -puabTp OKpecTHOCTeH TOYKH T.

Teopema 2.4.1. Qyukyua [ HenpepuieHa 6 Mowke T 6 MOM U MOALKO TOM
caysae, ecau guavmp ¢ 6azot (2.72) cxodumcea k moure y = f(x).

JokasarensbctBo. [Iycrs Ny, -bunbrp ¢ 6asoit Ny. 1ot dbunbrp cxomures
K TOYKe ¥ B TOM W TOJBKO TOM Cjiydae, ecju s Jioboit okpecroctu U(y)
ToukH Yy BhinosHeno Brmodenue U(y) € N,. Cormacuo onpenenennio 6a3bl
dburbrpa (2.72) 9T0 BKIIIOUEHHE BBIIOJIHEHO TOLJA H TOJBKO TOTJA, KOLJA
CyIecTByeT Takast okpectHoctb V(z) Toukn x, uro f(V(x)) C U(y). Dto
BKJIIOUEHNE BBIMOJIHEHO B TOM ¥ TOJBKO TOM CJIydYae, eCJH s OKPEeCTHO-
cru V(x) Bomosneno skiouenue V(z) C f~HU(y)). A sro BR/IIOYEHHE BbI-
IOJTHEHO TOTJA W TOJIHKO TOTJA, €CJH MPH OoToOpaykeHnn [ mpoodpas Jardoii
OKPECTHOCTH TOYKH y = f(x) ecTh OKPECTHOCTH TOUKH x. TeopeMa JoKa3aHa.

[lo-cymecTBy, JaHHas TeopeMa YTBEPZKIAeT, 9TO (DYHKIUsS HeIpepbIBHA
B JAHHOI TOYKE B TOM M TOJBKO TOM CJIydae, €CJIH ee 3HaUYeHHe B JAHHOMN
TOYKE €CThb lIpejeJl ee 3HAYCHUN HpU CTPEeMJICHUU apryMEeHTa K 3TOH TOYKe.
Mb1 BuauM, 9TO MOHATHE (PUIBTPA TMO3BOJIUIO CHOPMYIUPOBATH MOHATHE
HENPEPBIBHOCTH (DYHKINY B MPUBBITHBIX TEPMUHAX aHATH3A.

Onpenenenne 2.4.6. Touka x ecTb TOYKa NpUKOCHOBeHUs (PUabTpa F, ec-
JII OHA €CTh TOYKA MPUKOCHOBEHUS [IJI KayKI0ro MHOxKecTBa A € F.

JlemMma 2.4.6. Ecau mouka x ecmv mouka npukocHO8EHUS OAf YAbMAPUNb-
mpa F, mo yavmpadusvmp F crodumca x mouke x.

Hokazarenbctso. [lycts V (z) -okpecTHOCTD TOUKY . Tak Kak J -yabTpaduibTp,
to smbo V(z) € F, mbo C(V(z)) € F. Ognako nocsentee BKIIOYEHHE He
MOZKeT OBITH BBIIOJHEHO, TaK KaK KayKJI0e MHOXKEeCTBO U3 JF IepeceKaeTcs ¢
V(z). Takum obpazom, buabrp F Mazxkopupyer BUIbTD OKPECTHOCTEH TOUKH
T, T.e. CXOINTCA K 3TON TOYKE.
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Teopema 2.4.2. IIpocmparcmeo K komnaxmmo 6 mom u mosvko mom cAY-
Yae, eCAU 8 HeM BCAKUT YALMPAPUILMP CXOOUMCH.

JokazareabcTBo.IlycTh B TOnoIorndeckoM mpocrpancTse K ecth (pusibTp
F, KOTOpBI# He uMmeeT mpejena. Jlokaxkem, uro K He KoMmakT. PaccMorpuMm
3aMBIKAHUsT MPOM3BOJILHON cucTembl MHOXKecTB A, € F. Tak kak Cl(4,) €
F, To moGoii koneunsrit nabop muozkects {Cl(Aq;)) , 1 < j < N} mveer
HEIyCTOe TePecevdenne, mOITOMY

[ Cl(Auq)) # 0. (2.73)

1<j<N

Ecan

[ Cl(A.) # 0,

To Touka To € [ | Cl(A,) ecTb ToUKa IPUKOCHOBEHUS /I BCEX MHOXKECTB A,
(0%
U 1109TOMY eCTh npesen yabrpadunbrpa F. CiegoBarenbHo,

() Cl(Aa) = 0. (2.74)

13 (2.73) u (2.74) crenyer, 9o mpocTpancTBO K He KOMIIAKT.

[Iycts y Jsoboro yasrpaduiabrpa B K ecth npegen. Jdokaxkewm, aro K -
KOMIAKT. PacCMOTPUM MPOU3BOJIBHYIO CUCTEMY 3aMKHYTHIX MHOYKECTB { A, |
a € I}, koropasi yuosiaerBopsier yeiaosuio (2.74). B cmty storo ycsaosus
cucrema {A, | a € I} ectb 6asuc nHexkoroporo yasrpabuasrpa F. [lycrs z -
npe/es 3Toro yabrpaduabrpa. Tak Kak TOUKa Zo eCTh TOUKA IPUKOCHOBEHHA

JJIsT BeceX MHOKecTB A, € F, 10 1y € [ Ay 1
(6%

() Aa # 0.

CnenoBarenbuo, K -komnakT. Teopema jiokazana.
Cnenyromyio nokasauayio A. H. TUXOHOBBIM TeopeMy HEKOTPBIE TOIIOJI0-
' CIYUTAIOT OJHUM U3 CAMBIX BayKHBIX PE3YJIbTATOB OOIIEH TOMOJOTHH.

Teopema 2.4.3. /lexapmoso npoussedenue KOMNAKMHLL MONOAOUMECKUL
NPOCMPAHCME KOMNAKMHO 68 MUTOHOECKOT MON0A02UY.

Jokazarenscrso. [lycrs {K, | @ € I} -cemeiicTBO KOMIAKTHBIX TOLOJIO-
IHYECKUX TPOCTPAHCTB,

K=]][Ka,acl
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-JIeKapTOBO Tpou3BeieHne npocrpancts {K, | a € I}, paccmarpuBaemoe
KaK TOIOJOTHYECKOe IMPOCTPAHCTBO ¢ TUXOHOBCKOI Tomosorueii. [lycrs F -
yibrpadmibtp B K. Ham Hy2KHO jl0Ka3arh, 9TO OH cxojuTcs. PaccMorpum
0TOOpaKeHus MPOCKTUPOBAHUS:

Pla): K — K,,

kotopsie Touke {x(a) | a € I} € K craBdar B cooTBeTcTBHE TOUKY 2 () € K.
[To oupejenenno THXOHOBCKOI Tonosoruu B K Kaxnoe orobpaxkenune P(a)
HenpepbiBHO. B cuty jiemmbr 2.4.2 ceMeiicTBO MHOZKECTB

Foa={A| A= P(a)(B), B F} (2.75)

ecTh 6a3a HEKOTOPOTo yibTpaduabrpa B npoctpancTse K. OO03HAUUM Y/ib-
tpabuabrp ¢ 6azoit (2.75) cumponom F,. Tak kak npocrpancreo K, KOM-
HaKTHO, yiabrpadmibTp F, cXoauTces K HeKoTopoii Touke x(a) € K,. Joka-
KeM, 910 yabrpadmistp F exoautes K Touke {x(a) | o € I} € K. [lnsg sToro
HAM HYYKHO JIOKa3aTh, 4TO yabTpaduabTp F MaKopupyer OUIbTp OKPecT-
nocredi Toukn {z(«) | o € I}, JIst 91010 Ham J0CTATOUHO J0KA3ATH, YTO s
HEKOTOPOI JIOKAJIbHOI Gasbl okpecrHocTeil Toukn {z(a) | o € I} € K xax-
Jbtit aement 6a3el comepxurcs B bunsrpe F. [ycrs {z(a) |a e I} € A,

A= T oG) | x([]Xs).8#a(), 1<j<N, (2.76)
1<j<N B

rie O(a(j)) 2 xz(a(j)) -orkpeiteie B K,y ;) MHO)KecTBa. MuoxkecTBO A ecthb

9JIEMEHT JIOKAJILHOM 6a3bl THXOHOBCKOMN TOTOJOTHH, KOTOPbIii COMEPIKAT TOY-

Ky {z(a) | a € I'}. Tak xak ynprpadbuiasrp Fu(j) cxoaured K Touke z(a(j)) €

O(a(j)), To kaxkmoe oTKpeIToe MHOZKeCTBO O((j)) COMEPKUT HEKOTOPHIIT

s/eMenT 6asbl buabTpa Fi (), HOITOMY

34, : A; = P(a(§))(B;), B; € F.
MuozkecTBo
B=|{ () Bi| x(][®Ks) B#cli), 1<i<N (2.77)
1<j<N B

npuHaIeXKUT yabrpaduasrpy F (u6o nepecedenue B (2.77) Gepercs 1Mo Ko-
HEYHOMY YHCJIY MHICKCOB -H MMEHHO B 9TOM MECTe CYIIECCTBCHHO HCIIONL3Y-
erCsl OUPEJIEJICHUe TUXOHOBCKON TOLOJIOMMU) U COjlepKuTcs B A:

BCA,
moToMy yabTpaduibTp F Mazkopupyet GbuibTp okpectHocTeit Toukn {x () |

a € 1} € K, 1.e. cxonurest K 9roit Touke. Teopema mokazana.
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2.5 KowmeHTapum u JiuTepaTypHble YKa3aHUS.

B s10# raBe MbI CYIIECTBEHHO MCHOJIB30BAJIN HOHSITHE YKBHBAJCHTHOCTH U
akcromy Bbibopa Xaycaopda. HamoMHIM COOTBETCTBYIOINTHE OMpEIeTeHUsT 1
HEKOTOPBIE CBEJICHUSI U3 TEOPUH MHOKECTB.

PaccvoTpuM HEKOTOPOE MHOKECTBO A W HEKOTPOE MHOYKECTBO YIIOPSI0-
YeHHBIX Map ajgeMeHToB MHOKecTBa A. Ecom napa a € A, b € A (a -nepsoiit
9JIEMEHT, b -BTOPOi) MPUHAIEIKUT PACCMATPUBAEMOMY MHOXKECTBY ap, TO
MBI Oy/IeM TOBOPHUT, YTO MEXKJY @ U b yCcTaHOBJIEHO OMHAPHOE COOTHOIICHHE
R u 6yaem nucarb aRb.

Bunapnoe coornorrenne R Ha3bIBACTCH PePBACKCUSHbBIM, €CIIN

Va : aRa.
Bunapuoe cooTHomeHne R HA3BIBACTCS MPAH3UMUBHbLM, €CTH
(aRb A bRc) = (aRc).
Bunaphoe cooTHotenne R HA3BIBACTCS CUMMEMPULHBLM, €CITH
(aRb) = (bRa).
Bunaproe cooTHotenne R HA3BIBACTCS AHMUCUMMEMPULHBM, €CITTH
(aRb A bRa) = (a =b).

Hampuwmep, nycts A -3T0 MHOXKECTBO BCeX KPYTOB Ha TLIOCKOCTH. MBI CKa-
JKeM, 9TO KpPYT @ HAXOJIUTCd B COOTHONIEHUU R ¢ Kpyrowm b, eciim 3TH Kpyru
nepecekalTces. 9To OHHAPHOE COOTHOIIeHue OyneT pedIeKCUBHBIM U CHMMeT-
PUYHBIM, HO HE Oy/IeT TPAH3UTUBHBIM U AHTUCUMMETPpUIHbIM. CKazKeM, 4T0
KPYTH @ U b HAXOAATCA B COOTHOIIEHUH R, eC/ii KPYT G COAEPXKUTCI B KPyTre
b. D10 cooTHotTeHne OyIeT PedIeKCUBHBIM, TPAH3UTUBHBIM W AHTUCHMMET-
PUYHBIM.

PedrekcuBHOE, TpaH3UTHBHOE W CHMMETPUYHOEe OWHAPHOE COTHOIIEHHE
HA3BIBAETCS COOMHOWEHUEM IKEUBAACHMHOCTIU T 0DO3HATAETCS TakK: a ~ b.

PedekcuBnoe, Tpan3uTuBHOE U AHTUCUMMETPUYIHOE OMHAPHOE COTHOIIIE-
HIE HA3BIBAETCS “4aCMU4H0l Ynopadovennocmsuio u obo3naqaercs Tak: a < b
(wmm a =< b). Ecau cupaBeiiuBo COOTHOMIEHWE ¢ < b, TO TOBOPAT, 4TO @
codepotcumes B b. B MHOXKecTBe ¢ YaCTUIHON YHOPSIOYHOCTBIO JJTEMEHT a
HA3BIBAETCS MAKCUMAALHAM, €CTTH U3 cCOOTHOITeHusd a < b ciemxyer, 4To a = b.

DJieMeHT ¢ € A 9aCTUYHO YIOPSIOYeHHOTO MHOYKECTBA HA3bIBACTCHA MAkK-
CUMANBHBLM IS TIOIMHOXKeCTBa B, ecin

V(be B):b<a.
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HO,ZLMHO)KGCTBO B gacTuuno VIIOPpAJ09Y€eHHOI'0 MHOXKECTBa Ha3blBacTCd Ue-
novio, €CJIu ClipaBeaJIUBO YTBEP2KICHUE:

Viee B,be B)= ((a<b)V(b<a)).

Cuaeyronue Ba yTBEPKICHNS SKBUBAICHTHBI U SBJISIOTCS JABYMs (Cyiie-
CTBYIOT ¥ JIPYT'He) S5KBUBAIEHTHbBIMI (GOPMYITHPOBKAMHI AKCHOMBI BBIOODA.

YrBepxkaenue 2.5.1. Fcau scakas yens 4acmudHo ynopadowennozo mHo-
orcecmea obaadaem eeprHels 2paHblo, Mo A00T INEMEHT MHOHCECMEA CO-
0EPAHCUMCA 8 HEKOTNODOM MAKCUMAADHOM INCMEHIME.

Dra dopma akcnoMbl BeIGOpa HazbIBaeTCs teMMoil (Teopemoit) Kyparosckoro-
HopHa.

YrBep:kaenue 2.5.2. I[Tycmo I -npouseosvroe mHostcecmeo undexcos u X,
-MAKAA CUCMEMA NOOMHONCECTNE8 MHoKcecmea M, wmo

V(rel): X, #0, V(a#p8): Xof |Xs=0.
Tozda na mmoocecmee I cyusecmeyem Gynryus
z(r): I 57— (1) € X,
UAU IK6UBAAECHTITIHO.
I(Mo € M), Vr: Mo ) X: = a(7).

Tunuaneiit mpuEMep MPUMEHEHHA AKCHOMBI BLIOOPA -PacCy zKJICHUS 110 IPHH-
mumy “rpandunuTHOR HHAYKIUK® (cM. cTp. 171, KOHEI T0Ka3aTelbCTBa Teo-
pembl Xana-Banaxa). Akcuoma BHIGOPa 9aCTO UCTIOIB3YETCS IO YMOTUAHHIO
(HampuMep, IPH PACCMOTPEHUH JIEKAPTOBA MPOU3BEIEHIS MHOKECTB), U Mbl
TOXKe He Bcena Oyaem (DUKCHpPOBATH BHUMAHNE Ha €€ MCIOJIb30BAHUM.

VIOMAHYTBHIE B IJIaBe 2 3JeMeHTapHble CBEJICHUs O METPUYECKHX IIPO-
CTPAHCTBAX SBJIAIOTCS €CTECTBEHHBIM 000OINEeHnEM TeX IpeJICTaBIeHui, Ko-
TOpbIE€ MOYKHO MOJIYIUTH MPH PACCMOTPEHUN PUCYHKOB Ha JUCTe OyMaru, oj-
HAKO He BCE TaK MPOCTO, B FeOMETPHIECKast HHTYUIHMS B TEOPHH METPHIECKIX
MPOCTPAHCTB HE OJIZKHA BBOAWTH YHTATENs B 3a0/1y:KaeHne. Mbl MO3BOINM
cebe mpuBecTy nuTarTy u3 counnenus H. Bypbaku [12|, cTp. 34:

“...3aMBbIKaHHE OTKPBHITOI'O IMAaPa MOYKET OTJINIATHCS OT 3aMKHYTOT'O IIapa
¢ TeM 7Ke IIEHPOM U PAJINYCOM, FPaHUIIa 3aMKHYTOIO MIapa MOXKET OTINIATHCS
ot cdepbl ¢ TeM JKe MEHTPOM U PAJILYCOM, OTKDBITHIH (MM 3aMKHYTHIH) ap
MOXKeT He ObITh CBA3HBIM, a chepa MOXKeT ObITh MyCTHIM MHOXKECTBOM.”
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CoOTBETCTBYOIIME IIPUMEDBI TUTATE/Th MOKET HAMATH B YIPAKHEHUAX B
IUTUPOBAHHOIT BbBIIIE KHUTE.

KilaccuuekuM pyKOBOJCTBOM 10 J€MEHTAPHOU TEOPHH METPHYECKHUX U
TOTOJIOTHYECKUX [TPOCTPAHCTB SABAAIOTCA KHUTH [1] , [2]. Vuebnux [15] aBis-
eTCsl CTAHJAPTHBIM UCTOYHUKOM CCHLIOK Il AHAJTUTUKOB. [jist yroryGaeHHO-
ro u3yueHus oOIeH TOHoJOrny MOKHO peKoMeHoBarh Kuury [14]. Kparkoe
U SICHOE W3JI0’KeHHe OCHOBHBIX TOHATHH 0BIIeil Tonoaorun ecth B Kaure [13].
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I'maBa 3

banaxoBbl npocTpaHCcTBA.

3.1 OcHoBHBIE OIpeeIeHNs.

B nasbHeitemM mo yMO4aHUIO BCE JMHEHHbIE TTPOCTPAHCTBA MbI Oy/1eM pac-
CMaTpUBaTh HaJd ITOJIeM KOMIIJIEKCHBIX YHCEJI U 6y,ZLeM CIIequaJIbHO OTMEYaTh
cay4dai, Korga JUHedHOe INPOCTPAHCTBO pacCMaTpUBACTCHd HAJ IIOJeM Jeil-
CTBUTEJbHBIX YUCEJ.

Omnpenenenne 3.1.1. 3anannas Ha JuHEHHOM TpOcTpancTBe L DYyHKIHS

. 1
|-l L= Ry
Ha3bIBAETCS HOPMOIA, eciim 3Ta (PYHKINS IPUHEMAET HEOTPHIATeIbHbIE 3HA-
TeHUS:
V(z e L) :|z] >0,
HEBLIPOZKIeHA!

(Izll = 0) == (z=0),
YJIOBJIETBOPsET HEPABEHCTBY TPEYTOJIbHUKA!
ViweLl,yel): |lz+yl <zl +lyll,

U OJHOPOIHA:
VA eC' e L) : A = Mzl

Onpenenenne 3.1.2. HopMupoBaHHBIM HPOCTPAHCTBOM HAa3bIBAETCS JIH-
HEUHOE TPOCTAHCTBO, PACCMATPHABAEMOE BMECTE ¢ 3aTaHHOM Ha HEM HOPMOM.

13 ompesenenus HOPMBI CJIeIyeT, 9TO (DYyHKIAA
d(z, y) = |z -yl (3.1)

149



V/IOBJIETBOPSIET AKCHOMaM DACCTOSIHUA (METPHKH), U HOPMHPOBAHHOE IMPO-
CTPAHCTBO 0 YMOJYAHUIO O0BIMHO PACCMATPUBAETCS KAK METPUYECKOE IIPO-
CTPAHCTBO ¢ MeTPHUKOii (3.1).

13 HepaBeHCTBA TPEYTOJIbHUKA CJIEYeT, YTO

[zl = 1lyll < llz =yl

Tak Kak mpasasi 4aCTh 3TOI'0 HEPABEHCTBA CUMMETPHYHA 110 T , I/, TO OTCIOJIa
cJIeIyeT, 9To

Nzl =Nyl < llz =yl (3.2)
13 mepaBencTBa (3.2) cieayer, 970 B HODMUPOBAHHOM MTPOCTPAHCTBE (DYHK-
s
= [l
HEIPepPBIBHA, €CJIU €€ PAcCMaTpUBATh KaK (DYHKIUIO Ha METPHIECKOM IIPO-
crpaHCcTBe ¢ MeTpHKOH (3.1).

Onpepenenne 3.1.3. 3anannbie Ha JuHEeHHOM TpocTpancTse £ HOpMH || |3
u || |2 sxBUBaSEHTHBI:

A~ A [l (3:3)

€CJIM CYIIECTBYIOT TaKHe TMOJOKHUTeTbHble KOHCTAHTH @ U b, 9TO
V(z € L) : allzlls < lzfly < ol

Tax Kak 3KBUBaJICHTHbIE HOPMbI 33/IaI0T OJIHY U TY K€ TOIOJIOIUI0 MEeTPU-
YeCKOT'0 ITPOCTPAHCTBA, TO SKBUBAJECHTHBIE HOPMbI HHOT/IA HE PA3/IMYAIOTCH.

Bynem paccmarpusaTh 6aHaXoBO MPOCTPAHCTBO B Kak MeTpUYIecKoe mpo-
crpanctBo M ¢ merpukoit (3.1). Ilycts M -mpocTpaHCTBO, TOCTPOEHHOE TPU
nokazaresberee TeopeMbl 2.1.1 na crp. 103. [lepenecem Ha npocTpaHcTBO M
CTPYKTYPY JMHEHHOTO TPOCTPAHCTBA B, TOJIOYXKUB 10O OIIPE/IeJICHHIO

alzn] + Blyn] == [azn + Byn)
1 BBEICM B HpOCTpaHCTBe M HOpMy, IIOJIOZKHUB 110 OHpe)le.HeHI/IIO
[fazn]l := Tim |, ].

CymiecTBoBaHue TIpejiesia caelyer u3 HepaBeHCcTBa (3.2).

Tak MbI IpeBpaTuM MMPOCTPAHCTBO M s HOPMHUPOBAHHOE HPOCTPAHCTBO.
[TopTOopsisi mrar 3a mrarom JokaszaTeabcTBO Teopembl 2.1.1, Mbr ybemmmcs B
TOM, 9TO MOJYUYeHHOE MPOCTPAHCTBO -3TO MMOJTHOE HOPMUPOBAHHOE MTPOCTPaH-
CTBO, KOTOpOe KaK MeTpHIecKoe MPOCTPAHCTBO €CTh IMOIOJTHEHHEe MPOCTPaH-
cTBa B.
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Onpenenenne 3.1.4. banaxoBo IpoCTPAHCTBO -9TO HOPMHUPOBAHHOE IIPO-
CTPAHCTBO, KOTOPOEe KaK MeTpHYecKOoe MPOCTPAHCTBO TOJHO OTHOCUTETHHO
merpuku (3.1).

Tak Kak npu HEOOXOAMMOCTH MBI MOYKEM IePDeHTH K HONIOJHEHHIO IPO-
CTPAHCTBA, TO B JAIbHEHIIeM BCe HOPMUPOBAHHBIE TIPOCTPAHCTBA MBI OyJIeM
CYNTATH OAHAXOBBIMH.

Ecu HyKHO yKa3aTh, Ha KAKOM HMEHHO 6aHAXOBOM IIPOCTPAHCTBE B pac-
CMaTpUBAETCsl HOPMa, MbI OyJieM 0003Ha4daTh ee cuMBoJoM |- | Bl|. ITpsvas
cymMMa 0OaHAXOBBIX IPOCTPAHCTB 1 (HDAKTOP-IIPOCTPAHCTBO HAHAXOBOTO IIPO-
CTPAHCTBA O MOIIPOCTPAHCTBY OOBIYHO PACCMATPUBAIOTCS KaK OAHAXOBHI
IPOCTPAHCTBA.

Onpepnenenne 3.1.5. I[lpamoii cymmoit By @ By 6aHAXOBBIX MPOCTPAHCTB
By n By na3biBaercs npsiMasi cymma, By @ By JIMHERHBIX MpOCTpancTs By n
Bs, B XoTOpO# BBeJeHA HOPMA,

le @y [ B1 @ Bl = |l | Bill + ly | Bel.- (3.4)

Bamernm, 9TO B CJIydae THIBOEPTOBBIX MPOCTPAHCTB BMECTO HOPMBI (3.4)
yI00HEee pacCMaTpPUBATDL JAPYTYIO, SKBUBAJIEHTHYIO HOPMY:

lz®y | BL@ Bs|* = |l | Bill* + |ly | Ball*.
dcHo, 9TO OTOpaYKeHUs MPOCKTUPOBAHUS
Pri:x®y—ax, Pro:xdyr—y

eCTh JINHeHbIe HempepbIBHBIE 0TOOparKeHus MpocTpaHcTBa By & By B mpo-
crpaHcTBO B u By cOOTBETCTBEHHO.

[Iycts B/ By -hakTop-mpocTpanCTBO JUHEHHOTO TPOCTpancTBa B 1Mo -
HeiiHOMYy noanpocrpancTBy By. O6osnauum cumpoiom T € B/Bj kjacc K-
BUBAJIEHTHOCTH, KOTOPBIHl cojiepKuT BekTop « € B. Ilosoxum

_ ~ ef .
V(@ € B/By): |T| B/Bo|| € inf{|lz+¢| B[ |£€ Bo}.  (3.5)
Cpasy ke 3aMeTHM, YTO CIIPABEIINBO OYEBUIHOE HEPABEHCTBO
|17 | B/Bol| < |« | B (3.6)

Teopema 3.1.1. Ecau By -3amrnymoe nodnpocmparcmso B, mo npocmpan-
cmeo B/By ecmb 6aHAT080 NPOCMPAHCMBO OMHOCUMEALHO HOPMbL (3.5).
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Jokazarenbcrro. CHavama gokazxkeM, 9ro GbyHkius (3.5) onpeessier Hop-
My. I3 HepaBeHCTBa TPEYTrOJBLHUKA B MPOCTPAHCTBE B cleiyeT HEPaBEHCTBO

le+y+&+n| Bl <lz+&|Bl+ly+n|Bl,
MIO3TOMY

|Z+y | B/Bo|| =inf{llz +y+&+n] | (E+n) € Bo} <
inf{llz +¢ | B|| | £ € B} +inf{||ly+n | B| |n€ B} =
|Z | B/Boll + |ly | B/Boll.

CreioBaTeIbHO, HEPABEHCTBO TPEYTOTBHUKA /15T (DYHKITHH (3.5) BBIIOJIHEHO.
OIHOPOTHOCTH OTHOCUTETHHO YMHOZKEHUS HA CKAJIAD OYEeBHIHA.
[Iycrn
|z [ B/ Byl = 0.

Torma cymecTByeT Takas MOCIeI0BaTeIbHOCTh {£,} C By U TaKoi 7eMeHT
T € I, 9TO
|+ &l — 0, n— oo.

B cuity 3aMKHYTOCTH IPOCTpaHcTBa By (MMEHO 371eCh HCIOIb3YeTCsl 3aMKHY-
TOCTH MPOCTPAHCTBA Bj) nMeeM:

xr=—lim &, € By,
n—oo

O3TOMY
z=0.

Hesbipox gennoctsb dbynakiuu (3.5) gokaszana. Vrak, Mbr jokasasiu, 910 GyHK-

st (3.5) ompejesser HOpMy Ha npoctpancTse B/By. Tenepn gokazem, 94To

IPOCTPAHCTBO B/ By MOIHO OTHOCHTEIHHO ITON HOPMBI.

IIyctb T, -byHIaMEHTATbHASI OTHOCUTEIHLHO HOPMBI (3.5) Hoc/1e10BaTe b
HOCTH. Be3 orpannmvenuss OOIMTHOCTH MBI MOYKEM CYUTATh, YTO BBIIOJTHEHO
HEPABEHCTBO

|Zns1 — Tn | B/ Byl < 2~ T = 0.

CymecTByoT Takue =, € B, £, € By, 4t0
H13n+1 — Tp +£n ’ BH S 2in, xr1 = 0.

[Tostoxkum
Yos1 = D (@ap1 =20 +6) 1 = 0.

1<m<n
Tak Kak
Yn+1 — Yn = Tp4+1 — Tn + g’m
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TO CYIIECTBYET Hpeest
y = lim y,.

n—oo

CupaBel/INBO HEPABEHCTBO

19 = Zps1 | B/Boll = [y — Ynt1 | B/Bol| <
|y — Yns1 | Bl = 0, n — oc.

[Tosnora npocrpancrea B/ By nmoka3aHa.
[IpuBenem npuMepbl 6AHAXOBBIX MPOCTPAHCTB.

Ipumep 3.1.1. IIpocrpancrBo C" ecTh GaHAXOBO MPOCTPAHCTBO OTHOCHUTE b~
HO KazKJIOW U3 HOPM

2l = > Izl Izl = max{lz] [ 1 < j < n}.

1<j<n
[TpoctparcTBo C" MOXKHO PacCMATPUBATD KAK MPSIMYIO CYMMY TTPOCTPAHCTB
Ct

ITpumep 3.1.2. TlpocrpancrBo C'(D) Bcex onpeseeHHBIX Ha KomnakTe D C
R™ neprepblBHBIX (DYHKIIHH €CTh 0AHAXOBO IPOCTPAHCTBO OTHOCHTEIHHO HOP-
MBI

If 1 C(D)|| = sup{|f(z)| | = € D}. (3.7)

IIpumep 3.1.3. B upocrpancrse L | 1 < p < 00, ¢c uarerpaJiom I paccMoTpum
JITHEIHOE TMOAIPOCTPAHCTBO Lig:

Lo ={f [ I(If") = 0},
1 paccMoTpuM (hakTOP-IIPOCTPAHCTBO OTHOCUTEIBHO ITPOCTPAHCTBA Ly:
LP/ Ly.

9T0 (haKTOP-IPOCTPAHCTBO €CTh HAHAXOBO IPOCTPAHCTBO OTHOCHTEILHO HOP-
MbI

Y(f € LP/Lo) « | fIl = I(lf1)"/7.

rjie f -mobas MYHKINUS U3 KJIaCCa SKBUBAJTEHTHOCTH f [TostHOTA TpOCTpaH-
crBa LP/Lg cienyer u3 Teopembl Pucca-@uiepa.

O6b1unO bakTop-ipocTpancTBo LP /Ly otoxaecrsisiercs ¢ LP u 0603Ha-
JaeTcd TeM 2Ke CIMBOJIOM.
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Teopema 3.1.2. B b6anaxo60m npocmpaHcmsee oNnepauul CAOHCEHUA
(BxB)szxy—zx+y€eB

U YMHONCENUA HA YUCAO
(C'xB)3Axz+— M\ €B

HENPEPBLGHDL.

HoxkazarenncTBo. [IycTh
rn€B,y, € B, x, — x9, Yo — Yo ,Nn — Q.
Torma
1(z0 + o) = (@n + wn)ll < 20 = 2nll + llyo = yull = 0, n — o0,

YTO B JOKa3bIBaeT HEIPEPLIBHOCTL OIIepalluy CJIO02KCHHA. HeﬂpeprBHOCTb
YMHOZKEHHA Ha YUCJIO JOKA3BIBACTCA abCOJIIOTHO AHAJOTUIHO.

Teopema 3.1.3. 1. Ecau O -omxpvimoe MHOMCECMBO 6 0GHATOBOM NPO-
cmpancmee B u A # 0, mo mHooscecmeo

ANO={z|z=MXy,ye€0}

OMKEPBHIMO.
2. Ecau O -omxpvimoe MHoscecmeo 6 banaxosom npocmpancmee B u A -
NPOU3BOADBHOE MHONCECTNEO 8 OAHATOBOM npocmparcmee B, mo muostcecmaeo

A+O0={z|z=y+2,yc 0,z A}
OMEPLIMO.

JlokazareabcTBo. [l JOKa3aTeIbCTBa MEPBOT0 YTBEPIKICHUS 3aMETHM,
9TO 0TOOparkKeHue
B~ B:x—z/\

HenpepbiBHO. MHOKecTBO AO ecTb mpoobpas OTKPLITOro MHOXKecTBa () IpH
9TOM OTOOPAYKEHUU U IMOITOMY OTKPBITO.
JLnst 1oKa3aTebCTBAa BTOPOTO YTBEPKICHNS 3aMEeTHM, UTO 0TOOparkKeHne

B—B:x—zx—y

HenpepwsiBHO. [ToaTomy mpu siobom y € A muHOKecTBO Yy + O OTKPBHITO KaK
poobpa3 OTKPBITOro MHOZKecTBAa O IPU HENPepbIBHOM OTOOpazkeHuu. MHO-
KecTBO A + O OTKpPBITO KaK 00beInHeHNe OTKPBITHIX MHOYKECTB.
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3.2 IIpocTtpaHCTBO JIMHEHBIX OTOOPaKEHMIi.

[Iycts By u By -6aHaxoBbl POCTPAHCTBA.
Onpeaenenne 3.2.1. Orobparkenue
T: By — By
HA3BIBACTCS JTUHEHHBIM, eCJIn
VAeC,ueC,zeB,ye By) : T(Ax+ py) =N (x) + pT(y).

JlemMma 3.2.1. Ecau aunetinoe omobpascenue nenpepueHo 6 mouke r = 0,
MO 0HO HENPEPLLEHO 8 NPOU3BOALHOT Mouke Ty € By.

HoxkazaTenbeTBo. [IycTh
Tp — Lo, N — OO.

Torma
(xp —x0) = 0, n — 00,

u ecjiu JuHeiinoe orobpazkenue T’ HEIIPEPHIBHO B HYJIE, TO
[T (xn) = T(o)|| = T (zn — z0)|| = 0, n — o0,
a OTCIOJA CJIeIyeT HelpepbIBHOCTD oToOpazkeHus 1’ B TOUKe Xg.

Jlemma 3.2.2. Ecau aunetinoe omobpasicenue HENPEPBLIBHO 6 HeKomopot
mouke xo € B, mo ono nenpepwvieno 6 Hyae.

HoxkazaTenbcTBo. [IycTh
yp — 0, n — oo.

Torna
(o + Yn) — o,

" ecin JimHelitHoe oTobpazkenue T’ HENIPEPHIBHO B TOYKE T, TO
| T (yn)ll = IT (0 + yn) — T(20)[| — 0, n — o0,
W3 gemm 3.2.1 n 3.2.2 BLITEKaeT

Teopema 3.2.1. Ecau aunetinoe omobpascerue HenpepuvieHo 8 00HOT mouke,
MO 0HO HENPEPLIBHO 6CH00Y.
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MuozkecTBO BCex JIMHEHHBIX HENPEPBhIBHBIX OTOOparKeHuil DaHaxoBa Mpo-
crpaHcTBa By B 6aHAXOBO IPOCTPAHCTBO By MBI 0003Ha41nM cuMBoIoM L( By —

By).
Onpegnenenue 3.2.2. Jluneitnoe orodbpazkeHue
T: B — By
OTPAHWYEHO, eCJIH CYIIEeCTBYeT Takas KoHCcTaHTa ' < 00, UTO
V(z € By) ¢ |T()] < Clall (3.8)

B neBoit wactu mepasencTBa (3.8) HOpMa Oepercsi B mpocTpaHcTBe Ba,
B mpaBoil dactu HepaBencTBa (3.8) HOpma Oepercsi B mpocrpancrse Bi. B
JanbHemeM MBI He GyIeM CIelHalIbHO OroBapuBaTh B KAKOM MMEHHO MPO-
CTPAHCTBE GEPYTC HOPMBI, €CJIH 9TO MOXKHO IOHATH U3 KOHTEKCTA.

TodHast HUKHSIA TPaHb BCEX BO3MOKHBIX KOHCTAHT C', KOTOpBIE YIOBJIe-
TBOPSIIOT HepaBeHCTBY (3.8) Ha3BIBAETCS HOPMOIT OrpAHIYEHHOTO OTepaTopa
T

T | £(By — By)|| == sup{||T'(z) | Bl | [|= | B:l| <1} (3.9)

MBI ocTaBAgeM YHTATEIO TPOBEPKY TOTO, UTO MpaBas 4acThb (3.9) meiicTsu-
TEJIbHO 33J[a€T HOPMY HA JUHEHHOM IIPOCTPAHCTBE BCEX OIPAHUYEHHBIX JIH-
HEHHBIX OIEPaATOPOB, KOTOPbIE JeicTBYIOT U3 By B Bs.

Teopema 3.2.2. Jlunetinoill onepamop HENPEPLIBEH 6 TMOM U MOALKO TOM
CAYHAE, eCAU OH 02PAHUYEH.

Hokazaresnbcrso. Henocpegacrseno u3z onpenesenus (3.8) cieayer, 9To
OTPAHUYCHHBIIT ONMEepaToOp HENPEPLIBEH B HYJIe, TOITOMY OIDAaHUYEHHBINH OTe-
paTop HempepbiBeH.

Ecsiu oneparop 1" HelpepbiBeH B HYyJI€, TO TOI/Ia CYIIECTBYET TaKas KOH-
cranta 0 > 0, 4To

V(||z]] <) : [|[T(x)] < 1. (3.10)

[Tomoxum B (3.10)
z=6y/2|lyl, y #0. (3.11)

Toryia nojtyunm:
2
V(y € B1) [Tl < 5llvll,

9TO M JIOKA3bIBAET OIPAHMYEHHOCTH HEIPEePhIBHOTO oneparopa 1.
B nanbreitniem npocrpanctBo L(B; +— By) Mbl GyIeM paccMaTpHBATH
KaK HOPMHUPOBAHHOE MPOCTPAHCTBO ¢ HOPMOIi (3.9).
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Teopema 3.2.3. Ilpocmpancmeo L(By — Bs) ecmv 6anaxoso npocmpa-
CMBO, M. €. OHO NOAHO OMHOCUMENDHO MEMPUKU, KOMOPAA UHIYUUPOSAHI
nopmot (3.9).

Hokazarenbcrso. [lycts {T,,} C L(By +— Bs) -IpOU3BOJIbHAS TTOCTEI0BA-
TeJIbHOCTD, KoTopas dyHIameHTagbHa no Hopme (3.9). Tak kak

V(z € By) : | Tn(z) — Ton ()| < [T = T[]
U TPOCTPAHCTBO By MOJHO, TO

V(z € By), 3T () : lim T,(z) = T(x). (3.12)

n—oo

fcHo, aro onpenesnentbiii pasercTsoM (3.12) oneparop T suneen. /{okazxem,
YTO OH OI'PAHHYEH.
[Iycte N BuIOpaHO HACTOJIBLKO GOJIBIIUM, YTO

V(im,n>N): |1, Tl <1
Torma

V(z € Br) + [To(2)|| < |Ta(2) = T (@)l + 1T ()| <
(14 1T Dl (3.13)

[Tepexoas B HepaBeHcTBe (3.13) K mpeneny n — 00, MBI TOJydaeM HeDABEH-
CTBO

V(z € By)  |T(@)]| < (1 + 1 TnulDll=]l,

13 KOTOPOTO U CJAeIyeT OrpaHnIeHHOCTh omeparopa 1. Ho oranudennsrii ome-
paTop HempepbIBeH, MOITOMY Hallla TeopeMa JT0Ka3aHa.
Paccmorpum

Ipumep 3.2.1. Ilycrp D C R™ -3amkuyTasg orpanundeHHas 00/1acTb B IIPO-
crpancte R™ | k(x, y) -HenpepbiBaast yHKIWA, 3aganHas B obaactn DX D.
Qopmyna
Kf(a) = [ bz, ) f)dy (3.14)
D

3aJ1aeT OlepaTop
K:C(D)w C(D).
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Onennm ero vHopmy. Nmeewm:

K71 CD)| =sup{] [ klz. 9)fw)dyla € D} <
(Sup{/ k(z, y)ldy | z € DY) sup{|f(y)| |y € D} =
sup{ [ Itz pldy | 2 € DYIF | CD)]
ClienoBaTebio, ’
I £(C(D) = D) < sup{ [ [K(z, y)ldy | = € D).

Byaem paccmarpuBath 3agannbiii opmymoii (3.14) omeparop Kak omeparop
u3z L'(D) 8 L'(D) u onennm ero nopmy. Nmeem:

\Kf| Z'(D)|| = / | / ke, 9)f (y)dyldz

< (sup{ / k(. y)\dz |y € DY) / F@)ldy <
sup / k(z, y)ldz |y € DY | ZND)|.

CnemoBaTebHO,

IE | L(LY(D) = LY(D))|| < Sup{/ [k(z, y)ldz |y € D}.

Bynem pacemarpusath 3agannbiii hopmymoii (3.14) omeparop Kak omepatop
u3 L?(D) B L?(D) u onennm ero mopmy. meem:
2
d:p)

/

< (D/ [ e, y>2dxdy) ( / f(y)zdy)

158

/ Kz, 9)f ()dy

D

IS | L*(D)|I* = (




CaenoBaTesbHO,

1/2

|K | L(ZA(D) — L(D))] < //w@,wﬁmw

B paccMmorpennoM mpumMepe MBI HOJYYWIN OMEHKY CBEPXY s HOPMBI
orneparopa. To4HOe BBIYHC/JAEHUE HOPMBI OIEPATOPAa MOXKET OBITH TPYIHOIM
3aJa49€i.

3.3 OcHoBHBbIE TPUHINNIEI.

OCHOBHBIMU TPUHIMIIAME (DYHKIIMOHAJIHLHOIO aHAJIA3a TPAJUNUOHHO HA3BI-
BaIOTCA HECKOJILKO HaubOoJIee 9acToO MUTHPYEMBIX TeopeM, KOTOpbIe, KaK Ipa-
BHJIO, COCTABJSIOT “TPYIHYIO  YacTh J0KA3aTeJbCTB. VHTepecHo, UTO 3TH
TeopeMbl (3a HCKJII0YeHHeM TeopeMbl XaHa-Banaxa) sBASIOTCS CiecTBHEM
Teopembl bapa o Kareropugx.

3.3.1 IIpuHiiun paBHOMEPHOI OrPAaHUYEHHOCTH U Teope-
Mma banaxa-IIlTeiiHray3sa.

[IycTh
FaiBll—)Bg, ael

-CeMeCTBO He 00A3aMeabHo NuHelHbls 0TODpazKeHnit DaHaxoBa MPOCTpaH-
crBa B; B 6aHaxoBO HpocTpaHcTBO Bs. Cleayiomee yTBepzKIAeHHE OOBIYHO
HA3BIBAETCS MPUHIHUIIOM PABHOMEPHON OrpaHMIEHHOCTH.

Teopema 3.3.1. Ilpednosostcum, 4mo 6uinoAHEHDL CACOYOULUE YCAOBUA.
1. Kaotcdoe omobpascenue F,, nenpepwisro.
2. BuinoaHeHv, HEPABEHCMBa:

Vel x,yeB):|Folz+yll < [[Falo)| + [[Fa(w)ll, (3.15)
Ve l, XeR, z € B) : [FaQAa)ll < N [[Fa(a)]l (3.16)

3. Ilpu xaorcdom x € By cemeticmeo omobpasicenut F, oepanuvero pasHo-
MEPHO NO (U :

V(z € By) : sup{||Fa(2)| | v € I} = C(x) < 0. (3.17)
Toeda cemeticmeo omobpasicenudi F, HeNpepusHo 6 nyae PasHOMEPHO MO (v :

lim sup]| Fa(@)]| |l <, o€ T} =0. (3.18)
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JlokazarenbcrBo. B cuny HenpepsHOocTH OTOOpakenus F, mpu KazKJioM
a €I, n>1 MHOXKeCTBO

{z [ [Fa(@)]] < n}

3aMKHYyTO. [ToaToMy 11pu KazkoM 1 > 1 MHOZKECTBO

a€el
3aMKHYTO KaK IepecedeHrne 3aMKHYThIX MHOXKECTB.

U3 (3.17) caeayer, 9To
Bl = UXTLJ

HO3TOMY B CHJIy Teopembl Bapa o kareropusx (cm. crp. 114) cymecrByer
TaKON OTKPHITHIH map b(xg, €) U Takoe n, 4To

b(xo, €) C X, (3.19)
Bruiouenue (3.19) o3magaer, 410
V(llyll <€) : sup{[[Fa(zo +y)ll | @ € I} <m.

CrenosatenbHo, B cHIy HepaBeHcTBa (3.15) copaBejjinBa OlEHKA:

V(lyll <€) = sup{[[Fa(y)]l | v € I} <
sup{[|Fa (2o +9)|| [ v € I} + sup{[[Fa(=zo)| | v € [} <

Ho Torma u3 (3.16) caemyet, uro
sup{[[Fa(@)[| | l|z]] <0, € I} < d(n+ C(xo))/e.

Teopema jmokazana.

Caenytoniue e T€OPEMbI €CTh TIPOCTOE CJISJICTBUE TIPUHIIAIIA PABHOMED-
HOIl OIPAHUYEHHOCTH U BMeCTe 3TU TeopeMbl Ha3bIBaIOTC TeopeMoit banaxa-
[MTeitaTaysa.

Teopema 3.3.2. Ilycmov T, -cemeticmeo AUHEGHBIX HENPEPLIBHBIT 0MOOPA-
otceruti banaxrosa npocmparncmea By 6 banaroso npocmparncmeo By, Ecau

V(z € B1) : sup{||Ta(2)]| [« € I}} = C(z) < oo,

sup{||T.|| | @ € 1} < 0.
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HokazarenbctBo. [Ipumenum Teopemy 3.3.1 K ceMeiicTBY oTOOpazKeHuUi
F, =T,. llomyanm, 9To

30> 0), V(llzll < 0) = sup{[[Fu(@)| | [zl <6, ael} <1
Ho Torna

sup{[| Tl | @ € I} = sup{||Ta(2)|| | lz]| <1, € I} < 1/0.
Teopema j0ka3aHa.

Teopema 3.3.3. Ilycmo T,, -nocaedosamesvrHocms SUHETHBDIL HENPEPDIEHBLL
omobpastcenutl banarosa npocmparcmea By 6 banaxoso npocmparcmeo Bo
u dana wastcdozo x € By cywecmeyem npeden

V(z € By), 3To(x) : lim T,(x) = Ty(x). (3.20)

Tozda onpedeaennni gopmyaot (3.20) onepamop Ty Henpepuisen.

Hokazarenbcrso. 13 (3.20) caemyer, 9ro
V(z € By) : sup{||Th(x)]| | 1 <n < oo} < .
Ho Toryma B cuny Teopemsr 3.3.2

sup{||T,.]| | 1 <n < o0} < o0,

V(z € By) : || To(x)|| < sup{|[Tn][ | 1 <n < oo}lz|.

CnenosarenbHO, onepatop 1 OrpaHWYeH U MOITOMY HelpPePbIBEH.

Teopema jokazana.

Crenyrommasi TeopeMa €CTh MPOCTOE CJIEJICTBUE HEPABEHCTBA TPEYTOJIbHU-
Ka, HO OHA TOYKe MHOTJIA Ha3biBaeTcd Teopemoii banaxa-IIlreitnraysa.

Teopema 3.3.4. Ilycmo T, -nocaedosamesbnocmsp AUHETHLLT HENPEPLLEHBLL
omobpasicenutl banarosa npocmpancmea By 6 banaxoso npocmparcmeo Bo
ydosaemeopaem Ycao8ulo

sup{||Tn]| | 1 <n < oo} =C < 0, (3.21)
nycmv D -naomuoe 6 By mnoosicecmaso:
Cl(D) = By,

161



u 0aa kastcdozo x € D cywecmsyem npedea:

V(z € D), ITy(x) : To(x) = lim T, (z).

n—oo

Tozda npedea lim,, .o, T,,(z) cywecmeyem das ecex x € By u onpedeservii
Popmynot
To(z) ¥ lim T, (2) (3.22)

n—oo

ONepPamop HENPepPuvLeeH.

Hokazaresnbcro. s kaxmoro x € By u € > 0 Haiijem Takoe y(x , €) €
D, garo
|z —y(z, o) <e/4C,

riae C -koucranta u3 (3.21). Torga

[0 () = Tn(2) | < [(Tn = Tr)y(z, )| + [[(Tn = Ton) (= = y(z, €))]| <
€/2+ (T = Tr)y(z, €.

[Tycts n, m BBHIOpaHBI HACTOJBKO OOJIBITAMHU, YTO
(T — T)y(z, €)|| <e/2.

Toryia w3 npeablAyIero HepaBeHCTBA CJEAYeT, YTO JIjId TaKuX Mn, m Oyaer
BBITIIOJIHEHO HEPABEHCTBO

ITn(x) = Tn(2)|| < e.

CaemoBaTesbHO, TOCTEI0BATENBHOCTD 1), () cxomuTcs st Beex T € By.
fcno, aro

ITo(2)|] < sup{[|Tull [ 1 < 7n < ocopfle] < Cl].

CaengosaTebHO, oneparop Ty OrpaHHYeH U IMOITOMY HENPEPHIBEH.
Teopema jpoka3zana.
Pacemorpum

Hpumep 3.3.1. [lycth B -6aHAXOBO TPOCTPAHCTBO BCEX MEPUOINIHBIX U HEIIPe-
poiBHBIX Ha orpeske [0, 27| dbyukuuit: f € B, ecam f HenpepbiBHA 1

f(0) = f(2m).

Ompemenum B npocTpancTtee B HOpMY:

1/ 1 Bl = sup{|f(z)[ | € [0, 2x]}.

162



Onpenenum B npoctpanctse B oneparops T, € L(B — C!), monoxus

)

T.(f) = (%—1— Z (akcoska:+bksinkx)>

1<k<n

=0

rjie ay , by -ko3pdunuentor Pypre GyHKIHH [ 10 TPUTOHOMETPUIECKON CH-
creMme (PyHKITMIA:

o 2m
= %/0 f(z)cos(kx)dx , b, = %/0 f(z)sin(kx)dx

Omnenum nopmy oneparopa 1),. C 910il 11e/1610 BCIIOMHUM HHTEIDAJIHHOE TPE/I-
craBjienne 4acTHoit cymmbl psia Pypbe depes gapo lupuxiie:

(1 [Tsin((n+1/2)(t - x))
T”(f>(7r/0 2sin((t — 2)/2) f“)dt)

=0
[Iycth
0<m<2n+1,t, ,=mm/(n+1/2), m=0,...,
f) = {Signsin((n +1/2)()) , ectu|t — ty, o] > €,

JHHeHA Ha y4acTKe |t — t, o] < €

" HenpepbiBHA. fICHO, YTO

[ foell =1
1T, | £(B = CY|| = sup{|Tfu,e || € > 0} =

1 [ |sin((n+1/2)t)
o J, sin(t/2)

™ w(k+1)
/ |sm d el Z / |sm dt >
0<k<n-1
const. Z

1<k<(n—1)

‘dtZ

~ const.lnn.

| =

B BBIIHCAHHBIX BBIIIE HepaBeHCcTBaXx

t

Ch=min ————
LT 0SSk 2 sin(t/2)

CUMBOJ const. 0003HAYaET MOJTOKUTEIbHYI0O KOHCTAHTY, KOTODAsl He 3aBHCHT
OT M ¥ TOYHOE 3HAYEHME KOTOPOil 115 Hac He BaxkHO. C/1e10BATEIbHO, HOPMBI
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ornepatopos 1, He orpanumveHbl B COBOKynHoctu. 3 Teopemnr 3.3.2 ciemyer,
9TO 3TO MOYKET OBITh TOJBKO B TOM CJIy4ae, eCJIH CYNECTBYeT Takas (pyHK-
musg fo € B, uro |T,,(fy)(0)] — oo, n — oo. CaeaoBaresnbHo, CyImecTByeT
Takasl HelpepbiBHAsl Mepuoandeckas (GpyHknus, psyi Pypbe KOTOPoil pacxo-
qutcs B Touke ¥ = () (CABUIOM apryMeHTa CyIIeCTBOBAHWE Takoi (hyHKIuu
JTOKA3BIBACTCS JIJIsT JTIOO0I TOYKH).

JlokazaHHbIil HAMEU pPe3yJbTaT -3TO TeOPeMa CYIIeCTBOBAHUS, U TEOPeMa,
Banaxa-IlItenray3a 9acTo MCIIOJB3YeTCs /I ITUX I,

3.3.2 Teopema 00 OTKPBITOM OTOOpakKeHUU U €€ CJIe]I-
CTBUS.

Onpegnenenne 3.3.1. Jluneitnoe orodpazkenue T GaHaxoBa ITPOCTPAHCTBA
B; B 6anaxoBo pOCTPAHCTBO By HA3bIBAETCH OTKPbBITHIM, €CJin 00pa3 Jitoboro
OTKPHITOrO B B] MHOXKECTBa OTKPHIT B Bs.

3amernM, 9T0 OTOOpazKeHUue MOXKET ObITh JUHEHHBIM U HEHPEPBIBHBIM,
HO HE OBITH OTKPLITHIM. [IpuMepom JmHEHHOTrO, HEIPEPLIBHOTO, HO HE OT-
KPBITOTO OTOOpaKEHUS SBJISETCS OTOOpazKeHme, KOTOPoe BCE MPOCTPAHCTBO
B1 nepeBoIuT B HOJIb IPOCTPAHCTBA Bs.

Onpenenenne 3.3.2. O6pasom (nam 061aCTHIO 3HAUEHNUIT) OTOGparKeHWsT
T: By — By
Ha3bIBAETCS MHOYKECTBO
Im(T)={y|y=T(x), z € By}. (3.23)
WNuora obsactsh 3nadenuii orobpakenns 1’ 0603HaAYAETCS CUMBOJIOM

Range(T) = Im(T). (3.24)

Caenyioriee yTBepzKIeHIE HA3BIBAETCS TEOpEeMOU 00 OTKPBITOM 0TOOpa-
JKEeHUH WM TPUHIIUIIOM OTKPBITOCTH OTOOParKeHHSI.

Teopema 3.3.5. Ecau omobpascerue
T e E(Bl — Bg)

AUHETIHO, HENPEPBIBHO U 00pa3 npocmpancmea By npu omobpascenuu T ecmov
ece npocmparcmso By:
Im(T) = Ba, (3.25)

mo omobpasicenue T omrpvimo.
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JlokazaTenbCTBY TeOpeMBbI 3.3.5 MBI IPEIITONLIEM HECKOJTBKO JEMM.
B nmanbHeiimeM 1map B IpocTpaHcTBe B; MBI OyaeM HOMEYaTb TeM Ke
WHJIEKCOM:

bi(, ) C B;.

Jlemma 3.3.1. Ecau swvinoanenvt ycaosus meopemov, 3.3.5, mo samvikarue
00pa3a 2106020 UWAPA C UEHMPOM 6 HYAE COOEPIAHCUM OMEDBIMGLT WGP € UeH-
MPoM 6 HYAE:

V(e >0), 30(¢): ba(0, d(€)) C CLT(b1(0, €))). (3.26)
Hoxkasarenbctso. 113 yemosust (3.25) caemyer, 4To

U01 (b1(0, n)). (3.27)

13 (3.27) u Teopembl Bapa o xkareropusix (cm. crp. 114)caenyer, 94to
A(n, yo € By, r>0) : ba(yo, ) C CHT(b1(0, n))). (3.28)
Teneph 3aMeTUM, 9TO U3 BKJIIOYEHUS
y € CUT(b:(0, n)))

cjaeayer BKJIOYeHune

—y € CUT(01(0, n))),

a U3 BKJIIOYEHUit

y1 € CUT(b1(0, n))), y2 € CUT(b1(0, n)))
cJelyer BKJIIOUEHUe
V0<a<1):ay+ (1 —a)y € CT(b1(0, n)))
[Tosromy u3 (3.28) caemyer, 4To

M={yly=Q2a—-1)z,z€by(yo, ), 0<a <1} C CHT(b:(0, n)))
(3.29)
Tak kak 1map by(yo, ) OTKPHIT, MHOXKECTBO M OTKPHITO U COIEPKAT TOUKY
0, mosromy

I(e > 0) : by(0, €) € M € CUT(by(0, n))).

CrenoBaresibHO,

Y(A > 0) : b(0, Ae) € CUT(by(0, An))).
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[To102KMB B 3TOM BKJIIOYECHUH
A =¢€/n,
MBI Oy 9uM BKJIOYeHue (3.26) ¢
5(e) = 2 /n.
Jlemma JoKa3ana.

Jlemma 3.3.2. Ecau svinonenss ycaosus npedvldyusets Lemmot, 0 YUCAG € U
d(€) ydosaemesoparom ycaosuro (3.26), mo

b2(0, 0(€)) C T'(b1(0, 3¢)). (3.30)
HoxkazarenncTBo. [IycTh
€1 =€, €, = 2_("_1)6(n_1).

Mpsl 6y/1eM CUHTATD, 9TO BHIOPAHHAS B COOTBETCTBHHE ¢ (3.26) mocsienoBaTe n-
HOCTBH 0(€,) YIOBJIETBOPSIET YCIOBHIO:

() < 0(en).
QurcupyemM mpou3BOJIHLHO
y € by(0, 0(e1)).
Ham mykHO nokazarh, 94TO
A(x € b:(0, 3¢€)) : y =T(x).

N3 nemmbr 3.3.1 caemyer, 4To

bl 50NV T(b:(0, 1) #0,

u nosromy cymecrByer takoe x1 € b1(0, €1), uro

Iy = TGl < 55(ea)

CnenoBaTebHO,

(y = T(x1)) € 020, 0(e2)),
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U CYIIECTBYET Takoe Ty € by(0, €3) 9T0
1
ly —T(x1) = T(z2)|| < 55(63)-

Paccyk/1ast Mo MHIYKIMA, Mbl HOJIy9dM TaKy[O MOCJIEI0BATEIBHOCTH {T,},
qTO0

1
|lenll < €n, ly —T(z1+ 22+ ... +2,)| < 55(e(n+1)) —0,n—o0. (3.31)

T = E Tp.
n

[Honoxnm

I3 (3.31) caenyer, uro
y="T(x), ||lz|| <e(l+1/2+...) < 3e.

JlemMa, mokazaHa.
[lepexomum K JJOKA3aTEIbCTBY TEOPEMBI.
[Iycts A -OTKpBITOE B MPOCTPAHCTBE B] MHOXKECTBO, To € A n

Yo = T' (o).
Tak Kak A -0TKpPBITO, TO cyIiecTByeT Takoii map by (0, €) C By, uro
Ty + bl(O, 6) = bl(l'(), E) C A

B cmty emmpr 3.3.2 cymectsyet Takoii map by (0, d(€)) C Ba, ato be(0, d(€)) C
T(b(0, €)). IlosTomy

Yo + b2(0, §(€)) = ba(yo, 0(€)) C T'(zo + b1(0, €)) C T(A).

CaetoBaTeIbHO, MHOZKECTBO T(A) BMECTE C KazKJIOU CBOCH TOYKON COEPIKUT
HEKOTOPBI OTKPBITHIA IIap ¢ IMEHTPOM B 3TOH TOYKE U MOITOMY MHOIKECTBO
T(A) orkpsito. Teopema jokazana.
BriBeieM HeKOTOpBIE CJIEACTBUS U3 JIOKA3AHHON TEOPEMBbI.
[IycTh
T: Bl — B2 (332)

-nHeltHoe (He 0bsi3aTesibHO HenmpepbiBHOe) orobpazkenue u Im(T) = Bs.
Omnpenenenne 3.3.3. Orobpazkenne

T ' By— By
Ha3bIBaeTCsE 0OpaTHBIM K oT0obpazkenuio 1, eciu

Yz € By) : T Y T(x))=2,V(ye€By): T(T ' (y) =y.
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Sameuanune. Ceifgac MBI pACCMaTPUBAEM TOJBKO TaKne 0TOOPaYKeHUs, 00-
JIACTBH OIPEJIEJIEHUsT KOTOPBIX €08nadaem co scem npocmparcmeom. 11o3zxe
MBI Oy/IeM pacCMATPUBATH OTOOParKeHHs, 001aCTh OIIPeIeIeHUs] KOTOPHIX SIB-
JISETCsI JINIIh JIHHEHHBIM MOAMHOrooOpasneM B OaHAXOBOM IIPOCTPAHCTBE, U
JIIST TAKUX OTOOpakKeHuit OymeT JAHO CBoe ompeenaeHne oOpaTHOr0 0ToOpa-
ZKeHundd.

s cymecTBoBaHus 0OpaTHOTO OTOOpAYKEHHST HEOOXOIMMO M JI0CTATOY-
HO, BO-IIEPBBIX, 9TOOBI 00pa3 mpocTpancTBa By upu orobpazkenuu 1 coBia-
n1a71 OBl CO BCeM HPOCTPAHCTBOM Bs, H, BO-BTOPBIX, UTOOBI KazKIBIi 3IeMEeHT
npocTpaHcTBa By uMes ObI TOJIBKO OAUH Ipoobpas mpu orobpazkenuu 1

(T(x1) = T(22)) = (21 = 22).

B cuny amneitnocTn orobparkenusi 1’ mocjaeHee ycaoBrue MOKHO CPOPMYJIH-
poOBaTh B BH/IE:
(T(ZEl — 172) = O) = (I’l — Lo = O)

Onpegnenenune 3.3.4. dnpom nuHeiHOr0 oTOOparkeHus 1’ HA3aBaETCs MHO-
JKECTBO

Ker(T) & {2 | T(z) = 0}. (3.33)

Nrak, HeoOX0AMMOE 1 JI0CTATOYHOE YCJIOBUE CYIIeCTBOBaHUS 0OpATHOTO K
auHeiinomMy (He 06g3aTeIbHO HePpepBIBHOMY) OTOOpazKkeHuio (3.32) cocTout
B CJIEIYIONIEM:

Im(T) = B, , Ker(T) = 0. (3.34)

OTobpazkeHus, YI0BIETBOPSIONINE IEPBOMY U3 YCIOBHN (3.34), HA3BIBAIOTCSI
CIOPBEKTUBHBIMU O0TOOpazkeHustMu. OTOOpaKeHusl, YIOBIETBOPSIONIAE BTO-
pomy ycsoBuio (3.34), HA3BIBAIOTCST HHBEKTHBHBIME OTOODAZKEHHSIMH.

Caenytomniag TeopeMa Ha3biBaeTcd TeopeMmoit banaxa o6 obparHoMm 0T00-
parkKeHuu.

Teopema 3.3.6. Ecau aunetinoe omobpastcenue T ydosaemeopaem ycaosu-
am (3.34) u nenpepuiero, mo obpammoe omobpastcernue HenpepveHo.

Jlokazarenbcrro. [lycth A -OTKPBITOE MHOXKECTBO B MPOCTpaHCTBE Bj.
Torga B cuty Teopembl 06 OTKPBITOM OTOOPAZKEHUN MHOYKECTBO

(T)71(4) = T(A)

OTKPHITO, HOITOMY Ipu oToOpazkennu T~ (koTopoe cymecTByer B cuy (3.34))
Ipoo6pas JI000ro OTKPLITOrO MHOXKECTBAa OTKDBIT, T. €. oTobpakenue 11
HempepbiBHO (cM. cTp. 117).

Teopema jg0kazana.

Eme omao ciencrBue TeopeMbl 00 OTKPBITOM OTOOPaKeHHH -T€OPeMa O
3aMKHYTOM TI'pacuke.
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Onpenenenne 3.3.5. ['padurkom nuHEiHOrO 0TOOpaAYKEHU
T: By — By (3.35)
HA3BIBAETCS MHOYKECTBO
Gr(T)={z®T(z) |z € B1} C B ® Bs. (3.36)

['pacduk simHeiiHOro 0TOOparKeHus eCTh JUHETHOe MOAMHOroo0pa3ne mpsi-
MO# cyMMBbI 0BJIACTH OTTpejie/IeHusT U 00J1acTH 3HAUEeHU.
O6patHoe oTobpazkeHue -3To olIepaTop ¢ rpaduKoM

GI‘(Tﬁl) = {T.l’ Dx ’ T € Bl} C BQ © Bl-

Ecin orobpazkenune HenpepbIBHO, TO TpaduK 0TOOparKeHUs eCTh 3aMKHYTOe
MOIIPOCTPAHCTBO ITOHM NpsMoit cymmbl. OKa3bIBAETCsI, 9TO CIPABEIJIMBO U
obpatHoe yrBepxKaenne. Clenyonas TeopeMa Ha3bIBAETCS TEOPEMOil O 3a-
MKHYTOM TpadukKe.

Teopema 3.3.7. Ecau epagur aunetinozo omobpasicernus (3.35) samrnym,
mo omobpaxncenue T HenpepueHo.

Hokazarenscto. Ecm noamuoxkectso Gr(T) C By @ By 3aMKHYTO, TO
mpoctpanctBo Gr(7') ecth 6aHAXOBO MOAMTPOCTPAHCTBO OGAHAXOBA MPOCTPAH-
crBa By @ By. Orobpazkenne

Pri:z®T(x)—x (3.37)

ecTh JIMHEHHOe HelpepbiBHOe oToOparkenne Ganaxosa mpocrpancrsa Gr(T)
Ha mpocrpancTtBo By, npuuem Im(Pr;) = By , Ker(Pry) = 0. B cuy
Teopembl banaxa 06 oOpaTHOM O0TOOparKeHUH O0TOOparKeHue

By — Gr(T): z—z®dT(x)
HenpeperBHO. Crie0BaTe/IbHO, OTOOparKeHmne
By— By:x—x®T(x)— T()

HENPEePbIBHO KaK KOMIO3UIHsI HePEPhIBHBIX oToOpakernit. (Mbr yuin, ato
CyzKeHne HeNPepPhIBHOIO OTOOparKeHHs HPOEKTHPOBAHUS T @ Yy — Y Ha 3a-
MKHYTOe By @ By muoxkectso Gr(T') HenpepbiBHO. )

TeopeMma mokazana.

SaMeruM, 9TO B JOKA3aHHONH HAMH TEOpPEMe IIPEIIoJIarajoch, 970 0T00-
pazKeHme 33aJaH0 HA BCEM NPOCTMPAHCMEE.
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3.3.3 Teopema Xana-bBanaxa.

B reopeme Xana-Banaxa Tomojiorudeckasi CTpyKTypa MpOCTPAHCTB HE pac-
CMaTPHUBAETCA U B JAJbHEHIINX PACCYKICHUAX OHA HUKAK HE UCIOJIb3YeTCs.

Omnpenenenne 3.3.6. 3a1annast HA BENMECTBEHHOM JIHHEIHOM TTPOCTPAHCTBE
L dyuknus
p: L—RY (3.38)

Ha3bIBAETCH KaJUMOPOBOYHHON (DyHKIMEH, ecjii OHA YA0BJIETBOPSET yCJIOBU-
SAM:

V(z,yel):plx+y) <plx)+py) (3-39)
V(a>0,z€L): plar) = ap(x). (3.40)

Onpenenenne 3.3.7. 3amanHas Ha KOMILUIEKCHOM JUHEITHOM TTPOCTPAHCTBE
L dyukius
p: L— R}r

Ha3bIBaeTCAd HOJIyHOpMOfI, €CJIM OHa YJ0BJIETBOPAET YCJIOBHUAM

VireL,yel): plz+y) <p(x)+py), (3.41)
V(r € L,acCh: plar) = |a|p(z). (3.42)

Besikast nosiynopMa ectb KajimbpoBodHast (DyHKIUsI, & OTJAUIUE IOy HOP-
MBI OT HOPMbI COCTOMT B TOM, 9TO JIJIsi TTOJYHOPMBI U3 yeaoBus p(z) = 0 He
caenyet, uro r = 0.

Caenytonias TeopemMa Ha3bIBaeTCst TeopeMoil Xana-banaxa jiyis1 BenecrBeHHO-
JAUHEHHBIX IPOCTPAHCTB.

Teopema 3.3.8. I[Iycmwv L -seuecmesennoe sunetinoe npocmparcmeo, Ly C
L -nodnpocmpancmeo npocmpancmea L, p(x) -Kasubposounas dynryus
na L u f(x) -s8adannodi na noonpocmpancmee Lo seujecmeenno-aunelinvil
PyHryUOHaL, KOMOPHLT YOOBAECTNEOPAETN, YCAOGUIO

V(z € Lo) : f(z) < p(a). (3.43)

Tozda cywecmeyem sadanmviil na ecem npocmpancmee L seusecmeenno-aunetinoii
dyrrxyuonas f, xomopwild yooBAEMBOPAEM YCAOBUAM:

V(z € Lo) : f(x) = f(z),V(x e L) : —p(—x) < fz) <p(x). (3.44)

170



Hokazarensctso. Eciu L = Lo, To 1okaseiBarh Hedero. Ilyers zg € L\ L.
113 (3.43) u ompejiesieHust KATUOPOBOUHON (DYHKIUH CJIEIYET, UTO CIPABE]-
JIMBO HEPABEHCTBO:

V(izre€ Lo,y € Lo, w0 € L\ Lo) : f(x)+ f(y) = flz+y) <
plx+y) =plx—x0+y +20) < plz — x0) + (Y + T0).

[ToaTomy

V(zr € Lo,y € Lo, xz0 € L) : f(x) —plx —x0) < ply +x0) — f(y). (3.45)

JleBast yacrb HepaBeHcTsa (3.45) He 3aBUCHT OT Y, IPaBast YaCTh HEPABEHCTBA
(3.45) He 3aBHCHT OT T, MOATOMY CYIIECTBYET TaKas HE 3aBHUCHINAS OT T U Y
(HO 3aBHCSIIAS OT To) KOHCTAHTA @, YTO BBHIOJTHEHbI HEPABEHCTBA:

V(z € Lo, y € Lo) : f(x) —plx —x0) <a<ply—+xo) — f(y). (3.46)
CutetoBaTesibHO,

V(z € Lo) : f(x) —

V(y € Lo) : f(y) +

[lycth Ly npsmas cyMMa JIMHEHHOrO MPOCTPAaHCTBA Ly W OJHOMEPHOTO TPO-
CTPAHCTBA, KOTOPOEe HATIHYTO Ha BEKTOD ZLq:

Ll = LO @D {tl’o}, t e Rl.
Ha mpocrpancrse Ly onpejaesnm Juneinbiii hyHKITHOHA
V(z € Lo) : fi(x +txg) = f(x) + ta. (3.48)

Tak kak xo € Lo, T0 onpenenenne (3.48) KOPPEKTHO.
U3 (3.47) caenyer, aro

V(t>0) : filz +tao) = t(f(x/t) + a) < tp(x/t + x0) = p(x + txo),
V(t>0) : filx —txo) =t(f(x/t) —a) < tp(z/t — x9) = p(x — txg).

Ecim L = Ly, To Teopema nokasana. Ecau L\ Ly # (), To noropum Hamte
HOCTPOEHHE.

lasee MBI TPOBEJIEM pACyKICHUsI, KOTOPBIE OMUPAIOTCS HA AKCHOMY BbI-
BIOOpA U WHOTJA HAZBIBAIOTCS TPAHCHUHUTHON WHIYKIIHEH.

[ycrb {La , fo} , @ € I -MHOXKeCTBO BCeX NPOCTPAHCTB U (DYHKIHOHA-
JIOB, KOTOPbIE MOYKHO TOJIyYHUTh OMUCAHHBIM BHITIE CII0co60M. BBeemM B 5ToM
MHOYKECTBE JaCTUIHOE YIOPSA0UeHHE, TTOT0KIB

{La ) fa} > {Lﬂ ) fﬁ}
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ecJu
L, D Lgu¥(x € Lg) : fs(x) = fo(z).

[Ipu TakoM JIHHEHHOM YIOPSIOYEHUN KazK/1as JMHeHHad Ielb UMeeT MaKCH-
MAaJILHBIH 3JI€MEHT: UM SIBJISETCH [Tapa, COCTOAIIAA U3 00'be INHEHHS BCEX BXO-
JAIAX B IEIb IPOCTPAHCTB L, ¥ €CTECTBEHHO ONPEIEJEHHOIO Ha, 3TOM 00b-
equHeHny (PyHKIMOHAMA. B cijly aKCHOMBI BEIOOPA CYIIECTBYET TAKOM MaKCH-
MAaJIbHBI OTHOCHTEJIBHO BBEJIEHHOTO YTOpA0YeHust 30eMeHT { Lz 5 fmaz }s
910 { Linaz 5 fmaz} = {Lo , [}. Ecut Lyae # L, TO MBI CHOBA MOYKEM TIPOBe-
CTH OIIUCAHOE BBIIIE MOCTPOCHUE U TOJIYIHUTH 3JI€MEHT, KOTOPBIi OymeT 60Jb-
e 37eMeHTa { Linas » frnae b ¥ HE COBHAJATH ¢ HAM, 9TO IPOTHBOPEYUT OIIpe-
JIEJIGHIIO MaKCHMaJIbHOrO saeMenTa. CraenoBareiabHo, L., = L u Teopema
JIOKA3aHA.

[IpocTbiM cieacTBHeM J0Ka3aHHOW TeOpeMbl sIBIseTCsS TeopeMa XaHa-
Banaxa 11 KOMILTIEKCHO-JTHHEHHBIX TPOCTPAHCTB.

Teopema 3.3.9. [lycmv L -xomnaexcro- aunetinoe npocmpancmeso, Lo C L
-nodnpocmpancmeo npocmparncmea L, p(x) -noaynwopma na L u f(x) -
sadannoili wa nodnpocmparcmee Ly aunelnutl gynrkyuonan, xomopoid ydo-
BAEMBOPAEM, YCAOBUID

V(z € Lo) : |f(x)] < p(x). (3.49)

Tozda cywecmeyem 3adarnuid Ha ecem npocmpancmee L aunetinoil dynk-
yuoHan f, Komopul y0oeaemeopaem Ycro8UAM:

V(z € Lo): f(z) = flz), Y(x € L) : [f(x)] < p(x). (3.50)

Jokazarenbcrso. CHauana OyJeM paccMaTpuBaTh Hallle TPOCTPAHCTBO
KaK BEIeCTBeHHO-THHEHHOE 1 IPUMEHIM IIPE/IBIIYIIY 0 TEOPEMY K BeIeCTBeHHO-
auneitnomy dbyuknuonany Re f(x) w noaymopme p(zx), KOTOpyio 6ymem pac-
CMaTpUBaTh KaK KaaubpoBouHyo dyHKIWO. IlycTh Ref -IIOJTy4eHHOe CO-
[JIACHO MpeJBILAYINel TeopeMe pacIliupeHne BeIeCcTBeHHO-THHERHOro (hyHK-
mronasa Re f(x). lonoxkum mo omnpeeneHuio

—_— e~ —_—~—

V(x € L) : f(x) = Re f(z) —iRe f(ix) (3.51)

dAcuo, aro dopmysta (3.51) 3amaeT KOMILIEKCHO-THHEHOE paciiuperue yHK-
muonasa f(x). IIposepum, uro BoimoHena onenka (3.50). Ilycrs

—_— ——

f(x) = |f(z)| exp(if).

Torna

— —_——

|f(z)| = Re f(exp(—if)x)) < p((exp(—ib)z)) = p(z).
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TeopeMma mokazana.

Teopemy Xana-Banaxa gacto (GopMyJIHpYyIOT B yHOpOIIeHHONE dopme: 3a-
JIAHHBI Ha JIMHEHHOM IOJMHOZKECTBE OaHaxXOBa IPOCTPAHCTBA JIMHEHHBIH
GYHKITHOHA MOYKHO HMPOJIOJIZKHUTD HA BCE MPOCTPAHCTBO C COXPAHEHUEM HOP-
MBlI.

3.4 ConpszKeHHoe HPOCTPAHCTBO M 3JEMEHTHI
TeOpun ABOMCTBEHHOCTMH.

3.4.1 Conpsg>XeHHoe IIPOCTPAHCTBO.

Omnpenenenne 3.4.1. ConpsikeHHBIM K JAHHOMY OaHAXOBY MPOCTPAHCTBY
B naspiBaercdg 0aHAXOBO IIPOCTPAHCTBO

B*=L(B~ C")

BCeX JIMHEHHBIX HEIpPepbIBHBIX OTOOpazkKeHmit 6aHaxoBa IpocTpaHcTBa B B
MHOYKECTBO KOMIIJIEKCHBIX YHUCEJI.

HopwMma B comnpsizkeHHOM IPOCTPAHCTBE 3aaeTcst (POPMYJIOit:
V(feB) :|If | Bl = sup{|f(z)| |z € B, |lz|| < 1}. (3.52)

Pacemorpum mpumep. [lycrs D -orpanundeHHas 3aMKHYTasg 00JaCTb B IPO-
crpancree RY. Hamommmwm, aro B cuty teopembr 1.2.10 (cm. crp. 83) npu
1 < p < oo mexkay npocrpanctBavu L9(D), g =p/(p—1), n LP(D)* moxkuO
VCTAHOBHUTH B3AMMHO OJIHO3HAYHOE COOTBETCTBHE

J: LY(D) — LP(D),

npu koropom dbyukmuun g € LI(D) ctaBuTca B COOTBETCBEHE (DYHKIMOHA
J(g) € LP(D)*, peiicTByromuii 10 1upaBuLy:
¥(6 € /(D)) J(9)(6) = [ g(w)ola)ds (3.53)
D

B reopeme 1.2.10 gokaseiBaercs, urto Joboit dynknuonan u3 LP(D)* MOXKHO
33/IaTh C TIOMOIIBIO 3TOI (POPMYJIBI U

17(g) | LDl = llg | LA(D)]],

nosromy npocrpancrsa LP(D)* u L9(D) unorga 0TOXKIECTBIIAIOTC.
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Teopema 3.4.1. ITycmo By samxnymoe aunetinoe noonpocmparcmeo bana-
xosa npocmpancmsa B | yo & By,

dist(yo , Bo) = inf{||yo — z|| | z € Bo} = d > 0.

Toz0a cywecmsyem makot sunelnol nenpepoienoill dynrkyuonan f € B,
Y1Mo

f(Bo) =0, flyo) =1, |f | B*[| = 1/d. (3.54)

HokazarenbcTBo. PaccMoTpuM JIHHEHOE TPOCTPAHCTBO Lj, KOTOPOE ecTh
npsMas CyMMa JHHEHHOTO HpOCTpaHCTBa By W HPOCTPAHCTBA, HATIHYTOIO
Ha, BEKTOP Yo:

L(]:Bo@{)\yo}, )\6@1.

Tak Kax yg € By, TO 3T0 onpejie/ieHne KOPPeKTHO.
Ha npocrpancrse Ly onpemenum jauHeitHbiit hyHKIHOHAT f:

V(z € By) : f(z+ Ayo) = A (3.55)
Ompejestennbiii paeHcTBOM (3.55) (DYHKIMOHAT YIOBIETBOPSIET YCJIOBUSIM:

f(Bo) =0, f(yo) = 1.

Bynem paccmarpuBarh JimHeitHOEe MPOCTPAHCTBO Ly Kak 6aHAXOBO TOJIPO-
CTPAHCTBO DaHAXOBa MPOCTPAHCTBA B W BBIYUCIUM HOpMY dYHKIHOHAIA f
*
B IIPOCTpAHCTBe L.
Nmeem:

V(z € Bo) = |z + Ayo | Loll = llz + Ayo | Bl =
AL/ M)z +yo | Bl = [Ald = [f (2 + Ayo)ld-

OTciona ciaeayer, 9To

1 1
V(@ € Lo) « |f(2)] < Sllzll, nosromy [|f | Lol < —. (3.56)

[Iyctb {x,} C Lo -10CTe0BATEIBHOCTD, KOTOPAst YAOBIETBOPSIET YCJIOBHIO:
lyo — zn|| — d, n — oc.

Torna
L=f(yo — za)| < [[f | Lllllvo — xnll — IIf | Lglid.
CnemoBaTebHO,

1T L5l =

S
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CpaBHEBasI 9TO HEPABEHCTBO € HepaBeHCTBOM (3.56), MbI MOJTyYaeM PaBeH-
CTBO

1
Ll = =.

Tenepns Bocnosib3yeMces TeopeMoit Xana-banaxa u pacupocrpanuM pyHKITH-
oHaJl f Ha Bce IPOCTPAHCTBO B.
Teopema jiokazana.

Teopema 3.4.2. Jlasa 406020 asemenma x banazrosa npocmparcmsea B cy-
wecmeyem makotll ynrkyuonan f, € B*, umo

Ifa | B*l =1, falx) = lz[|. (3.57)

HokazarensctBo. Ecn x = 0, To gokaszwsiBarh Hedero. Ilycts z # 0.
[IpuMmeHnM TPeaBIIYIIYIO TeoOpeMy K TOANPOCTpaHcTBY By = 0 u 3j1eMeHTy
Yo = x. Ilycrp [ -pyukimonas, KOTOpsIil yI0BIETBOPSET YCJIOBHIO

flx) =1, [If]l =1/l

Torma dynknuona
V(y € B) : fuly) = |zl f(y)

-MCKOMBI.
13 onpesenenust Hopmbl dyrKImoHaga (3.52) u Teopemsl 3.4.2 BbITEKAET

CaencrBue 3.4.1. Cnpasedauso paseHcmaso
[ | Bl = sup{[f(z)[ | |/ | B*[| < 1}. (3.58)
B nanbreitem sam 6yner ya00HO HCIOJIB30BATH 000O3HAYCHHE
V(feB*,zeB): <f|x>= f(x). (3.59)
[Iycts By u By -6anaxoBbl IPpOCTPAHCTBA U
0: B; x By — C! (3.60)

-JIMHeHHAas TI0 KaXKJI0My apryMeHTy (gpyukmusd. Takas QyHKINUS Ha3bIBACTCS
ounuHeiinoit popmoii.

Omnpenenenune 3.4.2. Bununeitnas dopma (3.60) crasur npocrpancrea By
1 By B OTAeMMYI0 JBOHCTBEHHOCTD (MJIH 33/aeT OTAEJIUMYIO JTBORCTBEHHOCTE
Ha NPOCTpaHCTBaX By u By), €cjiu U3 paBeHCTBA

V(y € By): 0(x,y)=0
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cJIeIyeT, 9To
a U3 paBeHCTBa

cJie/iyeT, 9To

13 (3.52) u (3.58) caenyer, uro Gununeitnas dbopma < f | x > craBur
npocTpaHcTBa B* n B B OTAEIUMYIO IBOUCTBEHHOCTH, TPUIEM CITPABE I TUBBI
paBeHCTBa,

If [ B[l = sup{| < f |« >[|[l«] Bl <1}, (3.61)
lz | Bl = sup{| < f [ 2> [[[lf | B*| < 1}. (3.62)

Teopema 3.4.3. Ilycmo
T: By +— By

-AUHETHBLIT Henpepuerbil onepamop u3 banaxosa npocmparcmea By 6 bana-
2060 npocmparcmeo By. Tozda

|7 | L(By = By)| =
sup{[ < f[T(x) > [|[[f | B3l <1, [le | B.]| <1} (3.63)

JokazarennctBo. Ciemayer u3 paBeHCTB

IT(2) | Bl = sup{| < f [ T(x) > | [|If | B3l <1},
1T [ £(B1 = By)|| = sup{||T(z) | Ball | [l | Buf <1}

Teopema 3.4.4. Ecau {z, | a € I} -makoe nodmmnosxcecmeo 6 banaxosom
npocmparcmse B, umo

V(f € BY) : sup{|[f(za)| | @ € [} < o0,

sup{||z.|| | @« € I} < 0.

JoxkazareabcrBo. Onpeie M oToOpazKeHHsT
T, : B* — C!

1o popmyJie
T.(f) =< flza>.
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13 Teopembr Banaxa-I1ITeitaraysa (M. crp. 160, Teopema 3.3.2) ciefyer, 9To
sup{||T,|||c € T} < 0.
Ho B cmiy paBenctsa (3.62)
1Tl = sup{| < f [ za > | [ I/ | B*| <1} = [lza]],
YTO U JOKa3bIBAET HAIYy TEOPEeMY.

Teopema 3.4.5. IIyemov {1, | o € I} C L(B, — Bs) -cemeticmeo aunet-
HOLT HENPEPueHHT omobpasicenud banaroea npocmpancmea By 6 banaroso
npocmpancmso By. Caedyrousue yeaodus 36U8aNEHIMHbL:

L. sup{||Tu | L(By — By)|| | a € I} < 0. (3.64)
2.V(z € By) : sup{||Ta(z) | B2|| | @ € I} < 0. (3.65)
3.Y(xe By, feB]):sup{| < f|Talz) > o€} <oo. (3.66)

Hoxkazarennctso. Slcuo, aro u3 (3.64) cremyer (3.65), a u3 (3.65) caemyer
(3.66). B cuiy Teopemsr 3.4.4 u3 (3.66) caemyer, 9ro

V(z € By) : sup{||Ta(2)|| | a € I} < o0,

nozromy u3 (3.66) caenyer (3.65). Hepasencrso (3.64) caeayer u3 (3.65) B
cuny Teopembl banaxa-ITITeiinraysa.

Teopema Jjiokazana.

[oBopsT, 94TO MOCJTENOBATEIBHOCTE onepaTopos 1, € L(B; — Bs) cxo-
mutes K oneparopy Ty € L(By — Bs):

B PABHOMEPHOH ONEPaTOPHON TOIOJIOTHY, €C/TH

|75 = To | L(B1 = By)|| — 0, n— oo,
B CUJIbHOW ONIEPAaTOPHONW TONMOJIOTHH, €CJIAN
V(z € By) : ||Thx — Tox | Bo|| = 0, n — oo,
B cJ1ab0ii oIepaTopHOil TOOJIOTHH, €C/IH
Y(x e By, feBy): f(Tu(x)) — f(To(x)), n — oo.

U3 Teopembr 3.4.5 ciemyeT, 9TO U3 CXOAUMOCTHU TOCTEIOBATEIBHOCTH OTIe-
paropoB 1, B cjiaboil onepaTopHOil TOMOJOTHH CJIE/yeT PaBHOMEPHAS 1O N
OTPAHWYEHHOCTHh HOPM OTEPATOPOB T,.
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[Iycts B -6anaxoBo mpocrpanctBo u B* -ero conpsizkennoe. Puxcupyem
r € B. ®opmyna
fe<flz> (3.67)

3a/1aeT JTUHeHHbBI HellpephIBHBIA (DYHKITMOHAT Ha IIpocTparcTBe B*. O003Ha-
9UM HTOT PYHKIHOHAT CUMBOJIOM J (), & MHOZKECTBO BCEX JIMHEHHBIX Helpe-
PBIBHBIX (DYHKIIMOHAJIOB Ha IPOCTPAHCTBe B* 0003HAUYNM CHMBOJIOM B**:

J: Bw— B” Jx)(f)=<flz>. (3.68)
13 dopmyast (3.58) ciaemyer, 910
[J(z) | BY|| =sup{| < f|x>[[[f|B* <1} =z

Mer BuuM, 3aganHoe bopmysioit (3.68) orobpazkenne npocTpancTsa B B 1po-
CTPAHCTBO B* (3TO MPOCTPAHCTBO HAZBIBAETCS] BTOPHIM CONPSZKEHHBIM) €CTh
JIHHeHHOe H n30MeTpudeckoe orobpazkerue. CrenoBaTeabHo, oopas J(B) npo-
cTpancTBa B B npocrpanctse B** npu orobparkenuu J 3aMKHYT.

Onpeaenenune 3.4.3. [IpocrpancTBo B Ha3zbiBaeTcs pedIeKCUBHBIM, €CJIH
J(B) = B*™. (3.69)

Takum obpazom, mpocrpancTBo B pedieKCUBHO, €CJIM OHO M30METPUYHO CBO-
eMy BTOPOMY CONDSIZKEHHOMY (MHOT/Ia TOBODPSIT: COBIAAAET CO CBOMM BTOPBIM
COTIPSIZKEHHBIM) W JTEO0OW JIMHEHHBIH HermpephiBHbI (DYHKIMOHAT Ha MPO-
crpancrBe B* 3amaercsa dbopmysioit (3.67).

U3 reopemspr 1.2.10 (em. crp. 83) coemyer

Teopema 3.4.6. IIpul < p < oo npocmpancmeo LP(D , u(dz)) -pepaexcusnoe
NPOCIPAHCNEO.

JokazareabcrBo. U3 Teopemst 1.2.10 cieyet, 9To Jis KaxKI0T0 (PYHKITU-
onana f € (LP(D, p(dx)))* cymecrsyer takas dbyukuus f € LY(D , p(dx)), ¢ =
p/(p —1), uro

Vg€ LMD, p(dn)): <[ | g>= / f(@)g(x)u(dr). (3.70)

Omnepaenentnoe dopmyaoit (3.70) orobparkenne

(LP(D, pldx)))” > [ f(z) € LI(D, p(dr))

B3aMMHO OJHO3HATHO W U30METPUYIHO. B cuity 310ii ke (hopMysibl oTobpaske-
HUe

(LYD, pldx)))* 3 g = g(x) € LP(D, p(dz))
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B3aXMHO OJHO3HAYHO U U3OMETPUYIHO. CJ’IG,ZLOB&TQJH)HO7
J(LP(D, pld)) = L7(D, plda))™.

TeopeMma mokazana.
[Tpocrpancrso L (D, u(dr)), Boobie rosopsi, He ecTb pedieKCHBHOE IPO-
CTPAHCTEBO.

3.4.2 ConpgaxeHHbII1 ormepaTop.

Onpeaenenne 3.4.4. OueparopoM 1™, CONPSAKEHHBIM K OLEPATOPY
T e E(Bl — Bg)

HA3BIBAETCS ONEPATOpP, KOTOPBIH Kaxkjaomy (yHKImonany f € Bj crasur B
cootBercTBue dyukiuonan 1*(f) € Bf, aeficrBytomuii no dpopmysre

VfeBy,zeB): <T*(f)|x>=<f|T(z)>. (3.71)

Paccmorpum npumep.
[Mycrs D -orpanmdeHnas 3aMKHyTas obaacTs B npoctpanctse RY. Tycrs
dbyuknusa k(x, y) Henpepbisaa B D X D:

k(xz,y) e C(D x D).

Ha upocrpancree LP(D) paccmorpum onepatop T, KOTOpBIH JeflcTBYeT 1O
IPABUILY:

W(f € D) T(7)(e) = [ bla )F)dy (3.7
D
Dta dopmyaa 3amaeT oneparop

T € L(LP(D) — LP(D)).
[Iycte J -onpenesentoe B (3.53) orobpazkeHue. BeIaucamM omnepaTop
T7 € L(LYD) — LYD)),

KOTOPBI jJesiaeT KOMMYTATUBHOU MarpaMMy



Nmeem:

<Ti(g) | 6 >=< J(g) | T(d) >= / o(z) / K, y)d(y)dy | do =

/ / k(zy)g(z)dz | ¢(y)dy.

Orcrona ciemyer, 9To

T7(9)(y) = /k:(a:, y)g(z)dz.

D

Paznuna mexmny omeparopamu 1™ u 17 B TOM, 4TO oneparop 1™ neficTsyer
B npocrpauctse LP(D)*, a omeparop 17 B upocrpauctse L(D). Yacro stoit
pas3HHIeil TpeneOperaoT U OTXKIECTBAAIOT onepatop 1™ ¢ omeparopm 17.

Teopema 3.4.7. Omobpasrcerue
T—T" (3.73)

ecmov aunelinoe usomempuueckoe omobpascenue npocmpancmea L(By —
* *
By) 6 npocmpancmeso L(B} — BY).

JokazaresnbcTso. JInHeliHOCTh 0TOGpazkenus (3.73) oueBuHA, a JJisd J0-
Ka3aTeJIbCTBA U30METPUIHOCTH TOTO OTOOPAKEHHST 3aMETHM, ITO

17" | £(B; — Bi)|| =

sup{[[T*(f) | BIl LIS T Bsll <1} =

sup{| <T*(f) [« > | [If | Bsl <1, o[ Bl <1} =
sup{| < f | T(x) > [[|[f [ Ball <1, [[z | Bif| <1} =
1T [ £(By — By

TeopeMma mokazana.

Onpenenenne 3.4.5. AanyasgropoMm moaMHOXKecTBa A C B* Ha3bBaeTcs
HOJIMHOZKECTBO 1IpOCTpancTBa B, onpeje/isgeMoe paBeHCTBOM

N(A) ={z|¥(fed): <fle>=0}=(zl|<fle>=0}. (3.74)

feA

Ananoruano,
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Omnpenenenne 3.4.6. AunynsropoMm mnoamuoxkecTBa A C B Ha3biBaercd
TOAMHOYKECTBO TTPOCTPAaHCTBa B*, ompejersseMoe paBeHCTBOM

NA) ={f|IV(@xecAd): <flz>=0}={z|<flz>=0}. (3.75)

T€EA

Ecm A C B, 1o N(A) C B*, a ecim A C B*, 1o N(A) C B. Unorna
AHHYJIATOD 00O3HATAETCS CHMBOJIOM

At =N(A).
Teopema 3.4.8. Jlasa ar0b6020 onepamopa
T € L(B;, — By)
CNpasedsuso pasercmso
Cl(Im(T)) = N (Ker(T™)). (3.76)
JoxkazarenbcTBo. [IycTh
y € Cl(Im(T)).
Torma cymecTByer Takast OCIeA0BATENBHOCTD {2, } C By, 410
Yo =T (x,) =y, n — 0.
CrieioBaTesibHO,

V(feKer(TY): < fly>= nh_)nolo < f|T(xn) >=

lim < T*f | z, >=0.

[TosTomy

y € N(Ker(T%))
’ Cl(Im(7)) c N(Ker(T%)). (3.77)
[lycrn

y & Cl(Im(T)). (3.78)

Toryma B cuny Teopemsbl 3.4.1 (eMm. ctp. 174) cymecTByer Takoil hyHKITOHAT
fo € B3, aro
foly) =1, fo(Cl(Im(T))) = 0. (3.79)
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CrenoBare/bHO,
V(x € By) : < fo|T(x) >=<T*(fo) | z>=0.

OTciofa BBITEKAT, YTO
T*(fo) =0,

U MO3TOMY

fo € Ker(T™). (3.80)
13 (3.79) u (3.80) coremyer, uro ecau crupasemuBo (3.78), To

y & N (Ker(T™)) (3.81)

ITostom
! Cl(Im(T)) > N (Ker(T™)). (3.82)

U3 (3.77) u (3.82) BbITEKACT YyTBEPZKICHAE TEOPEMBIL.
ITycrs B;,1 <1 < 3 -baHaxoBbI MPOCTPAHCTBA,

T, € L(By — By), Ty € L(By — Bs)
Onpegenenune 3.4.7. Oupenenenubiii hpopMyaoii
By +— Bs:x— Ti(x) — To(T(z))
omnepaTop Ha3bIBACTCs KOMIIO3UIUei (MIn pou3BeieHueM) oneparopos Ty u
Ti:

Ty Ty € L(By — Bs) , Ty - Ti(z) & Ty(T1 (). (3.83)

OueBuHO, 9TO

| Ty - Th(w) | Bs|| < ||To | L(By = Bs)|| - [|T1(w) | Ba| <
| Ty | L(Ba v+ Bs)|| - |11 | L(By = By)| - [l | Bil|.

[ToaTromy
Ty - Ty | L(B1+— Bs)|| < ||To | L(By — Bs)|| - |11 | £L(By — Bo)|. (3.84)

Onpenenenne 3.4.8. ToKIeCTBeHHBIM (WM €JAUHUYIHBIM) OTOOpazKeHHEM
(omepaTopom) Mbl HazbiBaeM oTobpaxkenue (omeparop) id € L(B — B), Ko-
TOpoe omnpejie/ieHo (bopMyJIoit

V(z € B) :id(z) = x. (3.85)
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ToxknecTBeHHOE OTOOpAXKEHUE 1A A1000M npocmparcmee Mbl 6yiaeM 000-
3HAYATH OJHUM U TeM YK€ CHMBOJIOM id.
Takum obpazom, omnpejesienre oOpaTHOTO OolepaTopa MOKeT ObITH 3allu-
CaHO B BHU/JIE:
Tt T=T-T =id. (3.86)

OueBuaHa

Jlemma 3.4.1. Cnpasedauso pasencmeso
(T, - T =17 - Ty € L(B; — BY) (3.87)

Teopema 3.4.9. Onepamop (T*)™! cywecmeyem 6 mom u moavko mom cay-
wae, ecau cyuecmeyem onepamop T, npunem cnpasedauso pasencmeo

(T*) ™t = (T~ (3.88)

HokazarenncTso. Ilyersh onepatop T 1 cymecrsyer. Torma mepexond K
COPsiZKEHHBIM onieparopaM B (3.86), Mbl 1moJydaem:

T (T~ = (T"Y)* - T* = id. (3.89)

CunefoBaresibio, oneparop (T*) ™! cymectsyer u cipase o paseHcTso (3.88).

Teneps npeanonoxum, aro oneparop (1T%)~! € L(Bf — Bj) cymecTsyer.
Torma cymectsyer omeparop (T**)~1. Tax kax omeparop T™* Ha IpPoOCTpaH-
ctBe By C B} coBuanaetr ¢ oneparopom 1', To

Ker(T) C Ker(1T™) = 0. (3.90)

[TpocrancTBo By 3aMKHYTO B mpocTpancTee Bi*, u muoxkectso Im(T) C By
ecTb TpooOpa3 3aMKHYTOTO B IPOCTPAHCTBe B MHOXKecTBa B IpH Hempe-
peiBHOM OToOpazkenun (T**) 1. CrenoBarensno, muoxkecrso Im(7T') 3amkmy-
10 B By. Tax kak oneparop (T*)~! cymecrsyer, To

Ker(7T™) =0,
u B cuay Teopembr 3.4.8 (cMm. crp. 181) cripaBeinBo paBeHCTBO
B, = Ker(T*)* = Cl(Im(T)) = Im(T). (3.91)

13 (3.90) , (3.91) u reopembl Banaxa o cyIiecTBOBaHUE OGPATHOTO OLIEPATOPA
3.3.6 (cMm. crp. 168) ciieyer cylecTBoBanUe HelpepbIBHOTO oneparopa T L.
Teopema j0kazana.
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3.5 bBbanaxoBbI aJredphl U ollepaTOpHOE MCUIC-
JICHUE.

3.5.1 IlpenBapuresibHble CBeJIeHUA.

Hanomuum onpeaenenne aareophl.

Onpenenenne 3.5.1. MHoKecTBO A Ha3bIBaeTCAa aaredPoit HAJI TOJIEM KOM-
miekcHbx dncesn Cl) ecim mMHOXKecTBO A ecTh IuHeiiHOe TPOCTPAHCTBO HAJL
nosieM KoMiekcHbIx uncea C! u B MEOXKecTBe A onpeesena GnHapHas olle-
panud yMHOZKEHH A

AxXxA— A: axb— ab,

KOTOpas Y/IOBJIETBOPSAET CJAEYIONHAM YCIOBUSIM.
1. Onepanus yMHOXKEHHST acCONMATHBHA:

Ve A, be A, ce A) : a(bc) = (ab)c.
2. Onepanus yMHOJKeHHs OuIHHEHHA:

Viee A,be A,ce A, acC,peC,veC):
(a4 Bb)e = aac + Bbe, a(Bb+ yc) = Bab + vac.

Omnpenenenne 3.5.2. Anrebpa A nasbiBaerca 6aHaxoBoii ajarebpoil, ecjn Ha
A ompejiesiena HOpMa, OTHOCHTEIBHO KOTOPOii A ecTh 6aHAXOBO HMPOCTPaH-
CTBO, IPHYEM OIEepalns YMHOKEHHS U HOPMa CBSI3aHBI YCJIOBHEM:

labll < [lal[]|6]]- (3.92)

Onpenenenne 3.5.3. banaxosa aireopa A Ha3piBaeTcsa yHUTAJIbHON OaHa-
XOBO# asrebpoit (nun asrebpoil ¢ eqununeii) ecin

dide A),V(ae A) :id-a=a-id = a.
B nanpreiinem (ecm siBHO HE OFOBOPEHO JPYTroOe) pacCMaTpHBaeMble Ha-
Mu aarebpsl OymyT aarebpavu ¢ exnanteii. 113 (3.92) caeayer, 9ro oneparius
YMHOKEHHUST HeIIPepbIBHA: €CJIH

a, — ag, b, — by, n — 00,

TO
b — agboll < lanllllbn — boll + Bollan — aoll — 0, n — .

184



[Ipumepom yHUTAIbHONW GaHAXOBOM aJreOphl ABAseTcs 6AHAXOBO HPOCTPAH-
CTBO

A=L(B+~ B) (3.93)
BCEX JIMHEITHBIX HEIPEPBIBHBIX ONEPATOPOB U3 DaHaxoBa MpPOCTpaHCTBA B B
6aHAXOBO HMPOCTPAHCTBO B, B KOTOPOM OIlepalds YMHOKEHHsS OIIpejesieHa
KaK KOMIIO3UIHsE Onepatopos (cMm. ompenenenne 3.4.7 u (3.83) ma crp. 182).

B uactHOCTH, ecim GaHAXOBO mpocTpaHcTBo B = R™ 1o anretpy (3.93)
MOYKHO OTOXKJECTBUTH ¢ aJarebpoil KBaJpaTHLIX MATPUIL pa3MepoM 1. X 1, B
KOTOPOI JuHeNHbIe OIlepanun U onepanusa YMHOYKEHUA MaTPHIL OIPEeIeJIeHbI
OOBITHBIM 00OPA30M.

B nanbHeiimeM (Kak MOXKHO JOKa3aTh, B CYIIECTBEHHOM HE OTDAHUYH-
Bast OOITHOCTH) JIJIS TPOCTOTHI MOYKHO CUUTATH, UTO PACCMATPUBAEMAsT HAMI
asrebpa ecrs anrebpa (3.93).

Pacmpocrpanum na hyHKIUN CO 3HAYCHUAMU B DaHAXOBOI ajarebpe HEKO-
TOpBIe MOHATHUS TEOPUH (DYHKIUH KOMILIEKCHOTO IIEPEMEHHOTO.

[aiKkuM KOHTYpoM [ B ILIOCKOCTH KOMILIeKcHoro Iepementnoro C! b
Oy/eM Ha3bIBaeTh 06pa3 NOJyUHTEepBaIa [a, b) npu HenpepbiBHO auddepeH-
[PYEMOM HHBEKTHBHOM (B3aMMHO-0OHO3HAYHOM Ha 06pase) 0ToOparKeHuH:

I={z|z=2(t),a<t<b,|(t) <const. <o0,},lCC. (3.94)

[IycTh
a(z):l— A
-PaBHOMEPHO MO 2z HelpephiBHOE oToOpazkenue KOHTypa [ B anre6py A.
CocTtaBuM WHTeTpaIbHyI0 cyMMy Pumana:

S = Za(z(ﬁ))(z(tj+1) —2(t;), t; <t <ty (3.95)

JIlnameTpom pazOmeHusd
a:t0<t1...tj <tj+1... <b
nosiynHTepBasa [a, b) Ha3bIBAETCSA YUCI0
= mjaX ’thrl — t]‘
Ecnmu S u S’ -nBe uHTerpasbable cyMMbl PuMana u 0 , ¢’ -COOTBETCTBYIOIITE

TUM CYMMaM JTHaMeTPhl pa3OueHuil moIyuHTepBaIa [a, b), TO crpaBeuBa
OYeBUTHAS OTEHKA

S =5 < (b—a) sup |12'(t)] %
sup{|la(z(t)) —a(zE")N)| | | = t"| <o+, a <t " < b},

U3 KOTOPOU Caeayer
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JIemma 3.5.1. FEcau | -2aadkud kowmyp u a(z) -pasHOMEPHO HENDEPLIEHAA
dynryus Ha | co 3nauenuamu 6 banarosol aszebpe A, mo cywecmsyem
npeoden

J

/ a(z)dz < lim (Za(z@))(z(tm - z(tm) :
6 =max|tip —t], t; <4 <t (3.96)

Ilpemen (3.96) nmaspiBaercsa mnrTerpaioM Boxmepa or dyuKImu a(z) 10
KOHTYPY .
[Iycts D -0oTKpbITas 006JACTh B MIOCKOCTH KOMILTEKCHOTO MEPEMEHHOTO

ChL
Onpepenenune 3.5.4. Oyukius
a(z): D— A
HazbiBaeTcs audpdepeHnupyemMoit B Touke z € [, ecjin CYIIECTBYeT MpeJies

da(z) ger . a(z+ Az) —a(z)
dz Algilo Az '

(3.97)

Onpenenenne 3.5.5. Ecan npenen (3.97) cymectByer B KaK/10ii TOUKe 2 €
D, 1o dyukus a(z) Ha3bIBaeTCsl aHAIUTHYECOR B obnact D.

JlokazaresbCcTBO CyIiecTBoBanus mpejesa (3.97) obserdaer

Teopema 3.5.1. ITycmov 6 obaacmu D sadana pymnrxyua:
D>z—T(z) € L(B— B). (3.98)

Ecau

V(x e B, f € B)

byrryua
vz, x, [) =< f|T(z)(z) >

anasumuyna 6 obnacmu D, mo dynxuyusa (3.98) anasumuyna 6 obaacmu D
6 cmuieae onpedesenus 3.5.5.

HokazaresnbcTBo. @ukcupyeM z € D. 13 anamuruanocty byukmuu (2, x, f)
CJIeJIyeT, UTO (PYHKIIHS

AZ!—>¢(f,JZ,AZ):(@Z)(Z—I—AZ,ZE,f)—@/)(Z,l’,f))/AZ
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AaHAJIUTHYHA B OKPECTHOCTH HYJIA. CJIG,ZLOB&TGJH)HO7

V(r € B, f € B*),3(6 >0) : sup{|(Az; — Az) ' x
(O(f, x, Az1) — O(f, x, Az))| | |Az1| + |Az| < 0} < 0. (3.99)

13 Teopemsbr 3.4.5 (cm. crp. 177) caemyer, 9To

3(6 > 0) : sup{[[(Az; — Az) '((T(z + Az) — T(2))/ Az —
(T(z 4+ Azy) = T(2))/ Az | Az1| + |Azs] < 6} < 0.

[HoaTomy

3(0>0,C0) <o) : [(T(z+Az) —T(2)/Az—
(T(z+ Az) —T(2))/Az| < C(5)|Az — Az].

TeopeMma mokazana.

Ha ¢yHKIuE KOMILIEKCHOTO MEepEeMEeHHOI0 €O 3HaYeHUAMH B OaHaXOBOit
anrebpe mpakTuIecKu Ge3 m3aMeHeHus: hOPMYJIUPOBOK U JTOKAZATEIBCTB ( ¢
OYEBUHON 3aMEHON ONEHOK MO MOJIY/TI0 HA OINEHKH MO HOPME) IepeHOCST-
Csl MHOTHE KJIACCHUYIECKHe TeopeMbl TeopHu (DYHKIMH KOMIIJIEKCHOTO IIepe-
MerHoOTO. Jletann mokaszaTebCTB MO00HBIX 0DO0OIMEHNH MBI TIPEI0CTaABIsIEM
quTaTe 0. B wacTHOCTH, HAM 1OHAM00ATCs 0000IeHne HHTEerPAJIbHON (hop-
MyJibl Kol # HEKOTOPBIX T€OPEM TEOPHH CTENEHHBIX PAI0B (hopMyJIbl J1ist
pajuyca CXOIMMOCTHU CTEIeHHOro psiaa u TeopeMbl Kommm o cyIecTBoBaHUK
0COOBIX TOYEK HA IPAHUIIE KPYTra CXOAUMOCTH). Mbl Ha/esiMCsl, 9T0 duTaTe/ib
CAMOCTOSITETLHO TTOJYIUT 0O0DIIEeHNsT 3TUX TeOpeM Ha Caydail pyHKIWMH co
3HaYeHUAMHU B OAHAXOBOM ajreodpe.

3.5.2 Pe3oabBeHTa U CIIEKTP.

Onpenenenne 3.5.6. Dnevent a ! € A nasbiBaerca 06paTHBIM K 3/IeMEHTY
a € A, eciin
ala=aa"' =id.

Omnpenenenne 3.5.7. diaement a € A Ha3pIBaeTCS OOPATUMBIM, €CJIH Y HETO
cyliecTByeT oOpaTHBIH JIeMEeHT al e A

OueBuana,

JlemMma 3.5.2. Fcau saemenmo, a u b obpamumsvl, mo asemenm ¢ = ab 06-
PAMUM U
ct=bta
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B JajbHeIeM Mbl [0 OIPEIEJIEHUIO OJAIaeM
Y(a #0) : a® = id.
[IpAMBIM BBIYHCICHEEM JTOKA3BIBACTCH

JIemma 3.5.3. Ecau ||a|| < 1, mo asemenm (id — a) obpamum u
(id —a)™t = Z a".

Orcrona BeITEKaET

Y7, mo anemenm

Jlemma 3.5.4. Feau asemenm a obpamum u ||b|| < ||a
a+ b obpamum u

(a+b)={ Y (=a )" a " (3.100)
0<n<oo
,ZLHH JOKa3aTeJIbCTBa JOCTATOYHO 3aMeTHUThb, 9TO
(a+b) = a(id + a™'b),
1 002 COMHOXKHUTeJIsI B IIPaBOil 4aCTU 5TOr0 PaBEeHCTBA 0OpATHUMBbI, TAK KaK
la™"b] < fla™"[l[lo]] < 1.
I/I3 9TOTO YyTBEP2KACHUA BBITEKACT OYCHDb BazKHOE

CanencrBue 3.5.1. Muoowcecmeo scex obpamumvis ssemenmos baHarosot
anszebpv, A omrpoimo u omobpaxcenue

a—a! (3.101)
HENPePHeHO 6 00CMAMOYHO MAA0TE OKPECTNHOCTIU 06PAMUMO20 IACMEHMA.
Omnpenenenne 3.5.8. Eciu snevenr (A -id —a)™' € A cymecrsyer, To on
Ha3bIBAETCS Pe30JbBEeHTOH eMenTta a € A:

RO, a) ¥ (\-id—a) . (3.102)

Bameuanue. MHorma pe3onbBeHTON 9eMeHTa ¢ HA3BIBAIOT dJIeMeHT (a —
A-id)7L

B dbopmynax, noaobuerx (3.102), gacto omyckatoT obo3HadeHne id, caurast
0 YMOJIYaHWIO, 9TO:

A-id = A,
U IPU TAKOH JoropoperHoctu onpesenenne (3.102) 3amuceiBaeTcs Tak:

R\, a)=(\—a)".
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Onpegenenune 3.5.9. Pe301bBeHTHBIM MHOYKECTBOM dJ1eMeHTa a € A Ha3bI-
BaeTcs MHOKecTBo A € C! Tex Touex KOMILIEKCHOI IIOCKOCTH , J/1e KOTOPBIX
CYIIECTBYET pe30JIbBeHTA!

res(a) € {A| 3\ -id —a)" '} (3.103)

U3 cnenctBus 3.5.1 BBITEKAET, UTO PE30JbBEHTHOE MHOXKECTBO JI0OOTO
sjieMenTa 6aHaxoBO# aarebpbl OTKPHITO, & U3 JIEMMbI 3.5.3 cjejlyer, 4To

YN > [lal) :R()\,a):i > ()" (3.104)

0<n<oo

B nanbherem HaMm n0HAI00MTCS CJe/yIONIee OUYeBUTHOE CAeJCTHE HelIPePhIB-
HOCTH Pe30JIbBEHTHI KaK (DYHKIIMU CBOUX apryMeHTOB.

Teopema 3.5.2. IIpednonoosicum, wmo pesoavsenma R(N | ag) cywecmeyem
6 kaostcdoti mouke X € D nexomopozo komnarmmozo mroscecmea D C Cl,
Tozda cywecmsyem maxas omrpumasn okpecmmocms O(D) mnoorcecmea D
u makot omxpwmutl wap b(ag, €) € A, wmo pesosvsenma R(\, a) cyuse-
cmeyem npu ecex A X a € O(D) X b(ag, €).

HokazarenbcTBo. B crty HempepblBHOCTH pe30sibBeHTH R(\ | a) mo coBo-
KYIHOCTH MEPEMEHHBIX A\, d B METPHKE

d((Ar; a1), (A2, az)) = max(|A1 — Aof, [Jar — azl])

JJTs KAZKJIOM TOUKH A\g € D cymmecTByer Takoe €(\g), 9T0 pesosbBenta R(\ | a)
cymecTByeT mpu [A — Ao| < €(Ao) m a € b(ag, €(Ng)). OTKpBITBIE OKPYKHO-
crr {A | |[A = o] < €(Xo)}, Ao € D cocraBisgiorT MOKPHITHE KOMIAKTHOIO
MHO)KecTBa D, MO3TOMY 3TO TOKPHITHE COMEPKUT KOHETHOE TIOITOKPHITHE.
Brifupas 9ucao € paBHbBIM HAUMEHBIIUMY PAIuycy €(\g) BXOJAIINX B 9TO
MOKPBITHE OKPYZKHOCTEH, MBI MOJyYIUM yTBepkKaeHue Teopembl. (Mckomas
OTKPBITAasl OKPECTHOCTh MHOXKeCTBA D ecTh 00beInHenne KOHETHOTO YHCIIa
BXOJISIIIUX B BBIOPAHHOE KOHEYHOE MOKPHITHE OKPYKHOCTEIH).

Jlemma 3.5.5. FEcau U -obpamumviti asemenm anszebpu, A, mo cnpasedauea
dopmyaa
UR\, a)U ' = R(\, UaU™"). (3.105)

JoxkazarenbcTBo. Clieiyer U3 paBeHCTBA

(Aid — UaU Y YUR(N, a)U ™! = id.
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Onpenenenne 3.5.10. Cnekropm o(a) saemenTta a € A HazbBaeTCs 10-
IIOJIHEHHE Pe30JIbBEHTHOIO MHOYKECTBA JIEMEHTA @

o(a) X Clres(a)). (3.106)
Wnorma crnektp asemenTa a € A 0603HagaeTCs CHUMBOJIOM
Sp(a) = o(a).

Tak Kak pe30/ibBEHTHOE MHOXKECTBO OTKPBITO, TO CIEKTP -3aMKHYTO€ MHO-
2KecTBO, U ecad U -00paTUMBIii 9JIEMEHT, TO

o(UaU™t) = o(a). (3.107)

Teopema 3.5.3. Cnpasedausw, pasercmea:
R(A,b) — R(A, a)=R(\, b)(b—a)R(A, a), (3.108)
RN, b) — R(A,a) =R\, a)(b—a)R(X, b), (3.109)
R(A,a)—R(p,a)=—A—pu)R\, a)R(1, a). (3.110)

HoxkazareabcTBo. PaBeHcTBO
(Aid —a) — (Aid = b) = (b—a)

yMHOXKaeM cieBa Ha R(\ | b), a cipasa va R(A, a). [Toayuanm (3.108). Vmuo-
JKasl 9T0 Ke paBeHCTBO crpasa Ha R(A, b), a cieBa Ha R(\, a), moay4aum
(3.100).

AHaJIOTHYHO, UCXO/Isl U3 PABEHCTBA
(pid — a) — (Aid — a) = —(A — p)id,

MBI J1erko nosy4um (3.110).

Bamedanus. fcmo, aro (3.108) u (3.109) ectsp pasmbie dhopMmbl 3ammcn
OJIHOTO M TOTO K€ PABEHTCBA. JTO PABEHCTBO HA3LIBAETCA BTOPHIM PE30JIb-
BEHTHbIM yDaBHEHHeM (MM BTOPBIM De30JIbBEHTHBIM TOXKJIeCTBOM). PaBen-
crBo (3.110) Ha3BIBAETCSI IEPBBIM PE30JbBEHTHBIM YDaBHEeHHEM (HJIH ePBBIM
PE30JIbBEHTHBIM TOKECTBOM, WM TOXKAecTBoM ['mianbepra). MoxkHO moka-
3aTh, YTO €CJIU ONMEepaTOpPHbIe (DYHKIMH YI0BIETBOPAIOT ypapHeHusM (3.108)-
(3.110), TO OHU SBJISIOTCS PE30JBBEHTON HEKOTOPOTO SJIEMEHTA.

EcJin oneparop (b—a) gocrarouno “xopouiuii”’, 7o uHOIIA ObIBAET YI100HO
npeobpa3oBaTh BTOPOE PE30JBBEHTHOE ypaBHeHue. [10/10kuM 110 onpesese-
HUIO

V(A € res(a)(\resd)) : T(A, a,b) = (b—a)+ (b—a)R(A, b)(b— a),
(3.111)
QA a,b)=id+T(X\, a, bR\, a). (3.112)
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Jlemma 3.5.6. Cnpasedusv, pasencmaa

RN, 0) =R\, a)+ R\, a)T(\, a, )R\, a) = R\, a)Q(X, a, b),

(3.113)

TA,a,b)=(0b—-a)+(b—a)R(\, a)T'(\, a, b), (3.114)
R(\, b)(b a)=R(\, a)T(\, a,b), (3.115)
(b—a)R(A, b)) =T(\, a, b)R(X, a), (3.116)
TN, a,b)—T(p,a,b)=—=A—wT\, a, )R\, a)R(p, a)T (1, a, b).
(3.117)

HokazarenberBo. 13 Broporo pe3ojibBEHTHOIO yPaBHEHU CJIe/lyeT, YTO

RA,b)(b—a)= R\, a)(b—a)+ R\, a)(b—a)R(\, b)(b—a) =
RA\,a)(b—a)+ R\, a)(T(A,a,b)—(b—a)) =
R\, a)T(\, a,b).

[MogcraBuB geByto dacTh 31oro pasencrBa B (3.111), mbl moayaum (3.114).
[TogcraBuB BO BTOpOe pe30osbBeHTHOE ypasHenwue, moayqauMm (3.113). Papen-
crBo (3.116) MoKa3bIBaeTCs abCOTIOTHO AHATIOTHIHO.

Hamee mMeew:

TA,a,b)—T(u,a,b)=(0b—a)R(\,
— (A= p)(b—a)(R(\, D)R(p, b)(b—a) =

(c y4eToM JTOKA3AHHBIX BBIIE PABEHCTR)
—A=w) TN, a, )R\, a)R(, a)T(1, a, b).

JlemmMa JokazaHa.
B Teopun norennuaibHOTO paccessunus OpiBaeT y100Ha ciaeayomnias ¢popma
BTOPOTO PE30JIbBEHTHOTO yPAaBHEHUS.

JlemMma 3.5.7. llycmo
b—a=cd.

Tozda 6 mex moukax X\, 2de Cywecmsyom onepamopvl
R()‘7 Cl) ) R(/\a b) ) (Id - dR(Av a)c)_l,
CNPaBEdAUBO PABEHCNBO

R\, b) — R(\, a) = R(\, a)c(id — dR(X, a)e) 'dR(\, a). (3.118)
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JokazareabcTBo. 13 BTOPOro pe3ojbBEeHTHOI'O YPaBHEHUS
R(A, b) — R(A, a) = R(\, b)cdR(\, a)

cJIeJlyeT PaBeHCTBO

dR(X, b)e — dR(A\, a)c = dR(\, b)cdR(A, a)e.
[Iycrn

a=dR(\, b)c, B=dR(\, a)c.
Torma mpesbi/iyiiee paBeHCTBO MOXKHO 3allUCATh B BU/JIE
a—f=ap,

HOYTOMY

(id=—3)(id+a)=id , (d+a)=(d—p8)"

Hasee mMmeem:

R(A,b) — R(A, a) = R(\, b)cdR(X, a) =
(R(A, a) + R(A, a)edR(N, b))cdR(\, a) =
(A, a)(id 4+ cdR(X, b))cdR
R(X, a)e(id + dR(N, b)c)dR
R\, a)c(id + a)dR(A, a) =
R\, a)c(id — B)'dR(\, a).

Jlemma mokaszana.
U3 roxkmecrBa I'mibbepra (3.108) u HEPEPHIBHOCTH PE30JIHBEHTHI BbITe-
Kaer

Teopema 3.5.4. Ha pesoaveenmmom muoostcecmee pezosveenma R(\ | a) ana-

AUMUYHE O A U
dR(X, a)

dA

Bynem paccmarpuBarh anredbpy A kak anredpy omepatopos L(B — B).
Torga Mbl mojydum, 4ro 1pu Jwbbix © € B, f € B* dyukuus A —< f |
R(\, a)r > aHaJIuTHYHA HA DE30JIbBEHTHOM MHOYKECTBE 3JIEMEHTA G U He
nocrostaHa. CjieoBaTe/IbHO, B CUJIY TeopeMbl JInyBuLIs OHA 00S3ATETHHO
uMeeT ocodble TOUKU. OTCI0/Ia BHITEKAET, YTO CIIEKTP JII0O0ro jemMenTa Ha-
HaXOBOH aJrebpsl He mycT. Mrak, cipaBeainBa

= —R(\, a)* (3.119)

Teopema 3.5.5. Cnexmp o(a) 4106020 ssemernma a 6aHaL060U aA2e0DPbL €CTND
HENYCIMOoE 3AMEHYMOE MHONMCECMB0, Komopoe codepacumces 6 kpyze {\ |
Al < lall}.
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3.5.3 OmnepaTopHO€E HUCYNCJIEHUE.

[Iycrb a -31eMenT 6GanaxoBON ajaredpbl U 0(a) -ero CHeKTp.

Onpeaenenne 3.5.11. F, -3T0 MHOXKECTBO BceX (DYHKIIMM, KaxKIad U3 KO-
TOPBIX AHAJIUTHYHA B OTKPBITON OKPECTHOCTH (CBOEH J1Jist Kazk10i hyHKIN®)
MHOXKeCTBa o(a).

MmuozxectBo F, ectb ajaredpa PpyHKIMH OTHOCUTEIHHO TOTOYEYHOTO CJIO-
JKeHnd 1 yMHoxkennd dynknuil. [Iycrs f € F, u Dy -oTKpbITag OKpecTHOCTb
MHOZKeCTBa 0(a), KoTopas BblOpaHa Tak, 4To rpanuna | = 0D ecTb ajKas
KpuBasd i MHOXKecTBO [ | J Dy npuHaIIeKUT 001aCTH, B KOTOPOitl byHKIusa f
aHAJIMTUYIHA. 3aMeTUM, 4TO 00sacTh Dy He 0043aTelbHO eCThb OJHOCBI3HAS
obsacte: 0bmacts Dy n kpuBas [(f) MOryT cOCTOSATH U3 HECKOJIBKHX KOMIIO-
ment. [TocraBum Kaxknoit dbyukuun f € F, omeparop f(a) € A 1o mpaBuiy:

Opa: Fors A, FON) > fla) = ifR(A, o) FN)dA. (3.120)
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Narerpan no 3amkayroMy KOHTYDY [ B (3.120) Gepercsi B HalpaBIeHUH T10-
JIOXKUTEeJIbHOr0 00x0/ia cojepzKaeil cekTp oneparopa a obaactu Dy. Mnre-
rpai (3.120) nrorma wassiBaercs uaTerpasom Jandopa.

Teopema 3.5.6. 3adannoe opmyaoti (3.120) omobpascenue Op, ecmsv an-
2ebpaueckuli 20MmomopPudm anzebpu, Gynkuul F, 6 aneebpy onepamopos

A.

HokazarenncTso. JInneiinocts orobpazkenus (3.120) ouesuana. Ham myzx-
HO JI0KA3aTh, 410 npousseaenue GyHkiuil npu orobpaxenuu (3.120) uepexo-
JUT B poussejenue oneparopos. [lycrs f € A, g € A. Bynem cunrtarh, 9410
obaactu Dy, Dy BEIOpaHbl B COOTBETCTBUH ¢ ONUCAHHBIMU BBIIIE HPABHIAMU
u

D,| JoD, c Dy, dist(dD;, OD,) > 0.

N3 Toxaecrsa 'mabbepra ciiegyer paBeHCTBO
fla)g(a) =
(2mi)? § ROV )X~ § R, a)g(idn =

i(f)
2ni)? § § SN RO, )Rl a)ddy =

1(f) Ug)
2mi)? § § FNIRO, o) = Rla, o)) = X)drd
1(f) Ug)
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7{ RN, a)(u—N)"tdu =0,
)

- ff JA— ) A = ().
v
1(f)
[TosTomy
1
=— ¢ R(\
2mi
I(f)

Teopema jokazana.

PacemoTpum mpuMepHl.
IIycts A ecth anrebpa 2 X 2 MaTpHuir,

(1)

Torma
. A—1 -2
(Aid —a) = ( _9 )\_1>,
det(Nid —a) = (A +1)(A—3), o(a) = {—1, 3},
1 [1/2 -1/2 1 [(1/2 1/2

B a) =377 (—1/2 1/2 ) 33 (1/2 1/2)

r=sen (2, T8) e (1 1)
[TycTn -

“= (0 1) '

Torna

13 dopmyssr (3.104) cremyer
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Jlemma 3.5.8. Ecau xonmyp 0D codeporcum enympu cebs cnexmp siemeH-
ma a:

o(a) C D,

1 :
— ¢ R(\, a)d\ =id. (3.121)
2mi
oD
3aMeTnM, YTO eciu aHAJTUTHIecCKas B HEKOTOPOH OTKPBITOI OKPeCTHOCTH
3aMKHYTOro MHOXKecTBa M dynkuust ¢(\) He umeer HyJeii HA MHOXKECTBE
M, to y muoxkectBa M €CcTh OTKpbBITasg OKPECTHOCTH, B KOTOPO# (DyHKIUS
1/¢(\) anamuruana. 113 917010 3aMedaHusi BHITEKAET

Teopema 3.5.7. Ecau ¢ € F,, mo aaemenm ¢(a)™ cywecmeyem 6 mom
U MOAYKO MOM cayuae, ecat Gynryua ¢(\) He umeem nyaeth Ha cnexkmpe
INEMEHMNA Q.

Jokazarenscto. Ecan ¢ € F, u
V(A ea(a)) : |p(A)] >0,

TO CYIIECTBYET TaKasl OTKPBITasd OKpecTHOCTh D crekTpa o(a), 9to dbyHKmnm
d(A) u 1/¢(N\) anamuruanst B D u

1
Y(Ae D) :op(\) —==1. 3.122
(e D) o) - o (3122)
13 (3.122) u nemmbr 3.5.8 ciiejtyer, 4TO JI€MEHT ﬁ OlUpe/ie/ieH 1
1 1
: = : =id.
MG " o N

Teneps mpe/nonoxum, 9o GyHKIUA G(A) UMeeT HOMb B TOUKe Ag € o(a).
Torma

d(A) = (Ao = A)h(X),

riae dyakuus h(\) -aHAJTUTHYHA B OKPECTHOCTH crieKTpa djaeMenta a. Cue-
JTOBATEIBHO,

o(a) = (Noid — a)h(a).

Eciu 661 y sstemenTa ¢(a) cymecTBoBagT 0OPATHBINA, TO TOTAA MBI UMETH ObI
PaBEHCTBO:

id = (A\oid — a)h(a)¢p(a) ™" = h(a)p(a) ' (Aoid — a),
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U3 KOTOPOT'O CJIeJyer, 94To 3jeMeHT (Agid — a) uMeeT 06paTHBIi, a 3TO TPOTH-
BOPEYUT BKJIIOYECHUIO

Ao € o(a).
TeopeMma mokazana.

Teopembr 3.5.6 1 3.5.7 MOKHO U3T0KUTH B HEMHOTO JIPYTOIl peTaKINNU.
Beenem B MHO)KecTBe J, COOTHOIIEHNE SKBHBAJEHTHOCTH, HOJOKHIB

1 (N) ~ ha(N), ectuIO(o(a)) , V(A € O(a(a))) : ¥1(A) = e(N) (3.123)

Baech O(o(a)) -oTKpbITast OKPECTHOCTH MHOZKECTBA 0 ().

O6o3Ha9UM CUMBOJIOM v;bv TOT KJIACC 9KBUBAJECHTHOCTH, KOTOPBIH coep-
KAT byHKI@o ¢ € F,. YMHOKEHHe U CloXKeHHe QyHKunuit B aaredpe F,
€CTEeCTBECHHO MHAYHOHMPYIOT YMHOXKEHHE W CJIOZ2KeHUE B MHOXKECTBE Fa BC/e\)/(
KJIaCCOB 3KBMBAJICHTHOCTU, U OTHOCHTEJILHO 3TUX Ollepanuii MHoxkecTBo JF,
CTAHOBUTCA aJreOpoil ¢ equnuNeil: euHuIa B anredpe F, -3T0 TOT KJIACC 3K-
BHBAJICHTHOCTH, KOTOPBIA cofepkutT yukmmio Y(A) = 1. Daement ¢ € F,
oOpaTUM B TOM M TOIBLKO TOM CIydae, €U CYIecTBYT He UMelomas Hyeit
Ha CHEKTpe 3jeMenTa a QyHKims ¢ € 1.

[Tpocrpancrso F, Ha3biBaeTcsd ajredpoil pOCTKOB aHAJIUTHICCKUX (DYHK-
Ui, 3a/JAHHBIX HA KOMIaKTe o(a).

[TosicHuM CMBICJT BBEJICHUST STOTO TPOCTPAHCTBA.

DOyuxrmust ¢o(A) € F, ecTb eaunuiia aaredbpe J,, ecan

V(@(A) € Fa) : do(M)o(A) = d(A)do(A) = ¢(A).

CienoBaTe/ibHO, eINHUIA aIredbpsl F, ecTh OonpeeeHHass Ha 6cell MIOCKO-
CTH KOMILIEKCHOTO TepeMeHHOTr0 (hbyHKITUS

Ho torga snement ¢(\) € F, uMeer oOpaTHBI B TOM U TOJIBKO TOM CJIy4ae,

ecan
1

$(A)

u 06a commnoorcumens B (3.124) aHATUTHIHBI HA 6Cell TIOCKOCTH KOMILTIEKCHO-

ro nepemennoro. CemoBareibuo, B aarebpe F, odpaTuMbl TOIBKO (DYHKITHH,
TOZK/IECTBEHHO PABHbIE KOHCTAHTAM.

dAcno, aro dopmyaa (3.120) unaynupyer anrebpandeckuii romoMopdu3m

So(\) =1, (3.124)

anrebper F, B anrebpy A. Temepnr Teopemy 3.5.7 MOKHO cHOPMYIHPOBATDH
TaK.

Teopema 3.5.8. Daemenm qﬁ(a)‘l CYULECTNBYEM, 8 MOM U MOADKO TMOM CAY-

wae, ecAl INeMEeHM G umeem obpammuull sremenm 6 anzebpe JF,
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U3 reopemsr 3.5.7 caemyer, ato ssmement (u - id — f(a)) umeer obpaTHbIit
B TOM U TOJIbKO TOM CJIy9ae, eciu pyHKIUsT

A= (= f(N)
He uMeeT HyﬂeIU/I Ha CIIEKTpe 3JIEMEHTa «. D10 YTBEPZKACHNEC 9KBUBAJICHTHO

Teopema 3.5.9. Cnpasediuso pasercmeso

o(f(a)) = f(o(a)). (3.125)

[Tycrb dyHkINS ¢(2) aHATUTHYHA B OKPECTHOCTH ciieKTpa o(a), a hyHK-
nus f(z) amanurudana B okpectHocTH ¢(o(a)). Oneparop f(é(a)) Mbl MO-
JKe€M BBIYHCIMTH JABYMs CcrocobaMu. Mbl MOXKeM BBIYHUCIUTH (DYHKIMIO 2 +—
f(o(2)), a moToMm mocTaBUTH 9TOM (BYHKIIUE B cOOTBETCTBHE omepaTop f(p(a)).
Mbi MOKEM BBIUUCAUTH onepaTop ¢(a), a norom oneparop f(¢(a)) kak dyHk-
o oneparopa ¢(a). OxasbiBaercs, 4T0 00a crnocoba JaayT OJUH U TOT Ke
pesyIbTar.

JlemMma 3.5.9. /[uazepamma

¢(a) —— f(¢(a))

Opg(a)

KOMMYTNAMUBHA.

JokazareancTBo. CrpaBe/i/InBbI PaBEHCTBA

F(6(a)) = 5= $ RIE. ola)s(€)d =

om: (5 Ple= 00RO ) f(e)de -
1
i

ff@M»MMaMA=ﬂM@)

JlemMa mokazaHa.

[To-cytecTBy, 9Ta JeMMa J0Ka3blBaeT KOPPEKTHOCTH onepeennns (3.120):
MBI JloKa3a/m, 1o oneparop f(¢(a)) oupegessierca ToabKO dyHKIHER 2 —
f(&(2)) u He 3aBuCHT OT cOCOOA BHIYHCICHUS ITON (DYHKIIUH.

Omnpenenenune 3.5.12. O6pa3 anredbpor F, npu romomopdusme (3.120) Mbr
oboznaanm cumBosoM Op,(F,).
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dAcno, aro Op,(F,) -komMmmyTaTuBHas nogaaredpa aarebpsl A = L(B —
B).
Ilycts f € F, mw W -comep:kamas cuekTp daemMeHTa a € A OTKphITad
OKPECTHOCTbh, B KOTOpO#l anamuruana dbyukuus f. 13 (3.120) caexyer ode-
BUJIHAS OTEHKA:

(@) < [tllsupd[|R(A, )l | A € Iy sup{[f(N)[ | A € W}, (3.126)
rae || -amuna KonTypa . Koncranrta
CW, a) = [l]sup{[|R(A, a)[| | A € I}

He 3aBUCHT 0T ¢yHKnun f € F,, HO 3aBUCUT TOJBKO OT 3j1eMeHTa a € A u
okpectnoctu W, B Koropoit anayutndna dpyuknud f. CiegoBaTeabHO, s
BceX (pYHKIUH f, aHATUTUYHBIX B (pUKCHpOBaHHON okpecTtHOCTH W, cipa-
BE/IJINBA OIEHKA!

1f(a)|| < CW, a)sup{|f(N)] [ A € W} (3.127)
OTcrona BBITEKAET

Teopema 3.5.10. ITyemov ece gynwyuu {f,} anarumuunsn 6 durcuposa-
not oxpecmmuocmu W DO o(a). Hycmv nocaedosamenvriocmo { fn} dynda-
MEHMAABHA 68 MEMPUKE

dw (f, g) = sup{[f(A) —g(N)[ | A € W}. (3.128)
Toz0a cywecmsyem maxasa dynkyus [ € Fu, wmo
[fn(a) = fla)l =0, n— oc. (3.129)

HoxazarennctBo. CymecrroBanne dpyuknnu f € F, -CIeACTBAE TEOPEMBI
Beiiprurpacca, yreepxkaenue (3.129) -ciencrsue onenku (3.127).

Ceiiuac MBI He pacCMaTPUBAEM TOIIOJOIUIO B MHOMKECTBe F,, MO3TOMY
BOLIPOC 0 HelpepbiBHOCTH 0ToOpazkenust (3.120) Hamu He cTaBUTCS.

JlokazkeM HECKOJIBKO TIPOCTHIX CBOICTB romomopdusma (3.120).

Teopema 3.5.11. Ecau
F) = D N (3.130)

0<n<oo

u paduyc crodumocmu cmenennozo pada (3.130) Goavwe, wem |al|, mo

fla)y= > ana" (3.131)

0<n<oo
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HokazarenbctBo. BoibepeMm € > () HACTOIBKO MAJIBIM, 9TO YUCIO ||a|| + €
ObLI0 GBI MEHBINE, YeM paJuyc cxoaumocTu psaa (3.131), Beibepem B Kade-
crBe KOHTYpa uurerpuposanus B (3.120) okpyzuocth pajuyca ||al + € u
nogcrasuM B (3.120) paznoxkenuns (3.104) u (3.131). Momyqanm (3.131).

B Teopun GanaxoBbiX ajredOp BaykKHOE 3HAYEHWE HWMEET ITOHATHE CITeK-
TPAJBHOTO PAJIHYCA.

Onpenenenune 3.5.13. CruekTpaabHBIM paIuycoM 3JIeMeHTa a OaHaXOBOM
aJirebpbl HA3bIBAETCH TUCJIO

r(a) =sup{|A| | A € o(a)}. (3.132)
Teopema 3.5.12. Cnpasedausa dopmyaa

r(a) = lim [ja"|"". (3.133)
n—oo
HokazarenbcrBo. Obparnmes k dopmyne (3.104). Pamuyc cxommmoctn
CTEIEHHOI'O PAJa MOYKHO BBIUUCIUTD 110 (popmyJie

Ry = limsup ||a™ ||/, (3.134)
n—oo

JokazaresbcTBO 310ft DOPMYJIbI JIjisd Cjiydas OaHaxoBax aJiredp J0CJT0BHO
IIOBTOpPAET U3BECTHOEC J0KAa3aTCJbCTBO B TCOPDHUHU beHKL[HfI KOMIIJIEKCHOTI'O IIe-
PEMEHHOI0, U TaK »Ke, KaK U B Teopur (pyHKIHII KOMIIJIEKCHOTO MEPEMEHHOI0
JIErKO JIOKas3biBaeTcs, 9to psij (3.104) cxomures mpu || > Ry, pacxoaurcs
npu |A| < Ry u npencrasiennas psiaom (3.104) dyuxius oba3arebHo nmeer
ocobennocTu Ha okpyzxkuOCcTH {A | [A\| = Ry} Otciona cienyer, aro

r(a) = limsup ||a"||*/". (3.135)

n—oo

Tenepsh 3amerwm, ato n3 dbopmymast (3.125) cremyer, aTo
{AMA=p", peola))=o(a") C{A[A < [[a"[]},

O3TOMY
V(n>0):r(a)" < |a"].

CrenoBaTesibHO,
r(a) < liminf [|a™|'/". (3.136)

CpasruBas dopmysibl (3.135) u (3.136), MbI OTyYaeM yTBEPKIEHHE Teope-
MBI
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Teopema 3.5.13. ITycms cnexmp aaemenma a ecmov 0060UHEHUE KOHEYHO20
YUCAA 3AMKEHYMBLT MHONHCECTNE!

ola) = Uaj, dist(o;, o) >0, j # k.

Toeda cywecmsytom makue anemenmu P(o;) € A, wmo

P?*(0;) = P(0;), (3.137)
P(oj)P(oyx) =0, j #k, (3.138)
> P(oj) =id, (3.139)
Y(f € Fu)

f(a)P(a;) = Ploy) f(a) , o(P(o3) f(a)) = {0} [ f(o))- (3.140)

JokazareabcTso. IlycThb O(aj) -HellepeceKalomuecss OTKPbIThIE OKPECTHO-
cTH MHOZKeCTB 0. llomoxkum

. 1, A E O(O’j),
Pi(A) = {07 A g O(0) (3.141)
DJIeMEHTHI
P(0;) = Pi(a) (3.142)

VJIOBJIETBODSIIOT YCJIOBUSIM TEOPEMBI.
Eciu A = L(B +— B), T0 J0Ka3aHHYI0 HAMH T€OPEMY MOYKHO H3JIOZKHTD
B HECKOJIBKO MHOU DeaKilii.

Ounpeznesnenne 3.5.14. Oneparop P € L(B +— B) Ha3bIBaeTCs MPOEKTOPOM,
ecJIu
P =P (3.143)

ObpaTuM BHHMaHUE HA TO, YTO Mbl PACCMATPUBAEM TOJHKO OTpaHWIEH-
HblE JIMHEHHbBIE ONEPATOPBI, KOTOPbIE YI0BJIETBOPSIOT paBeHTCBY (3.143)

Onpenenenne 3.5.15. IlycrTs 0, -3aMKHyTasg KOMIOHEHTA CHEKTPA 3JIeMeH-
Ta a € A:
dist(o;, o(a) \ 0j) > 0.

[IpoekTop
def 1
aD
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rIe
0; C D C O(a;), O(o;) [ Y(o(a) \ 05) = 0,

Ha3bIBACTCA CHHEKTPAJbHBIM IIDOEKTOPOM Ha KOMIIOHEHTY 0 ; CIHEKTDPA 3JIEMEH-
Ta a.

[Iycts P -poekTop u y = Px. Torna
Py = P*z = Pz =y,
[O9TOMY CIIPABETHBA

Jlemma 3.5.10. Ecau P -npoexmop, mo y € Im(P) 6 mom u moavko mom
cAYae, ecAl
y = Py. (3.144)

CaenoBaTebHO, s JIIOOOT0 HEIIPEPHIBHOI'O IpoeKTOopa P moanpocTpan-
crBo Im(P) C B ecTb 3aMKHYTOE MOANPOCTPAHCTBO. Jamee 3amedaeM, 410
ecmn P -mpoektop, To (id — P) -mpoekrtop. CrefoBaTesibHO, s JTI060T0
HEIPEPBIBHOTO MPOEKTOPa P PoCcTpaHcTBO B pa3maraercs B MPsMYy0 CyMMy
S3aMKHYTBIX ITOJIPOCTPAHCTB:

B=PB® (id—- P)B =Im(P)®Im(id — P).
Tenepnb Teopemy 3.5.13 MokHO cHOPMYJIMPOBATH TAK.

Teopema 3.5.14. Ilycmv cnexmp asemenma a € L(B — B) ecmo o6sedu-
HEHUE KOHEWHO20 YUCAA 3AMKHYMBLT MHOHCECNE:

o(a) =|Joy, dist(o;, o) >0, j #k,

u P(oj) -coomeemceyrowue cnexmpasvioie npoexmopu. Tozda npocmpan-
cmeo B paszaazaemcea 6 npamyro cymmy

B=a) P(o;)B, (3.145)

npUYeMm
V(f € Fu): fla)P(o;)B C P(0)B, o(P(a;)f(a)) = {0} f(o;). (3.146)

[TocmorpuM, Kak u3MeHgeTcs oneparop f(a) mpu MajoM U3MEHEHUH Ol1e-
paTopa a.
13 reopemsbr 3.5.2 (cm. crp. 189) caemyer
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Teopema 3.5.15. Ilycmov f € F,. Toeda cyuecmeyem makoe € > 0, umo
Vbebla,e€): feF

0<n<oo

OEY % f RON, a)((b—a)R(\, a)" F(V)dA. (3.147)
l(a)

Jokazarenscrso. 113 BTOporo pesosseentroro Toxaecrsa ( (3.108), crp.
190 ) caemyer, uto

RO\, b)(id — (b— a)R(), ) = R(X, a).
[TosToMy npu J0cTaTO4YHO MAJIOM € > () :
V(b ebla, e): RN, b) =R\, a) Y ((b—a)R(A, )" (3.148)

[Toacraus 31y dbopmyny B (3.120), Mbl TTOJYUUM YTBEPXKIEHHE TEOPEMBI.

U3 (3.147) caeayer mosie3HOe U 9ACTO UCHOIB3YEMOE DABEHCTBO:
1
F0) = F(@) + 5 § RO )b~ RO @) fO)dx+ O(lb - ). (3149
l(a)

rae cumBost O(...) 03HAYAET CJAraeMoe, HOpMa KOTOPOTrO MMeeT YKa3aHHBIN
B CKOOKaX MOPSJIOK.

Haxkoner ormernM, 9to u3 aemmbl 3.5.5 (em. ¢rp. 189) u dbopmyasr (3.107)
ciejiyer

Teopema 3.5.16. Ecau U € A -o6pamumuid ssemenm, mo

Uf(a)U™t = f(UaU™). (3.150)

3.6 MN3oampoBaHHBIE 0COOBIE TOYKN PE30JIbBEH-
ThI.

3.6.1 OOmmmit coy4aii.

Onpegenenune 3.6.1. Touka \g Ha3bIBaETCSA H30JIUPOBAHHO 0c000it TOUKOI
pesosibBeHTHl R(A, a), ecm cymecTByer Takoe dg > 0, 910

VO e A0 < A= Xo| < o)) :

R\, a)= > A, (A=X)", (3.151)
3(n < 0) : X: ; 000 (3.152)
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Bxomsimue B (3.152) koadduimenTsr A, yI0BIETBOPSIOT PSLY TOXKIECTB,
KOTOPBIE MBI Ceiivac BHEIBEIIEM.

Brejem pyukiuu
1,n>0
fn) =4 """
0,n<0.

5™ — 1, n=m,
"0, n#m.
Teopema 3.6.1. Cnpasediuso. pasencmesa

1L.V(m,n): AyAn =1 —=0(m)—0(n))Anini- (3.153)
2.VYn: (a— \id)A, = A, — 00id. (3.154)

HokazarenbeTBo. Ilyers 0 < € < §g. [Tomoxkum

IL=A{p |l — 2ol =¢/2},
12={A| A= Ao| = €.

Torma u3 (3.152) caemyer, ato

Vn: A, — % ROV, @) = )" ™), (3.155)
2

A A, =
(%)2 R(A, a)(A— o)™ "_10[)\}{]%(#, a)(pu — o) " rdp =
11
<2L) 7474 O, )Rk, )= o)™ (1 — Ao)~™dAdpy —
(QL) § FRO @) = Rl )0
) = A A
Ho

oo £ (155)

0<k<oo
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HO,ZLCTaBI/IB 9TO PpaBEHCTBO B IIpeAblAYIIee, Mbl ITIOJIYyYUM II€PpBOEC YTBEP2KJACHUE
TEOPEMBI.

Temeps M0KazKeM BTOPOE YTBEPKIEHHE TEOPEMBI.

CrpaBeJ/IuBO PaBEHCTBO

((Moid — a) + (A — Ao)id)R(A, @) = id.

Vmuozkum 310 paBenctso Ha (271) (A — \g) ™"~ u npounTerpupyem no Kou-
typy [2. [oayuum (3.154). Teopema mokazaHa.
Ornpeesmm orepaTopbl

1

P(r) ¥ 4, = 2m R(\, a)dA, (3.156)

D(\) = A2 = f}z (A, a)(A = Ag)dA, (3.157)
1 —1

Ao(ho) = 5 %R(A,a)()\—)\o) dA. (3.158)

2

Teopema 3.6.2. B oxpecmmocmu u3oauposantoti 0coboti mouku pe3osbeet-
ma UMEEM PA3AOHCEHUE:

R\, a)=S_(\)+PXo)(X— o) '+ S (), (3.159)
20e
S =3 DO =), (3.160)
—oco<n<—2
Se(A) = D (=1)" T Ag(Ag)" (A = Xo)™. (3.161)
0<n<oo
Hokazaresnbcrio. [Tonoxum B (3.153) m = =2, n = —q, q > 1. [oay-
YUM:
A-gr) = A2 A,
HO3TOMY
A,(q+1) — AZQ
[Tomoxum B (3.153) m =0, n > 0. Hoayuaum:
Antr) = —Aodn,
TMO3TOMY

V(n>0): A, = (=A™,

TeopeMma, mokazana.
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Teopema 3.6.3. Ecau y pe3osb8enmul aAeMeHMA G €CNb MOALKO USOAUPO-
sarHbLe 0COOBIE MOYUKY U Hem dpyeur ocobenrocmeti, Mo

a=> (NP()+ D)), (3.162)

J

20e CYMUPOSANUE PACNHPOCPAHEHO HA 6Ce 0CO0be MOYKU PE30ALEEHMbL U
srodauyue 6 (3.162) onepamopui sviwucastomes no gopmyaam (3.156)-(3.157).

Bo-niepBbIX 0TMETHM, YTO MOCKOJIBKY BCE OCOOBbIE TOYKH PE30JIbBEHTHI Pac-
HOJIOZKEHBl BHYTPH KPyra KOHEYHOTO PaJNyca, TO H30JHPOBAHHBIX OCOOBIX
TOYEK MOZKeT OBITh TOIBKO KoHedHoe duco. lanee 3amernm, ato u3 (3.154)
ciesyeT paBeHCTBO

Vi P(Aj)a = AjP(X;) = D(A)).

CymMupyst 9TH paBeHCTBa 1O BCeM \; U ydutbiBas (3.139), Mbl moOyduM
VTBEPKIEHUE TEOPEMBI.

3.6.2 CrpoeHne pe30JbBEHTHI B OKPECTHOCTHU IOJIIOCA.

Onpenenenne 3.6.2. V3omupoBanHas ocobast TOUKA \g HA3BIBAETCS MOJIIO-
coM nopsaka m > 1, ecin B paznoxennn (3.152)

Vin>m): A, =0, A_,, #0. (3.163)
B nanbnerrem HaMm OyaeT ya00HO CUUTATh, YTO
a=T¢€ L(Bw~ B).
Hanomuum

Onpenenenne 3.6.3. Yuciio \g Ha3piBaeTcss COOCTBEHHBIM 3HAYEHUEM Olle-
paropa T € L(B +— B), eciu

dx e B,x#0): Tx = .

Teopema 3.6.4. Ecau \g -noatoc nopadxa m 0as pe3osv8eENMbL ONEPAMOPQ
T, mo

1. A\ -cobecmeennoe anavenue onepamopa T .

2. Ilpu n > m cnpasediusv, paseHcmesa:

V(n > m) : Ker((Ao — T)") = Im(P()\,)). (3.164)
Y(n >m) : Im((\o — T)") = Im(id — P(\o)), (3.165)

2de P()\g) -cnexmpasvrud npoexmop (3.156).
Taxum obpasom,

Y(n >m) : B =Im((\id — T)") & Ker((Agid — T)"). (3.166)
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Jokazarenbcrro. 13 (3.154) corenyer paBeHCTBO
V(n Z 1) . (T - )\0|d)A_n = A,(nJrl). (3167)

Ecmm

Ay #0, 80 A_111) =0,
TO CYIIECTBYET TaKOil BEKTOp z € B, 4ro
r=A_z2#0, A_(menz = 0.
[Tosromy u3 (3.167) caemyer, ato
dx e B,z #0): (T — \id)zg = 0.

MpI H0Ka3a/I#, 9YTO HOJTIOC PE30JIbBEHTHI OlIePaTOpa eCTh COOCTBEHHOe 3HAE-
HHE OIEepaTopa.

Bameuanne. Ecim Ay -cobcrBennoe 3Hauenne oneparopa, 1o Ker(\gid —
T) # 0 u y oneparopa (Agid — T') HeT 06PATHOTO, MOAITOMY COOCTBEHHOE 3HA-
JeHne BCEria MPUHAIEKHUT CIHEKTPY OllepaTopa, HO COOCTBEHHOE 3HAYEHHE
MOKeT He OBITh M30JIMPOBAHHOI 0COD0M TOYKOH Pe30JIbBEHTHI OIIePaTOPA.

[Tepeiigem K j10Ka3aTEJLCTBY BTOPOTO YTBEPZKJICHUS TEOPEMbI.

U3 (3.153) u (3.154) corenyior paBeHcTBa:

(T = Noid) Ag = P(No) — id.

[TosTomy

V(k >0): (P(X\) —id) = (T — \id)Ag = (T — \id)*A; = ...
(T — Noid)FY Ay = Ap(T — Agid) D). (3.168)

CrenoBare/bHO,
Y(n > 1) : Ker((Aoid — T)") € Im(P(\)). (3.169)
U3 (3.144) u (3.168) caemyer, uro

V(n>m, zeIm(P(\))) :
(T — Aold)nl' = (T — )\oid)nA,1.1' = A,(nJrl)l’ = 0.

[TosTomy
Y(n>m): Im(P(X\)) C Ker((T — X\pid)"). (3.170)
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3 (3.169) u (3.170) cremyer, uto
V(n >m): Im(P(X\)) = Ker((T — X\oid)"). (3.171)

Ecmm

x = (P(\) —id)z,

TO B cuity pasercrsa (3.154)
= (T — Nid)Agz = (T — Xoid)" A—1y2 € Im((T — Aoid)"),
HO9TOMY CIIPABEJJINBO BKIIOUEHNE
V(n>1): Im(id — P(\)) C Im((T" — Aoid)"). (3.172)
Tenepb J0KazkeM, 4TO
¥(n >m) : Im((Aoid — T)") () Ker((Agid — T)") = 0. (3.173)
[lyctb n > m u
x = (Aid = T)"z, (Noid = T)"z = 0. (3.174)

Torna
(Aoid — T)*"z = 0,

u u3 (3.171) caenyer, 4ro
z € Im(P(\)) = Ker((Ao —1)"),

nostomy z = 0.
Yreepxkaenue (3.173) mokasaHo.
HTak, MBI IMeeM:

V(n>m): B = (Im(P(\))®Im(id — P()\)) =
Ker((Ao —T)" @ Im((Ao —T)").

Teopema j0kazana.

Teopema 3.6.5. Fcau \g -u30AuposaHHas 0C00GS MOUKE PE3ONBEBEHMDBL U
dim(Im(P(\g))) =n < oo,
mo Ao -ROAIOC.
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Jokazarenscrso. Ilycts e, es ... e, -6a3uc B mpocrpancrse Im(P()\)).
Tak kak n+1 Bektopos €1, Teq, ... T"e; npunaexkar npocrpanctsy Im(P(Ag))
U II05TOMY JIHHEHHO 3aBUCHMBL, TO JIOJIZKHBI CYIIECTBOBATH TAKIE YUCJIA Oy ; , 0
7 < n, 910

Pl(T)Gl = Z alvajel = 0.

0<j<n
TowHO Tak ke JOJZKHBI CYNIECTBOBATH TaKue MOJTHHOMBL Pj(A), 9T0
Vj:P;j(T)e; =0.

[Tosioxxkum
Q) = Pi(A)Pa(A) ... Pu(N).
OueBuiHO, 9TO

Q(T)P (o) = 0. (3.175)
Ecsm Touka \g #e ecth Koperb MuHorowiena (), To dyukius

W) = {1/@@) A=l < e,

3.176
0, [A=X)0] >e¢ ( )

aHAJTUTHIHA B OKPECTHOCTH CIIEKTpa omepaTopa 7', u cirpaBe/I;TABO PaBEHCTBO

W(T)Q(T)P(Ao) = P ().

CiieioBaresibHO, \g KOpeHb MHOTOWIeHa (Q(A), U cyliecTByer Takoe m < oo,
YTO CIPABEIIUBO PABEHCTBO

QA) = (A= 2A0)"h(A),
rae h(Ag) # 0.

Otciofia BBITEKAET, YTO CYMIECTBYeT Takoe € > 0, Ipu KOTOpOM yHKIHUS
1/h()\) anamurnana B oKpecTHOCTH {A | |\ — A\g| < €} m

VA= Ao <€) (A= A)™ = Q) /h(N),

Orcrona caenyer, aro oueparop 1/h(T) cymecrsyer u

(T" = Xoid)™P(Xo) = WQ(T)P()‘O) =0,

IIO9TOMY

V(n>m): A, = (T — Xid)"P(\o)
= (T — Xoid)™™™(T — \gid)™P(\o) = 0.
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TeopeMma mokazana.

Ecau \g -u3onupoBannasi ocobast Touka, 1o qucao dim(Im(P(Ng)) Hasb-
BaeTCst aArebpanvecKkoil KpaTHOCTbIO COBCTBEHHOIO 3HaYenus, a yuc10 dim(Ker(A\gid—
T')) HA3BIBAETCA TEOMETPUIECKOI KPATHOCTHIO COGCTBEHHOIO 3HAYCHMUS.

I3 (3.169) caeayer, 9T0 Beera BHITOTHEHO HEPABEHCTBO

dim(Ker(oid — 7)) < dim(Im(P())), (3.177)

pudeM, Kak MOKa3bIBAIOT PUMEPHI, HEPABEHCTBO MOYXKET ObITh CTPOIUM.

Hwuzke Mbl yrounum Teopemy 3.6.5 W JIOKaKeM, 4TO €CJIM YCJIOBUS TEO-
PEMBI BBIIIOJIHEHBI, TO MOPSJIOK MOJIOCA PE30JbBEHTHI HE MOXKET ITPEBLIIIATD
ajrebpanvecoi KpaTHOCTH COOCTBEHHOIO 3HAYEHUSI.

3.7 Bos3myleHue n30JupoBaHHOTO COOCTBEHHO-
ro 3HAYEHNS.

3.7.1 3aBucdInue OoT MapaMeTpa NPOeKTOPHI.

HamomuumMm, 9To omeparop
Pe L(Bw— B)
HA3BIBACTCS IIPOEKTOPOM, €CJIU
P?* =P,
a MPOCTPAHCTBO B ecTh npaMasi CyMMa CBOMX HMOJNPOCTPAaHCTB Bj:

B=B ®B,®...=® Y B,
j

ec/Ii BCe TOJIIPOCTPaHCTBa [3; 3aMKHYTHI,

‘v’(mEB):x:ij,xjij,

J

i#]

BroisicHUM CBA3b MEXKJy HPOEKTOPOM U PA3JIOYKEHUEM MPOCTPAHCTBA B HPs-
MYIO CYyMMY CBOWX HOJIPOCTPAHCTB.
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Ecau oneparop P -mipoektop, 10 onepatop (id — P) -IpoekTop, Tak Kak
(id—P)*=id—2P+ P*=id - P.

Ecm

z € Im(P)(")Im(id - P),
To x = 0, TaK KaK €CJU CIIpaBeJINBbl PABEHCTBA
x=Pz=(id— P)y,
TO
Pz=P?>2=(P—P)y=0.

Jlerko BuieTh, 9TO
(x € Im(P)) < (z = Px)

CaenoarenbHo, mas Jjoboro npoekropa P € L(B +— B) upocTpaHCTBO
Im(P) zamkuyT0 U ;g woboro mpoekropa P € L(B — B) Bce mpocrpas-
CTBO B ecTh mpsiMasi CyMMa CBOUX 3aMKHYTBIX TIOJIMPOCTPAHCTE:

B =Im(P) ® Im(id — P).

[IpemmosioxkuM, 94To 6aAHAXOBO MPOCTPAHCTBO B eCTh NpAMasd CyMMa CBOHMX
3aMKHYTHIX TOIPOCTPAHCTB:

B = B;® Bs.
Torma 1000it BeKTOp T € B € IMHCTBEHHBIM 00PA30M IIPEJACTABUM B BUIE
T=x1+ T2, T € By, 19 € Bo, (3.178)
U 03TOMY pasioxkenue (3.178) KOpPEKTHO ONpeie/iseT TUHEHHbIH OmepaTop
P:xvw— x, € By, (3.179)

KOTOPBIH yI0BIeTBOpdeT paseHcTBY P? = P. B cuily 3aMKHYTOCTH IPOCTPaH-
crBa By 1 91010 paBeHCTBa OIIPe/IeJIeHHbIN BO BCEM LIPOCTPAHCTBE (POPMYJIOi
(3.179) omeparop 3aMKHYT U MO3TOMY HEIPEPbIBEH.

OueBuna

Jlemma 3.7.1. Ecau P € L(B — B) -npoexmop v U € L(B — B) -
00pamumoLli onepamop, mo onepamop

Q=UPU! (3.180)

-NPOERMOP.
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Onpenenenne 3.7.1. llpoekTopsl P u () 10m00HbI, €CJIM OHU CBSI3AHBI Pa-
senctsoM (3.180).

JlemMma 3.7.2. Ecau npoexmopvt P u () nodobuv, u

dim(Im(P)) =n < oo, (3.181)

dim(Im(Q)) = n.

HokazaresnbcrBo. Ecin Boimosneno ycaosue (3.181), To cymmecrByor Ta-
K1e BeKTOphl ¢; € B u 1Y) € B*, aro

V(z € B): Px = Z 19)(2)e;. (3.182)
1<j<n
Torna uz (3.180) caemyer, uto
VweB): Qu= > 19U x)Ue;. (3.183)
1<j<n

CrenoBaTesbHO,

dim(Im(Q)) < dim(Im(P)) = n.

Ocraoch 3aMeTUTh, YTO COOTHOIIEHUE 000U pedIeKCHBHO.

Hanomuum, 4T0 eciu BeKTOphl €; € B cocraBigior 0a3uc B HEKOTOPOM
IIOJUIPOCTPAHCTBE HpocTpancTBa B, To Bexropsl (V) € B*, KoTopsie yioBie-
TBOPSIIOT YCJIOBUIO

19 (e;) = &,

Ha3bIBAIOTCA 0A3UCOM, COLUPAKEHHBIM K Oasucy e; € B.
3 npuBeieHHbIX BBIIIE BBIKJIA0K BBITEKAET

Jlemma 3.7.3. ITycmo npoexmopvs P u Q) ceasanv, pasencmeom (3.180),
sexmopur e; € B ;1 < j < n, cocmasasiom basuc 6 nodnpocmparcmese
Im(P) u sexmopu [Y) € B* | -conpasicennuii 6asuc. Tozda sexmopol Uej, 1<
Jj < n cocmasastom bazuc 6 npocmpancmee Im(Q), a Pynryuoraiv

T — l(j)(U_lx), 1<j<n
cocmasasiom basuc, conpancennul k basucy Ue;j , 1 < j <n.

Teopema 3.7.1. Ecau npoexmopwo. P u () ydosaemesopatom ycioeuro
1P —Ql <1, (3.184)

mo onu nodobib.
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JokazareancTo. Oupeienm ornepaTopbl

U= QP+ (id — Q)(id — P),
V= PQ + (id — P)(id — Q),
W:=id— (P - Q)

[IpsimMoit BBIKJIAIKO JIOKA3bIBAETCS, YTO CIPABE/IJIMBbI PABEHCTBA

QU =UP,
UV =VU=W.

Eciu seinonneno yeaosue (3.184), to oneparop W obparum. 13 paBencTsa
UvwH=W"VU=id

cJIeJlyeT, 4To Torjaa u omeparop U obOpaTuM M MOITOMY HpOoeKTOpbl P u ()
O100HBL.

Teopema 3.7.2. Fcau P(u) € L(B — B) -cemeticmeo npoexmopos, aHa-
AUMURECKY, 3asucawux om napamempa € {p | |u| < 0}, mo cywecmeyem
makoe anasumuNecky sasucauee om napamempa € {p | |u| < 6} cemed-
cmeo obpamumuz onepamopos U(p), wmo

P(p) = U()PO)U " (u), [u <. (3.185)
Hoxkazarenbctpo. [Togoxum

L) = 0P P - o)

Pacemorpum obbikHOBeHHOE b GEpEHIITATLHOE YPaBHEHUE OTHOCHTEILHO
dbyukmun co 3navenugmu B Ganaxosoil anredpe L(B — B):

d[fl—fj‘) — LU (), U(0) = ids ] < & (3.186)
Pe]_[[eHI/Ie ITOI0O ypaBHeHI/IH CymeCTByeT, e,ZLI/IHCTBeHHO U aHAJIUTUYECKU 3a.BU-
CHUT OT mapamerpa [ (JOKa3aTeahCTBO: CBeJIeHNe K HHTErPAJLHOMY yDaBHe-
HHAIO U TPAIUNMOHHBIA METOJ IMOCIeI0BATENbHBIX MPUOJINKEHNA I JOoKa-
3aTeJIbLCTBa CymeCTBOBaHI/IH peHIeHI/IH I/IHTeraﬂbHOFO ypaBHeHI/IH).
AHaﬂOFI/I‘IHO ,ZLOKa3blBaeTCH7 qTO peIHeHI/Ie ypaBHeHI/IH

T — VL, VI0) = ] <5 (3.187)
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CYIIECTBYET, €IUHCTBEHHO U AHAJUTHICCKH 3ABUCUT OT [i.
Jlajiee 3amedaem, 9T

SV U = =V LEU () + V) LU () =0,

TO3TOMY

V()U(p) =id, |u| <.
AHaJIOrTIHO TOKA3BIBAETCSI, 9TO OMEPATOP

W(p) :==U)V(u) —id
yjoBaerBopsier juddepeHiuaibHOMy yPaBHEHUIO

W) _ LW (n) — W () L), W(0) = 0.

7 TTO3TOMY

CueioBaTesIbHO, ONpe/ie/eHHbIii Kak pernrenne ypapaenus (3.186) omeparop
U(p) obparum u

Q(p) = U()P0)V (n). (3.188)

JIerko MpoBepuTh, YTO ONpe e eHHbIi paBercTBOM (3.188) omeparop yrosJe-
TBOpAeT AuddepeHnnaIbHOMY ypaBHEHUIO

%“) — [L(n) . Q)] . Q(0) = P(0).

uddepennupyst paBeHCTBO

JIEPKO TIOKa3aTh, YTO 9TOMY YK€ YPaBHEHWIO yI0BJIeTBopseT omeparop P(u).
CaenoBaTesbHO,

Teopema mokazana.
N3 nokazanHHOil TeopeMbl U KOHCTPYKIIUU, MUCIOJIb30BAHHON LIpH J0Ka3a-
TEJILCTRBE TEOpEMBI 3.7.3 BHITEKaeT
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Teopema 3.7.3. ITycmv P(u) -cemelicmso npoexmopos, Komopwie aHaAU-
muunl npu |p| < 0 kax gynkyuu co snavenuamu 6 L(B — B). Hycmo

dim(Im(P(0))) =n < 0.

Tozda
V(lpul < 6) : dim(Im(P(pn))) = n,

6 npocmpancmee Im(P(u)) ecmov maxod 6asuc {e;(n), 1 < j < n}, a s
npocmpancmee B* ecmv maxue eexmopu {19 (1), 1 < j < n}, wmo

<1'(p) | ej(p) >= 03,

u PYHKYUY .
i ei(p) € B, p—19(n) € B*

AHAAUTMUYHDL.

3.7.2 Amnamurumvieckoe Bo3MyMieHNE N30JIUPOBAHHOTO COD-
CTBEHHOTO 3HAYEHUS.

1. Ham morpebyioTcst HeKOTOpBIE 3dJIeMeHTapHbIe aiaredbpandeckne (haKTh.
Ceituac Mbl He OyjeM npejnoararb, 4ro ajarebpa A crabkeHa KakKoH-100
tomnosiorueii. [Tycrs anrebpa A kax JuHeitHOe TPOCTPAHCTRBO MIPEICTABIEHA B
BH/JI€ IPSMOR CYMMBI CBOUX MOJIIPOCTPAHCTB:

A=A @Ay, A A =0. (3.189)

IIycts kazkg0e u3 moanpocrpancTs A; B (3.189) ects anrebpa OTHOCHTETHHO
CTIOYKeHNS U YMHOXKeHus B A:

V(Gi7 bz € Al) . Clibi € AZ, V(Z 75 j, a; € Ai, bj < ./4]) . G,Z'bj =0. (3190)

[TpuMepoM Takoil KOHCTYKINH sBaseTca nmpoctancTso C2, paccmarpnBaeMoe
Kak aJrebpa ¢ HOKOMIIOHEHTHBIM CJIOXKEHHEeM M YMHO:KeHneM. B 3ToMm ciydae
A; ectb anrebpa saementos Buja (2 ; 0), anrebpa Aj ectb airebpa 377 MeHTOB
Buga (0; z). Hmxke Gyner paccMOTpeH U Apyroii mpumep.

Msr nazosem astement id; € A; nokarvrot edunuyed, eciu

V(a; € Aj) @ idja; = ajid; = a;; V(a; € A;, i # j) @ idja; = a;id; =0
(3.191)
Mubl HazoBeM djeMeHT a; . € A; aokaavno obpammvim dmementy a; € A;,
ecain 7
a; b oa; = a;a;;) = id;. (3.192)

i,loc i,loc

[Ipsimoit BRIKAIKON Ha OCHOBE BBEJIEHHBIX OIpPeIeseHHil IPOBePIeTCs
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Jlemma 3.7.4. 1. Cnpasedauso pasencmeo
id; + idy = id,

ede id -edunuuya anzebpur A.
2. Ecau anemenmut a; € A; umerom a0xkaabHo obpamrvie a
anemenm (ay + az) obpamum 6 aszebpe A u

-1
i,loc

e A;, mo

-1 -1 _ -1
al,loc + a2,loc - (al + CLQ) :

B paccMoTpenom Bblle IpuMepe JOKAJIbHBIMU €IUHATIAMHI SABJISAIOTCH 316~
menTwl (1;0), (05 1).
Hpyroit npumep. Ilycrb 6aHax0BO IPOCTPAHCTBO B e€CThb IpsAMas CyMMa
CBOMX MOJIIPOCTPAHCTB:
B = B, & Bs.

Pacemorpum anrebpy Ag C L(B — B), KoTOpas COCTONT U3 KOMMYTHPYIO-
IUX ONEPATOPOB, KazKBIil U3 KOTOPBIX IPUBOJAUT HOANPOCTPAHCTBA Bj:

\V/(CL € .A()) : CLB]‘ C Bj.

IIycrs P; -upoexTop Ha noaupocrpancrso B; C B. Paznoxum anrebpy A
B IIPSIMYIO CYMMY:

Ao = AP © Ao P.

Torna omeparopsl P; ecTb JOKaJIbHBIE eINHAIB! B Mogarebpax AyP;.
2. Ilycrn
b(0, &) > pp— T(p) € L(B — B)

~anaguTndeckasg pynknua napamerpa p € b(0, &) C C! co snavenmamu B
6amaxoBoM npoctpancTtse L(B +— B).

[Iycth TOYKa Ag ecTh M30AMpOBaHHAsi TOYKa crekTpa omeparopa 1'(0).
HanmoMH#M, 94TO 3TO O3HA4aeT CJeaylomee:

o € o(T(0)) , dist(Ao, o(T(0))\ Ag) > 0.

dcno, 9TO M3OMMpPOBaHHAS TOYKA CIIEKTPA ONEPATOPA €CTh M30JUPOBAHHAS
ocobas TOYKa €ro Pe30JibBEHTHI.

[Iycts uncao € > 0 m orkpoitas obaacts D C C! ¢ rmagkoit rpannmeit
0D BHIOpaHbBI TaK, YTO

a(T(0))\ Xo) C D, D[ )b(Xo, 2€) = 0.
B cuiy sToro Beibopa MHOXKECTBO

M :=C(D)[)C(b(X, €))
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€CThb Pe30sIbBeHTHOE MHOKecTBO oneparopa 1'(0). 13 Teopemst 3.5.2 (e crp.
189) caeayer, uro cymecrByer takoe d(e) > 0, uro MHOKecTBO M ecThb pe-
30JIbBEHTHOE MHOZKeCTBO omeparopa 1'(u) npu |p| < d(e). CaemoBaTensbuo

V(lul < 6()) - o(T(1)) € D Jb(Xo €). (3.193)

B nasibHeiinem Mbl cauTaeM, 94To duciaa € > 0, 0(€) yIoBIeTBOPSAIOT YCIOBHIO
(3.193), a mapameTpsl A, ji U3MEHSIOTCA B 00JACTH

W= (A, 1| IA=Xo| <e, |ul < 8(e)} (3.194)

3. Ilycrs A(p) € L(B +— B) -koMMmyTaTHBHas ajrebpa aHAJTHTHICCKHX
dbyukmmii ot oneparopa T'(u), Kotopas noctpoera o dopmy.e (3.120) (cm.
crp. 193):

A(p) = Opo(Fa) , a =T(p). (3.195)
[Tycrn
2e < diSt()\(), aD)
[Tonoxkum
Pulp) = g  BIE T)AE, 1= (€] 1€~ Dl =2}, (3.196)
1
Py(p) = %j{R(g, T(p))de , 12 = OD. (3.197)

2

Jlemma 3.7.5. 1. Ipu |pu| < d(e) npoexmopo, P;(p), j =1, 2, anarumuwe-
CKU 3A8UCAM OM NAPAMEMPA [t KAK PYHKUUU CO 3HAYEHUAMU 6 DAHATOB0M
npocmparncmee B.

2. Aneebpa A(p) ecmv npaman cymma ceous nodanzebp:

A(p) = Ai(p) © Aa(p) , Aj(p) = A(p) Py(p),

u onepamopus P; (1) ecmo aokasvhve eduruyv 8 nodanzebpaxr A;(1), npuiem
CNPAGEIAUBO PABEHCINGO

Pi(p) + Py(p) = id. (3.198)
JokazaresbeTBO. DTO yTBEpIKIeHNE ecThb cieacTBre dhopmyar (3.196)-(3.198),
AHAJIUTHIECKO 3aBucuMocTu oneparopa T'(p) or mapamerpa (@ U TeOpeMb

3.5.14.
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Jlemma 3.7.6. Onepamop

ag(A, p) i= (Aid = T'(1)) Po(pe)

6 anzebpe As(p) umeem aoKarvHolll 00pammvii:

271
12

_ 1 _
k0, 1) = 5 PO O RIE T (3.199)
komopwil anasumusern no X, i, Y(A, p € W) kax dynrkyus co snauenuamu
6 A(B— B):
WS (A5 p) = agp. (A, ) € A(B = B).

JlokazaTebeTBo. AHATATHIHOCTH oepaTopa ;| (A, 1) ecTh caeacTue
dbopmyss (3.199). CnpaseiuBO PABEHCTBO

(Nid — T (1)) g, =

o PO OO ORI T = 5 RE, T =
2 2
Pi(p).

JlemmMa nokasana.
[IycTh BBITIOJTHEHO YCJIOBUE

dim(Im(P;(0))) =n < oo. (3.200)
Torua B custy Teopembt 3.7.3
dim(Im(P;(p))) = n,

I TIO9TOMY
dim(Py(pn)B) = n.

Mycrs {ej(p)}, {I9(n)} -6asucer, koropbie onucanst B Teopeme 3.7.3. Cire-
JYIOIIasi JeMMa O4eBHIHA.

Jlemma 3.7.7. 1. Toaooicum

g (X, 1) =< 19(p) | (Nid = T(p))e; (i) > (3.201)
(A, p) = det{a (X, p)}. (3.202)
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Onpedenennas pasencmeom (3.202) dynruyua (A, p) anaruvmuyuna:

A, 1) = X"+ Bi(A" Y+ Ba(p),

ede B;(p) anasumuueckue dynryun npu |p] < 6(€).
2. Qynryua
A= (A, 0)

6 mouke A = \g umeem HoAb nopadka n u 6 obaacmu W ypasrenue

YO, 1) =0 (3.203)
umeem (¢ ywemom kpammuocmu) mouro n xopred {\;j(p), 1 < j < n}.

Ypasuenue (3.203) OTHOCUTESIbHO TTapaMeTpa A HA3BIBAETCSI XapaKTepH-
CTHUYECKUM yPABHEHUEM M UCCJICJIOBAHUIO 1OBEJIEHUS €10 KOpHEll KaK (PyHK-
nuu KO3(MUINEHTOB YPABHEHNS U MapaMeTpa (i TTOCBAIIEHO MHOIO paboT.

B Teopun pyHKInit KOMILIEKCHOTO IEPEMEHHOI0 U3BECTHA Teopema Beiip-
ITPacca, U3 KOTOPOH cjejyeT, 9TO B OKPeCTHOCTU TOYKHU i = () KOpHH ypaB-
uerns (3.203) UMeOT pasioKeHne

M) = > ajmp™ 1< <, (3.204)

1<m<oco

rje p -Ieaoe Ynuco.
BameruM, 4TO KPaTHOCTH Hyss jerepmunanTa (A, 0) B Touke A = Ag
COBMaIAET ¢ pazMepHOCThIo mpocTpancTBa Im(P()\g)), n wacro anreGpande-
CKasl KPATHOCTb COOCTBEHHOI'O 3HAYEHUS 110 ONEPeIeeHIIO [0JIaraeTCs PaB-
HOIl KpaTHOCTH HyJId jgerepmunanta ¥ (A, 0).
[TIyctn

ar(A, p) == (Aid = T'(p)) P ().
JIemma 3.7.8. Onepamop a1 (X, p) umeem aokarvhvil o6pamuoiil 6 anzebpe
A(p) 6 mom u moavko mom cayuae, ecaw P(X, 1) # 0, npusem

VWA, 1) #0) g\, 1) = r(, p), (3.205)

1
(A, 1)
2de onepamop (X, u) € A(u) anarumuven 6 obaacmu W kax dynruus co
snaveruamu 6 L(B — B)

DTO yTBEpK/EHUe CJenyeT u3 Toro (pakTa, 4To omneparop aj(A, f1) ecThb
oneparop B JIMHEHHOM mpocTpancTBe Pi(p)B pasMepHOCTH n U OmepaTop
ai1(\, p) mpusomut npocrpancTso Pi(u)B.

OKOHYATEIBLHO HAIIK PE3YJILTATHL MBI C(POPMYJIAPYEM B BUIE TEOPEMEI.
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Teopema 3.7.4. Ecau onepamop
T(pn) € L(B — B)

npu |p| < § anasumunen no p Kax GYHKUUA CO ZHAUEHUAMU 6 OAHATOBOM
npocmpancmse L(B +— B), mouka \g ecmb u30AUpOSAHHAA MOYKE CREKMPQ
onepamopa T(0) u pazmeprocms obaacmu 3nauenull CNeKmMpatvHo2o npoek-
mopa (3.196) xonewna mo mozda
1. Cywecmeyrom makue nososcumenvroie wucaa € > 0, §(e) > 0, wmo &
obaacmu
W= {A, pl X=Xl <e, |u[ <d(e)}

onucannan 6 asemme 3.7.7 pynwrwyus V(A p) anasumuyna. Hpu (A, p) #0
6 obnacmu W enpasedauso pasencmeo

1

ede onepamopo, a(X\, 1) , r(A, p) 6 obaacmu W anarumuuns no A, pu Kax
dynruuu co 3navenuamu 6 banaxrosom npocmpancmee L(B — B) u

dim(Im(r(X, p))) < dim(Im(P;(0))),
Im(r(X, ) () Im(a(X, p)) =0.

2. Ilpu |u| < & wopru ypasnernus (3.203) npedemasumu ¢ sude (3.204) u
Kaotcouli Kopenv \;(p) ecmov cobemeentoe snuerue onepamopa T(p).

RA, T(p)) =

13 dopmys (3.206) caemyer, 9T0 MOPsIOK HOTOCA PE30IBBEHTHI HE MO-
sKeT ObITH 00JIbIe ajirebpandecKoil KpaTHOCTH COOCTBEHHOIO 3HAUEHHS, HO
OH MOKeT OBITH MEeHBITE ee, TaK Kak omepaTop r(A, 0) B Touke A = \g MOKeT
nMETHh HOJIb.

Ecu oneparop T'(u) geiicTByer B rusibGEPTOBOM IPOCTPAHCTBE, TO MOZK-
HO MOJIYYUTH H0JIee MOJHYI0 HH(MOPMAIIMIO O TOBEJCHUN COOCTBEHHBIX YHCET
1 COOCTBEHHBIX (DYHKIIMIA.

Teopema 3.7.5. Ilycmv swnosrenvt yciosus meopemvs 3.7.4, npocmpar-
cmeo B -2uavbepmoso u onepamop T (1) camoconpasicen npu deticmeumens-
HOT 3HAYEHUAT napamempa . Toz2da

1. Cobemesennvie 3navenus Aj([L) GHAAUMUYHOL MO [L 6 OKPECTVHOCTU
mouku (b = 0.

2. Onpedenernuiti fopmyaot (3.196) npoexmop Py(p) anarumuvecky 3a-
sucum 0m napamempa [ 6 oxpecmuocmu moywku p = 0 u npedcmasum 6
sude

Pi(p)= Y Pij(p), (3.207)

1<j<n
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ede npoexmopu. Py (1) ydosaemsoparom ycaosuio

Pyi(p) Py j(p) =0, ecau Ai(p) # Aj(p)

U YypasHeEHUAM.

T(p)Pr () = Nj(p) Pr () (3.208)

HoxkazarenbcTBo. Tak Kak coOCTBEeHHBIE 3HAUEHHS (/1) TOJIKHBI OBITH
JeficTBUTE/ILHEL TIPU 3HAUCHUAX HapaMeTpa y > 0, Bce KO3MDMUIHEHTE @ o,
B (3.204) moskubl ObITH AeficTBATENbHBI. Tak Kak COOCTBEHHBIE 3HAYECHHS
A;j(pt) momzKHBI OBITH JEHCTBUTENBHBI W IPH 3HAUYEHHAX mapamerpa p < 0,
JIOJIZKHBL BBIIIOJIHATHCA PABEHCTBA

Vm : Imexp(imm/p) = 0.

Orciona caegyer, uto pasioxenue B (3.204) BeJercst MO HEJIBIM CTEHEHAM L.
Kazoe coberBennoe 3nadenue \j(() ecTb n30/HpOBaHHAs 0C00AsT TOUKA
pesosbentst R(A, T'(p)). B cuny onenkn

RN (1) + i€, T(p))| < 1/e

9Ta 0c00asg TOYKA €CTh MOJIOC HEPBOrO HOPAIKA U IIOITOMY BBIYET B IHOJIIO-
ce \;j(p) ymosmersopsier ypasuenuio (3.208). Tax kax muteran (3.196) ects
CyMMa BBIYeTOB, TO crpase/ynBa ¢dopmyia (3.207). Teopema mokazaHa.

Ecyin cobcrBennoe 3nadenue \g He BBIPOZXKJIEHO, T.€. N = 1, TO TOI/Ia OT-
CIOfIa CJIeflyeT, 9TO OTBeYaoILy o cobcTBeHHOMY 3HadeHno A\(1) , A(0) = Ao,
COOCTBEHHYIO (DYHKIIMIO MOXKHO BBIOpPATh TaK, YTO OHA OYIET aHAJIUTHYHON
1o p B oKpectHocTr ToukHd 4 = 0. B obuieM ciydae je1o o6CTOUT CI0XkKHEe
(em. [16]).

[TokaxkeM, KaK Ha IIPAKTUKE HAXOIUTh MONPABKH K COOCTBEHHBIM 3HAYE-
HUAM U cOOCTBeHHBIM (byHKIUsAM. [IycTh BbIlIOJIHEHBI yCjI0BUS TeopeMbl 3.7.4
n

T(p) = T(0) + pV,

rae 7'(0) u V -camoconpsizKeHHbIe OMepaTopbl B KOHEYHOMEPHOM THIbOEp-
ToBoM mpocrpancTse. [lycrs 92, 1 < j < n -opTOHOPMHPOBAHHBLH 6asuc B
upoctpanctse Im(P;(0)). Byaem uckars cobcTBeHHBIE 3HAYMEHHS U COOTBET-
CTBYyIOIIUE COOCTBEHHBbIE (DYHKIIUKA B BUJIE

() =X+ bjp+0(p?),1<j<n,
Vi(p) = Z aj. i + pey + O(p?).

1<i<n
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HO,ZLCT&BJIHH 9THU Pa3JIO2KEHHA B YpaBHEHHUEC

T(p)(p) = Aj()b; ()

u cobupasi cjlaraeMble C ePBbIMU CTEIEHSMU (i, Mbl 110JIy4aeM YpaBHEHUS

(T(0) = M)y = > (bj = V)ag,o¥f, 1< j<n. (3.209)

1<i<n

YT00bI 9TH ypaBHEHHsT UMEJIH DeIIeHns, Hy KHO, 4T00BI paBast 9acth (3.209)
ObLIa OpPTOroHATbHA BeeM pyHKImaM Y. To maeT cucTeMy ypaBHEHHIl

D> ag,p(0fb— <y, VYl >)=0,1<j<n, 1<k<n (3210

1<i<n

YcjioBre CyIIeCTBOBaHUS HETPUBHUAJIBHOIO PEIEHUs Y TOH CHCTEMBbI ypaB-
HeHUIl JaeT ypaBHeHUe JJId

b+ det(0Fbj— < bp, V! >) =0,1<i, k<n. (3.211)

[Iyctb b; Kopenp ypasnenus (3.211) u BekTop a; = (a¢j,1), G(j,2)--.) €CTh
HOPMHPOBAHHOE yCJIOBUEM
> lag.olf =1

1<i<n
perrerne cucrembl (3.210),
0 (0) = Y ag.al.
1<i<n

[IycTs BeKTOPHI Uk, A\p # Ao -HOPMHUPOBAaHHBIE COOCTBEHHBIE BEKTOPHI OIe-
paropa T'(0), KOTOpbie COCTBATSAIOT 6A3MUC B MPOCTPAHCTBE, OPTOTOHATHHOM
npocrpanctBy Im(P;(0)):

T(0)hw = Athy » Y LIm(P1(0)).

13 ypasuenns (3.209) MBI HAXOAUM:

<, (T(0) = Xo)oj >= (A — o) < Wi, @5 >= — <y, Vp;(0) >

1 IMOJIydaeM:

bj(p) = ¥;(0)+
( > o= M) <k, Vay(0) > %) p+0(?)
AkFAo

Aj (1) = Ao +bjp +O(1?),
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e A , Y cucremMa COOCTBEHHBIX 3HAYEHUN W COOCTBEHHBIX (PYHKIIHIT Ole-
paropa 1'(0), a b; naercs dopmy.oit (3.211).
Tak kak
V(Ak # o) = ;(0) L,
TO

14;(0) + s 1* = 1+ O(1?).

3.8 KomMnakTHbIe OHepPaTOPHI.

3.8.1 OmnpenesieHnst 1 OCHOBHBIE CBOMCTBA KOMMIAKTHBIX
OIepaTopoB.

Onpepenenune 3.8.1. Jluneitnblii oneparop
T : By — By

KOMIAKTEH, eCJIU OH TEePEeBOJUT €IUHUYHBIA Iap npocTpancrsa B B MHO-
JKECTBO, 3aMbIKaHUE KOTOPOT'O B IMIPOCTPAHCTBE By -KOMIAKT.

B cuny meopembr 2.3.3 (cMm. crp. 129) 310 onpeneseHne SKBHBAJIEHTHO
CJIEJIYIOTIEMY.

Onpenenenne 3.8.2. Oneparop T KOMIAaKTeH, ecjiu U3 JiT0OOH MOCIe10-
sareapnoctd {T(x,) | 1 < n < oo, ||z, | Bi|| < 1} MOXKHO BbIIEJUTD
CXOJATILYIOCS B IPOCTPAaHCTBE By MOANOCIEI0BATETHHOCTD.

IIpesnen sTol mocaenoBaTeIbHOCTH MOYKET W He MPUHAJIesKaTh MHOZKe-
crBy T'(b(0, 1)).

Hanomuum (cM. Ty ke Teopemy 2.3.3), 94TO B MOJHOM METPUYIECKOM IIPO-
CTPAHCTBE MHOYXKeCTBO M KOMIIAKT, €CJIM OHO 3aMKHYTO W CBEPXOr'DaHUYe-
HO, T. €. JJjs Jwboro € > 0 cyliecTByeT Takoil KOHEYHBIH HabOp TapoB
{b(xj, €), 1 <j<n(e)}, aro

M C Ub(a:j, €).

VI0BIeTBOPSIONIEe ITOMY YCJIOBUIO MHOKeCTBO {x;} C M Ha3BIBaeTCs KO-
HEYHOH €-CeThio JUId MHOXKecTBa M.
Onpenesenne 3.8.1 3KBHBAJIEHTHO CJIEAYIONIEMY OIPE/IE/ICHHIO.

Onpeaenenune 3.8.3. Oneparop T KOMIIaKTeH, €cjid 06pa3 e TUHAIHOTO I~
pa T'(b(0, 1)) -cBepXOrpaHUIEHHOE MHOKECTBO.
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Bce manHBIE BBINE OmMpejiesieHUs] IKBUBAJEHTHBI. VIHOT/Ia KOMIIAKTHBIN
orepaTop ompeensdeTcs KaK OmepaTop, KOTOPBIH JTI0OYI0 ¢1ad0 CXOALIIYIO-
€SI TIOCJIe/IOBATEIbHOCTD IIEPEBOAUT B IIOCJEI0BATEIBHOCTD, CXOMSAILYIOCS 110
nopme. Mbl He Oy/IeM MCIOIb30BAThH 3TO O PE/IEIeHNUE.

JlemMva 3.8.1. Fcau aunelinvili onepamop KoMNaKmeH, mo oH 02paHuMer U
NOIMOMY HENPEPLIEEH.

HokazaresnbcrBo. Ecam {x, | 1 < n < oo} C By Takas mocjeoBaTe/b-
HOCTH, 9TO
[z | Bill < 1, [ T(20) | Bsl| = 00, m — oo,

TO U3 MOCJae0BaTebHOCTH T'(2,,) HEh3sl U3BJI€Yb CXOMSIIYIOCS B MPOCTDAH-
cTBe By MOJIOC/1€/10BATEILHOCTD, YTO MPOTHBOPEYUT KOMITAKTHOCTU MHOYKE-

crea C(T'(b(0, 1))). CaemoBaresbno,
sup{[|T(z) | Bzl | = € b(0, 1) C By} < oo,

OTKYyJda CJeJyeT, 9To onepaTop 1 orpaHWYeH W MO3TOMY HelTpephIBEH.
OsHako, KaK MBI YBHJIUM IIO32Ke, €CJIM IIPOCTPAHCTBO B mMeeT GeckKo-

HEYHYIO Pa3MEePHOCTD, He JII0OOH HelpephIBHBIH OllepaTop B HEM KOMITAKTEH.

Nuoria KOMIAKTHBIE OIIEPATOPHI HA3BIBAIOTCS BIIOJIHE HEIPEPHIBHBIMU.
[Tepeuncimm HEKOTOpPBIE OUEBH/IHBIE CBOMCTBA KOMITAKTHBIX OMEPATOPOB.

Jlemma 3.8.2. 1. Ecau onepamopu Ty u Ty -xomnaxmms, mo onepamop
T = OéTl + ﬁTQ

-KOMNAKMEH,.
2. Ecau onepamop T womnaxmen, a onepamop A oepanuuen, mo onepa-
mopwot AT |, T A -komnaxmmo.
3. Ecau{T, | 1 <n < oo} C L(By — By) nocaedosamesvnocms kom-
NAKMHBLT ONEPAMOPOS, KOMOPAA cLodumca 6 nopme npocmparcmea L(By —
Bs) x onepamopy T, mo onepamop T xomnarmen.

Mpbl foKazkeM TOJIBKO IOCJeIHee yTBepzK/IeHrue. /10cTaTouHo 10Ka3aTh,
g0 npu Jobom € > 0 muoxkectBo CL(T'(b(0, 1))) comepKUT KOHEUHYIO €-
cerb . [Iycrn

y € CT(b(0, 1)), {z;} Cb(0, 1) C By.
Torna

ly =T(2;) | Ball < lly = T(2) | Boll + [|T(x —25) | Bo|| <
ly = T(@) | Bo|l + 2T = Toy | £(B1 = B[+
T (x — ;) | Ball. (3.212)
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Cuauana Beibepem x € T'(b(0, 1)) Tak, 9T00ObI BOIOJHSLIOCH HEPABEHCTBO
ly = T(z) | Bol| < €/3.
3areM BbIOEpeM N TaK, 9TOOBI BBHIIIOIHIJIOCH HEPABEHCTBO
2T =T, | L(B; — Bs)|| <¢€/3.

ITorom BetGepem MuOKecTBO {7 | 1 < j < N(€)} C b(0, 1) C By Tax, 4T00nI
muOozKecTBO {1'(2;) | 1 < j < N(e€)} 66110 KOHETHO} €/3-CeThI0 B MHOKECTBE
CI(T,(b(0, 1))). Torma u3 (3.212) Gymer caeg0BaTh HEPABEHCTBO

min{|ly — T(e;) | Bl | 1< j < N(©)} < e,

YTO U JIOKA3bIBAET HAIlle yTBEPKJICHUE.
[IpuBeeM nmpuMep KOMIIAKTHOTO OLEPATOPA.
IIyctes D C RY -3aMKHyTas orpaHudeHHas 00JIaCTh ¢ TIAJKONH IPaHUTe,
k(x, y) -uenpepsiBaasi B obnactu D X D dyHKus.

Jlemma 3.8.3. Onepamop

K :LP(D)— C(D), Kf(z) = /k(a:, y)f(y)dy, 1 <p<oo  (3.213)

KOMNAKIMEH.

JokazaTeabcTBO. Ham HYKHO 10Ka3aTh, 9TO MHOMKECTBO

M = {6(x) | é(x) = / k(. y)fwdy, |If | 7(D)] < 1}

PABHOMEPHO OTPAHUYEHO W PABHOCTEIEHHO HEIPEPLIBHO. DTO YTBEP:KJICHHE
€CTh CJIeJICTBUE CJAEYIONNX OIEeHOK.

1/q

|—|/ . ) Fy)dy] < /Mywy I | L7(D)]),

< Sup{lk( [lzeD,ye D}meS( LI L (D))

v)
|6(x) = o(a")] <
sup{|k(z, y) — k(z’, y)| | y € Dymes(D)"/| f | L*(D)]|.

IIpn BBIBOJE STHX OIEHOK MBI BOCIIOJIB30BAJNCH HEPABEHCTBOM lesbiepa,
nosioxkuB ¢ = p/(p — 1).

13 nokazanoit teMMBI creayet, 910 oneparop (3.213) KoOMIaKTeH Kak oIe-
parop u3 LP(D) B LY(D) npu awobom 1 < ¢ < 00, Tak KaK W3 CXOANMOCTH B
npocrpancTse C'(D) BBITEKAeT CXOIUMOCTD B KazK10M 13 ipoctpancts Li(D).

Cresyromiasi TeopeMa HasbIBaeTcs Teopemoii laynepa.
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Teopema 3.8.1. Onepamop
T c E(Bl g Bg)

KOMNAKMEHR 8 MOM U MOADKO TOM CAYUGE, CCAU CONPANCEHHBIT ONEPAMOP
T € L(B; — BY)

KOMNAKMEN.

JokazarenbcrBo. CHavyas a J0KaXKeM, 9TO U3 KOMIIAKTOCTH onepatopa 1’
cleyeT KOMIAKTHOCTD onepatopa 1. IlyeTs omeparop T’ KOMIaKTeH U

{fal1<n<oo}cCh(0,1)cC B

Ham Hy»KHO J0Ka3aTh, 9TO MOCIEI0BATENILHOCTE 1% ( f,,) COTEPKAT CXOIATILY-
10CSI B IPOCTPAHCTBE B} MO/Iocae10BaTeIbHOCTb.
Nmeenm:

Yz € B1): < (T(fo) = T*(fm) | 2 >=< (fo — fu) | T(z) > . (3.214)

Bagannas Ha komnakTHOM MHOZKecTBe C1(Th(0, 1)) mocsrenoBaresbHOCTE QyHK-
10%0%¢

CLTH(0, 1)) 3y fu(y)

PaBHOMEPHO OT'paHUYEHA:
Vi [ fa@) < A fu | Bsll-IT'| £(By = Bo)| - [l | Bull
7 paBHOCTEIEHHO HelpepbhIBHA, TaK KakK:

o) = o) = | faly =) < I fu | B3l - lly =3 | Ball-

[To Teopeme Aprena-Ackoau (cM. Teopemy 2.3.4 Ha cTp. 133) mocJieroBaTesb-
HOCTDB f,, COICPZKUT CXOMAILYIOCA B METPUKE

d(f, g) =sup{|f(y) —9(y)| | y € CI(TDH(O, 1))}

IIO/IIIOCIIEIOBATEIBHOCT. ByjleM CUATaTh, YTO CXOAUTCS CaMa MOCJel0Ba-
TeJIBHOCTD f,,. B cuty paBencrsa (3.214)

17 (fn) =T (fm) | Bill =
sup{| < T*(fn) = T*(fm) [z > | [ Iz | Bl <1} <
d(fn, fm),
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9TO U JOKA3bIBAET CXOAUMOCTD TocseaoBaresbHocT 17*( f,).

Tenepnb MpeanoaoKuM, 9T0 oepaTop 1T KOMIIAKTEH 1 TOKarKeM, 9TO OTle-
paTtop 1" KOMIIAKTEH.

Ecim onepatop T™ KOMIAKTeH, TO B CHJIY TOJBKO UTO JIOKA3aHHOTO CBOM-
CTBa OIEPaToOp

T : Bf* — B}*

kommakTen. Ilyers {x,} C b(0, 1) C By u J -oupenenennoe dopmynoii (3.68)
(eM. cTp. 178) U30METPUICCKOE BIOKEHHUE:

J: By — By,
Torma

V(n, m> N(e)) [[T(zn) = T(xm) | Ball =
177 (I (zn)) = T (T (2m)) | B"|| <¢,

€CJIM TOJIBKO MOCJIeIOBATEBHOCTD {Z;,} BBIOpaHA TaK, UTO IOCJIEI0BATEb-
HOCTD 1™ (J(),)) CXOMUTCS, UTO MOYKHO CJIEJIATh B CHJIy KOMIAKTHOCTH OITe-
paropa T u Briouenust {J(z,)} C b(0, 1) C Bf*. Teopema goka3zana.

Caenytomas TeopeMa HaszbiBaeTcst TeopeMoii (mwin jemmoii ) Pucca o mo-
ITH TEPHeHIUKY/IsIpe. DTa TeopeMa He MCHOJIB3YeT TOHSITHEe KOMIAKTOCTH,
HO Ha Heil OCHOBAHO JOKA3ATENBCTBO YACTO UCIONL3YEeMOi TeopeMbl Pucca
0 KOMIIAKTHOCTH €JIMHUYHOTO Iapa B GAHAXOBOM MPOCTPAHCTBE U MHOIHX
APYIrux TeopeM O KOMIIaKTHBIX OllepaTOpaXx.

Teopema 3.8.2. ITycmv By -3amkHymoe Aunetinoe nodnpocmpancmeo bana-
zosa npocmancmea B u B\ By # (). Tozda das aoboz0 € > 0 6 npocmparcmee
B cyuwecmeyem maxoti éexmop x, 4mo 6uiNnOAHEHDL YCAOBUA:

||| =1, dist(z, By) > 1 —e. (3.215)

Hokazarenscrio. Ilyers y € B\ By. Torna dist(y, Bg) = o > 0 u cyme-
CTBYeT Takoil BeKTOp z € By, 4T0

|z =yl < (14 €)a.

[TycTn
z=(z=y)/llz -yl
Torma ||z]| =1mu
V(2" € Bo) : llz = 2l = lz =yl Iz = Iz — yll" = yll >
o
— >1—e
(1+¢)a ‘
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TeopeMma mokazana.
Chenyiomas HUZKe TeopeMa W eCcTh yIOMHHAaBIIagcsa Teopema Pucca o
KOMIIAKTHOCTH €JIUHUYHOIO IIapa.

Teopema 3.8.3. Ecau 6 banarosom npocmparncmee B zamuikarue edunu-
HO20 WaAPE ECTNG KOMNAGKMHOE MHONCECNE0, MO BaHAT060 npocmparcmeo B
KOHEYHOMEPHO.

Hoxkazarensctso. [lycts {e;, ...} C B -inHeiiHO-He3aBUCHMBIE BEKTODHI,
HOPMa KOTOPBLIX PaBHA €JUHULIE,

B, = Cl(span{e; ...,en}).

Torma B, C By1), n ecmm B,y \ B, # ), 10 cormacuo mpeapLIyieit
TeopeMe CyIIeCTBYeT TaKOil BeKTOD Y, € B(,y1), 4To

Eciu nocaegoBareabnocts {y,} 6eckonedna, To 310 Oyger Takas pPUHAJI-
JIeKalas 3aMbIKAHUIO eJMHUYHOIO Iapa MOC/Ie10BaTeIbHOCTL, U3 KOTOPOI
HeJIb3d U3BJIeYb CXOJMAILYIOCs HOAIIOCAe0BATEILHOCT, TI03TOMY €CJIH €J11-
HUYHBLA IIap KOMIAKTEH, TO HAYMHAL ¢ HEKOTOPOrO HOMEpa 1. JOIKHO OBITh
BBIIIOJTHEHO PaBeHCTBO B, = B(,41). Teopema nokaszana.

3.8.2 Teopusa Pucca-Illayaepa.

Teopusa Pucca-Illaynepa onuchiBaeT pe30JbBEHTY KOMITAKTHOTO ONepaTopa
U yCTAHABJIMBAECT CBA3b MEXKJIy 00J/IaCThIO 3HAYCHUI M SJAPOM Oleparopa
(Aid—T) B ToMm caydae, ecsm oreparop T’ KOMIIAKTEH. DTH Pe3yJIbTaThl OyIyT
IIOJIBITOYKEHBI HAMH B TeopeMme 3.8.5.
Mpui 6yj1em cauTaTh, YTO paccMaTpuBaeMoe HaMu HAHAXOBO ITPOCTPAHCTBO
pedIeKCUBHO:
B = B.

Hagnem ol ¢ JOKa3aTeJIbCTBa HECKOJIBKUX JIEMM. B ,ZLaJIbHefIHleM MHO-
JKECTBO KOMITAKTHBIX OTIEPATOPOB, JEHCTBYIONNX W3 TPOCTpAHCTBa B B 1Ipo-
crpancTBO B MBI 0603naunM cuMBosioM k(B — B). fcuo, aro

K(B+ B) C L(B — B).

Jlemma 3.8.4. Ecau T -komnaxmuwid onepamop u XA # 0, mo npocmparcmeo
Im(Aid — T') samxnymo.
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Jokazarenabcrso. [lycThb
yn € Im(ANid —T') , y, — yo, n — 00.
Ham mykn0 nokazarh, 94TO
Yo € Im(Aid — 7).
[TycTn

Yn = (Aid = T')(x,,).

Tomoxkum

a,, = dist(z, , Ker(Aid — 7)),
U IYCTh 9J€MEHTHI W, BBIOPAHBI TAK, ITO
wy, € Ker(Aid = T') , o, < ||zp, —wy] < (14 1/n)ay,.
Honoxum
Zp = Tp — Wy.
Pacemorpum nBa caydas: «,, < const n oy, — 00.
B nepBom cirydae Mbl BMeeM:

Zn = (1/AN)(yn + T'2) , ||2n]| < const. (3.216)

Tak kak oneparop T KOMIAKTeH, U3 MOCJAEIOBATEILHOCTH 12, MOXKHO W3-
BJIEYDb CXOJAIILYIOCH TOJNOCAE0BATEILHOCTD. [ TPOCTOTHI MOYKHO CYH-
TaTh, YTO CXOJUTCS TOCTEI0BATETbHOCTD 1'2,. [lepexoss K npeeny B mpeibl-
JIYIIIeM PABEHCTBE, MBI TOJTYYaeM:

20 = (Yo + T20)/ A,

CremnoBaTebHO,
Yo € Im(Aid — 7).

Tenepb Mbl 1HOKazKeM, 4TO BTOPO# cijiydailt HeBo3mozkeH. [lycrsb oy, — 00 u

Torga ||€,]] = 1, 1 MBI MOZKEM HPEJIIOIOKUTE, YTO HOCIEJA0BATeIbHOCTL T,
cxomurest. Torma m3 (3.216) caemyer, 9mo W caMa MOCJEIOBATEIBHOCTH &,
CXOJIUTCSE:

&n — o, (3.217)

npuaeM

Ao = T'éo.
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C apyroit cTOpoHBbI,

Hgn —&ll = Hxn - wn”_lnxn —wy, — (||7, — wn”)ﬁﬂ” >
|zn — wy || *dist(z, , Ker(Aid — 1)) >
Qp

— —1 .
(1+1/n)an_> , M — 00

DTO HPOTUBOPEYHT OIPEICTCHHUIO dIeMEHTa &) KaK MPeIesa TOCIe0BATE b
voctu &,. JlemMa j0oka3aHa.

Jlemma 3.8.5. Feau T -komnaxmuoil onepamop, A # 0 u

Im(\id — T) = B, (3.218)

Ker(\id — T) = 0. (3.219)

Hokazarenbcrso. [Ipe/mosnoxum, aro BeimoaHeHo paseHctso (3.218), a
paeHcTBO (3.219) He BhImOHEHO. JlOKazKeM, 4TO TO MPOTHBOPEYUT KOM-
MTaKTHOCTH orrepaTtopa 1 .

[Tooxum

Ny =Ker(\id —T)", k=1, ....

Kazx10e u3 npocrpancts Ny 3aMKHYTO U
Vk © Ny C N, (3.220)
B cuty ceaHHbIX HAMH MPEIIOI0KEeHH
Ny #0,
U CYHIECTBYIOT TAKHE BEKTOPBI X1 , Ta, UTO
r1#0, (AMd—=T)z; =0, (Aid — T)ze = 2.

Ho Torna
(Aid — T)xy # 0, (Nid — T2 = 0,

CrenoBarebHO,
ngNl,.rQGNQ, NQ\Nl%O

Mbl MOZKeM TIPOJOJIZKUTh HAIlle HOCTPOeHHe W moJayduM, 91o B (3.220) Bce
BKJIIOUEHNS -CTPOTHE:
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B cuny teopemsr Pucca o mouru-neprnenukyssipe 3.8.2 (eMm. crp. 226) cyue-
CTBYeT Takasg MoCJe10BaTeIbHOCTh {Y }, ITO

||yk|| = 1, Yr € Nk, dist(yk, N(k—l)) > 1/2
HaJjie MBI 3aMedaeM, 9TO

Tyn —Tym = )‘[yn - (ym — ((Aid = T)ym — (Nid — T>yn)/)‘>]a
W > m) o — ((Nid — T — (N — T))/A € N,

TMO3TOMY
V(n>m) : [ Tyn — Tym| = [Aldist(yn , No-1) = [A[/2.

Mpl BHAMM, 9TO U3 IOCIeA0BATEIbHOCTH 1'%, HEJb3d U3BAEUYb CXOISIIEHCS
MO/IIIOCIEIOBATEIHLHOCTH, YTO MPOTHBOPEYUT KOMIIAKTHOCTH omeparopa 1.
Jlemma Joka3ana.

JIlemma 3.8.6. Ecau onepamop T xomnaxmen u

Ker(\id — T') = 0, (3.221)

Im(\id — T) = B. (3.222)

Jokazarenscrso. B cuty Teopemsr 3.4.8 (cm. crp. 181) u3 yesrosus (3.221)
CJIeJlyeT PABEHCTBO

Cl(Im(\id — T)*) = B*.

Tak kaxk B cuny Teopembl [Hlaynepa omeparop T KOMIAKTEH, TO U3 JIEMMbI
3.8.4 caenyert, 4TO

Cl(Im(Aid — T)*) = Im(Aid — T)*) = B™.
Bocnonp3oBaBmucs 1eMMoit 3.8.5, MBI TTOTyYaeM:
Ker(\id — T')* = 0.
Ha ocnose Teopembl 3.4.8 orciojia ciejyer, 4To
Im(Aid = T7') = Cl(Im(Aid — T")) = B.

Jlemma mokaszana.
N3 gemm 3.8.6  3.8.5 ciemyer
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Jlemma 3.8.7. Ecau onepamop T womnarxmen u X # 0, mo
Ker(A\id —T) =0
8 MOM U MOALKO MOM CAYYMGE, ECAlU
Im(Aid —T') = B.
13 sToro yrBepxKaenus u TeopeMbl Banaxa 3.3.6 (cMm. cTp. 168) coemyer
Teopema 3.8.4. Ecau onepamop T womnarxmen u X # 0, mo aubo
Ker(Aid —T') # 0, (3.223)

AUOO

(A\id —T)"' € L(B — B). (3.224)

YVTBepkaeane TeopeMbl 3.8.4 Ha3zbIBaeTcsa aabTepHATUBOM Ppearoabma.
HeobxomumocTs yetoBus (3.223) TpUBHATIBHA: €CJIH STO YCJIOBHE HE BBHITIOTIHE-
HO, TO OJJHO3HAYHO ONpeIeIeHHOro oniepaTopa (3.224) ne cymecrsyer. Herpu-
BHAJIbHAS 9acTh TeopeMbl 3.8.4 cocrouT B TOM, 4TO yeaosue (3.223) mocra-
TOYHO JIjisl CYIIeCTBOBaHHs omeparopa (3.224).

U3 reopembl 3.8.4 ciiejyer, 4TO OTJIMYHbIE OT HyJid TOYKHU CIIEKTPa KOMII-
KaTHOT'O OlepaTopa €CThb €ro COOCTBEHHbIE 3HAYEHUS W TOJHLKO COOCTBEHHbBIE
3HAYEHUS €CTh OTJIUYHBIE OT HYJIs 0COObIe TOUYKH PE30JIHBEHTHI KOMIAKTHOI'O
oreparopa.

N3zyuum 31u coOCTBEHHBIE 3HAYEHUS.

HanomuuM ojiiH pe3y/abraT u3 JUHeidHoi ajireOpsl.

JIlemma 3.8.8. Ecau T -aunetinvii onepamop 6 sunetihom npocmparcmee L
u {z;, 1 < j < n} -nocredosamesvrocms eexmopos, Komopuie Yydos.aemeso-
DAIOM, YPAGHEHUAM

mo eexmopui {x;} Aunelno nesasucuMmb.

Hokazareabcrso. Ilycrb

> ar; =0 (3.226)

1<j<n
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YMHoxKas ypaBHeHHe Ha onepaTop 7', Mbl MOJIyYUM PaBEHCTBA!

1<j<n

DTa CHCTeMa YyPABHEHUH OTHOCHTEILHO HEH3BECTHBIX {X;} MMeeT HeTpHBU-
aJIbHOE peleHne TOJBKO B TOM CJAyYae, eCJn

A1 ...0, H ()\j—/\k)zo,
1<j<k<n

OTKYJIa U CJeAyEeT JIOKA3bIBAEMOE YTBEPKICHHUE.
3amMeTnM, 9TO pa3MEpHOCTH MPOCTPAHCTBA L B JAHHOM CJIydae POJId He
Arpaer.

Jlemma 3.8.9. Ecau onepamop T komnaxmen u{x;, 1 < j < 0o} -nocaedosamenvro
AUHETHO HE3ABUCUMBLL BEKIMOPO8, KOMOPYLE YIOBAELTNEOPAIOM, YPAGHEHUAM

Ay = T(x;),
mo aubo nocaedosamenvrocms {T;} Korneuna, Aubo
Aj— 0,7 — oo.

Hoxkaszarenbcrso. IIpeanonoxkum, 910 mocenosaresbHOCTs {7} Gecko-
HeYHa u

Vj: A # 0.

(Ecoin Hy?KHO, MBI MOYKEM TEPeiiTH K MOJNOCIeI0BaATeIbHOCTH. ) IlycTh
L, =span{zy,...x,}.

Torna
L, C Lyt Lyyi \ Ly, # 0.

B cuity sieMMbL 0 OYTH-TIEPHEHMKYJISIPE CYIHECTBYIOT Takue BeKTopbl {yy },
qTO

”ynH =1 ) diSt<yn7 Lnfl) > 1/2 y Yn = Z ﬁ%xj

1<j<n
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3aMeTuM, UTO 00S3aTEIbHO BBIIIOJHEHO HEPABECTBO

By # 0,
Tak Kak
Yn ¢ L(n—l)-
[onoxxum
wj = y;/Aj.

[Iycts n > m. PaccMoTpuM pa3HOCTH

T(wy,) — T(wy) =
ﬁsmn T2 =Yn T Un; Up € L(nfl) y Zn € L(nfl)'

13 5TOr0 paBeHCTBa CJIEIYET, U9TO
|7 (wn) = T(wp)|| > dist(yn L(n—l)) > 1/2. (3.227)
Ecnn
Vi |A\j| > const. > 0,

TO
Vn o ||w,|| < const. < oo,

a 3TO LUPOTHUBOPEYUT TOMY, 4TO oueparop 1’ KOMIIAKTE€H, TaK KakK B CUJLY
(3.227) u3 mocsenoBaTesbHOCTH 1w, HEIb3s U3BJIEYH CXOJALYIOCS MO0~
CJIeJOBATEJIHLHOCTD.

Jlemma mokaszana.

N3 gemMm 3.8.9 u 3.8.8 BEITEKaeT

JIlemma 3.8.10. Ecau T -xomnaxmmoill onepamop u
Ker(\id = T') # 0, (3.228)
mo Ao -u30Auposantas ocobas mouka pezosveenmul RN, T) u
dim(Ker(\id —T)) < oo.

[Tycreb BoimosnneHo yeaosue (3.228). Tlycts P()\g) -CHeKTpagbHbIii TpoeK-
TOp:
1
P(X\) = —jl{R()\, TYdN, I ={X]|N= | =0}

21
I
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Ecmn 2 € Ker(Agid — T'), To (Aid = T)x = (A — X\o)z, 1

R\, Tz =(\—Xo) 'z, P(\o)r =,

109TOMY
Ker(\gid — T') C Im(P(\)).
(Bemomuum Briouenue (3.169) na crp. 206).

Jlemma 3.8.11. Cnpasedausw, pasencmea:

P*(h) = %%R(A, THAN, L= (] [A = Ao| = o}, (3.229)
dim(Tm(P(Ao))) = dim(Tm(P*(\o))) < oo, (3.230)
dim(Ker(Ag — T')) = dim(Ker(\g — T7)) (3.231)

Hokazarenbcrro. Pasencrso (3.229) caemyer u3 reopemsbr 3.4.9 (cMm. crp.
183).
CrpaBeJ/IuBO PaBEHCTBO

R\, T) = %(id +TR(\, T)),

OTKY/Ia CAEeyeT, 9TO

CrenoBarenbo, onepatop P()\g) ecTb Mpou3BeieHne OrPAHUYEHHOTO ONepa-
TOpa U KOMIAKTHOIO M MOTOMY KoMiakTeH. Tak kak npoctpanctso Im(P(Ag))
3aMKHYTO UM MHBAPUAHTHO OTHOCHTEJbHO H30METPUYHOTO B IPOCTPAHCTBE
Im(P())) kommakTHOTO oriepaTopa P(\g), TO e IMHAYHBI AP B MPOCTPAH-
crBe Im(P()\y)) kommakTen u B cuiy teopembl Pucca 3.8.3 (cm. cTp. 227)
mpoctpancTBo Im(P(\g)) KoHeaHOMEPHO.
[Tycrn
Im(P()\y)) =span{er, ..., en}.

Ha npoctpancrse Im(P()\g)) onpenenum nuHeiiHbie dyHKIHOHATBL
fOr < fUe>=6,1<j<n (3.232)
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U PacIpoCTpaHuM UX (HCTOJIB3yst TeopeMy XaHa-BaHaxa) Ha BCe MpOCTpaH-
cTBO B.
CupaBeyinBO PaBEHCTBO

Ve eIm(P(N)) iz = Y fO)<fle>.

CiexoBaTesbHO, o
V(f €Im(P (N)) s < P'Qo)f [o>=< f | PQ0)(@) >= 3 U (w)e;
(VfeIm(P*(N)): f= Y <[fle>fY

1<j<n

CremoBarensno, BexTophl { ) 1 < j < n} cocraBasior 6a3uc B MPOCTPaH-
crse Im(P*(\o)) u BIONHEHO paBeHcTBo (3.230).
Teneps 3amernm, aro qucao dim(Ker(Agid — T')) ects gedert MaTpuirst

o) =< f9 | (Aolid) — T)(ex) >,

a ancyo dim(Ker(Agid — 7)) ecth nedekT MaTpuiibi, TPaHCIOHHPOBAHHOI
K MaTpUIIE {a,(j )}. Kax u3BectHo, 311 JepeKThl COBNAIAIOT.

Jlemma mokaszana.

[ToIbITOKUM IOy YEHHBIE HAMH Pe3YJIbTaTh.

Teopema 3.8.5. ITycmo onepamop T komnaxmen. Tozda cnpasedaiuswi cae-
dyrousue Yymeeprcoenu.
1. Onepamop T™* xomnarxmen.

2. Ecau Mg # 0 u
Ker(\gid —T") = 0,

Ker(\oid — T*) = 0,

(N —T) '€ LB+ B), (\id —T*)"' € L(B* — B*)
3. Ecau Ny # 0 u
Ker(\oid — T) # 0,

mo Ao -noatoc pezoavsenm R(A, T) u R(\, T*), npuuem
dim(Im(P(Ny))) = dim(Im(P*(\))) < o0,
dim(Ker(\gid — T)) = dim(Ker(\gid — T7)),
Im(\oid — T) = N (Ker(Aoid — T%)).
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[ToceHee yTBepIK/IeHIe eCTh HatoMIHaHIe Teopembl 3.4.8 (eMm. cTp. 181).

Bu3koe 10 cMBICTY yTBEPXKIEHUE COCTABJILET COJEPYKAHUE CJeylomieit
HHUYKe TeOpeMbl, KOTOpas ecThb cJieJcTBre TeopeM 3.8.5 u 3.7.4 n wHOT/Ia Ha-
3pIBaeTCd aHAJIUTHYECKO TeopeMoii PpearoabMma.

Teopema 3.8.6. [Tycmv D -omkpumas c6a3HaA 00AGCMH 8 NAOCKOCNU KOM-
naexcrozo nepemennozo Ct. ITyemv 6 obaacmu D 3adana anasumuyeckasn

byrruyu
D5 K(u) € £(B — B),

3HAYEHUA %omopofl ECMMb KOMNAKIMHbLE ONEePaImopsl.
Vu: K(n) € K(B — B).

Tozda aubo onepamop (id — K(u)) ne obpamum wu 6 00nol mouke obaacmu
D, aubo 6 obracmu D cywecmsyem maxas He pasHai Mmorcoecmeento HYA0
anasumuseckan Gynkyus ¢(1) u maxue anasumuneckue GyHKLUY

D> prr(p) € KB B), D> pr alp) € L(B— B),

umo cnpaeed/weo paseHcmeo

V(o) #0) : (id — K ()~
npuuem
dim(Im(r(p))) < const. < oo, Im(r(p)) ﬂIm(a(u)) =0.

HokazaTenbcTBo. JocTaTOYHO 3aMETHTh YTO TOYKa A = 1 MOxKeT OBITh
TOJTBKO M30JIMPOBAHHO 0c000# ToUKO pe3onbBeHTH R(A, K (1)) n orBeua-
o1t 310l 0c000i TOYKE CIIEKTPaJIbHBIH HPOEKTOP KOHEYHOMEPEH, a 3aTeM
HPpUMEHUTH Teopemy 3.7.4 B KaxK0i Touke i € D.

3.9 Pe3oJgbBeHTa 1 CIIEKTP HEOTPAHMYEHHBIX OIle-
paTOpPOB.

Jlo cux mop Bce onepaTopbl B 0AHAXOBBIX MIPOCTPAHCTBAX MBI CIUTAIHN JTUHE-
HBIME O'DAHHYEHHBIME (& OTOMY M HElPEPBIBHBIMHE) OllepATOpaMu, 00IaCTh
onpe/iesIeHnsT KOTOPBIX COBIIAIaeT CO BCEM MPOCTPAHCTBOM. Temepb MblI epe-
XO/IMM K U3yUeHuIo Oojiee obIe curyann: Mbl OyIeM paccMaTpUBaTh TaKne
JIMHeitHbIe 0TOOparkeHus, 001aCTh Ollep IeJIeHIsT KOTOPBIX €CTh He COBIIAIal0-
Iee €O BCeM MPOCTPAHCTBOM JIHHEHHOe MHOT00Opa3ue, a caMi OTOOParKeHHsT
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He OrpaHdYeHbl HA CBOei obacTu onep/esnenus. Ilepexogum K TOIHBIM HOp-
MYJTHPOBKAM.

[Iycrs By u By -6anaxosbl npocrpancrsa, Dom(A) C By -jiuHeiiHOe MHO-
roobpasue (He 00s13aTeIHHO 3aMKHYTOE€) B MIPOCTPAHCTBE Bj.

Onpeaenenne 3.9.1. Orobpaxkenue
A:Dom(A) — By
MBI HA3BIBAEM JIHHEHHBIM 0TOOpaykeHueM (JIMHEHHBIM OMEPATOPOM ), eCJIn

V(e e C', 3 C', 2 € Dom(4), y € Dom(A)) :
Alax + By) = aA(z) + BA(Y).

Ecan

Dom(A;) # Dom(A,),
TO JIBa OIIEPATOPA
A; : Dom(A;) — By, Ay : Dom(Ay) — Bs

MBI GyJIeM CYHTATH PA3HBIMU ONEPATOPAMHE, JayKe eCJIM UX 3HAYCHUsI COBIIA-
nafor Ha MaokectBe Dom(A;) [ Dom(As).

YMHOKEHNE HEOTPAHUUEHHOTO ONEPATOPA HA YUCJI0 KOMEHTAPHEB HE Tpe-
Oyer, a CyMMY JIByX HEOIDAHMYEHHBIX OTepaTopoB A; u Ay MbI onpeesisgem
TOJIKO B TOM ciay4dae, ecsim Dom(A;) (1 Dom(Ay) # 0:

Dom(A; + A;) := Dom(A;) [ | Dom(Ay),
(Vx € Dom(A; + Ay)) : (A1 + Ag)(z) := Ay (x) + Az(x).
Zapo HeOrpaHMYEHHOTO OLEPATOPA ONMPEIEJIAETCS TaK:
Ker(A) = {z | x € Dom(A), A(z) = 0}.
Ompejie/iM Pe30JIbBEHTY HEOIDAHUYEHHOTO OIIePATOPA.

Omnpenenenne 3.9.2. Oneparop R(A, A) Ha3piBaeTCs Pe30JbBEHTON Ole-
paTopa , ecJan

1.Dom(R(\, A)) =Im(Aid — A) , Im(R(\, A)) = Dom(\id — A))

(3.233)
2. Ker(\id — A) = 0, Cl(Im(Xid — A)) = B, (3.234)
3.sup{||R(\, A)z|| | z € Im(Aid — A) | ||z|| < 1} < oc; (3.235)
4¥(z € Im(Nid — A)): (Nid — AR\, Az = a, (3.236)
5.¥(z € Dom(\id — A)): R(\, A)(\id — A)z = . (3.237)
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DTO olLpejieieHne COIJIACYeTCs € JAHHBIMU NDEXKJIe OlpeJIe/eHUsAMEI pe-
30/IbBEHTHI 3JIeMeHTa OaHaXOBOI alareOpbl W PEe30JBBEHTH OTPDAHHYEHHOTO
oneparopa, HO ¢ HOHATHEM Pe30JIbBEeHTbl HeOIDAaHMIEHHOr0 olepaTopa HyzK-
HO OBITh BHHMATEJIBHBIM. B cmiy yeaoBust (3.235) pe3osbBeHTa 1O HEmpe-
PBIBHOCTHU TIPOJIOJIZKaeTCs Ha BCe IPOCTPAHCTBO, HO Ha 3TOM IPOJOJIZKCHUN
MOZKeT He ObITh BBIIOHEHO paBecTBO (Aid — A)R(A, A)x = .

M#b1 npumewm ciieytoniee

Onpegenenune 3.9.3. Oueparop
R\, A) € L(B+— B)
HA3BIBAETCSI PE30JIbBEHTON HEOTDAHUIEHHOIO OIEPATOPa
A: Dom(A) — B,
ecam
1.Ker(Aid — A) =0, Im(\id — A) = B, ( )
2. Dom(A) D Im(R(A, A)), (3.239)
3.V(x € B): (A\id— A)R(\, A)x =z, ( )
4.Y(x € Dom(A)) : R(\, A)(Aid — A)x = x. ( )

B paccmaTpuBaeMbiX HAME MPUIOKEHUSIX (pe30IbBeHTa MHOUHATE3HMATh-
HOTO OMEPATOpa U PE30JbBEHTA CAMOCOIPSZKEHHOIO OIlepaTopa) 0ba ompe/ie-
JieHus coBIaaaroT. [lo ymMomdanHuio, Mbl OyieM TOJIB30BATHCS TOJIBKO BTOPBIM
ONpeIeICHAEM.

Omnpenenenne 3.9.4. Pe3o/bBenTHBIM MHOKECTBOM Tes(A) HEOrDAHHYICH-
HOro omeparopa A Ha3BIBAETCH MHOXKECTBO BCEX KOMILICKCHBIX YHCEJI, JJIS
KOTOPBIX CYIIECTBYET PE30JILBEHTA:

res(A) :=={\|IR(\, A)}.

Cuekrpom 0(A) HeorpaHHUEHHOIO olepaTopa A Ha3bIBAETCs JOMOJHEHHE De-
30JIbBEHTHOT'O MHOXKECTBA:

o(A) = C(res(A)).
YacTo GbIBaeT MOJIE3HA CIeIYIONTast

JIemma 3.9.1. Ecau cywecmeyem makas nocaedosamenvrocmo {x,} € B,
4mo

[zall =1, yo = (Nid = A)z,, — 0, (3.242)
mo X € o(A).
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Hokazarensctso. Ecan A € res(A), To cymectsyer oneparop R(A, A), u
u3 (3.242) caemyer, 4To

o = R\, a)yn , 1= |lza]l < IR, @)l| - lyall,

410 npoTuBopedntT (3.242). Jlemma nokazama.
CdopmyanpoBaHHBI B TaHHO JIeMMe KPUTEPHil TPUHAIIEKHOCTH TOUKH
A CIeKTpy omeparopa A WHOT/Ia Ha3biBaeTCs KpuTepreM (mpu3HakoM) Beits,
a YIOBJIETBOPSIIOIIAsI YCJIOBUIO (3.242) m0CIe10BATETBHOCTD ~IIOC/I€I0BATETHHOCTHIO
Beitns.

Jlemma 3.9.2. 1. Pesoaveenmmoe mnosicecmeo omxpuimo. Pesosveenma R(A, A)
QHANUMUYHG HA CBOEM DE3OALEEHTNHOM MHOHCECTEE KK (PYHKUUA Napa-
mempa X co snaveruamu 6 L(B — B) u ydosaemesopaem moocdecmey Luav-
bepma:

RO\, A) — R(u, A) = —(A— )R\, A)R(u, A). (3.243)

Hokazarenscrso. Ilycts A € res(A). Pacemorpum pasencrso (3.243) kak
ypaBHeHHe OTHOCHTEJNLHO Hem3BecTHOro oneparopa R(u, A) € L(B +— B):

(id — (A — ) R(N, A)R(u, A) = R(\, A). (3.244)

[Ipn
A= ul <[[R(X, )7

ypasuenue (3.244) uMeeT eIHHCTBEHHOE PEIICHHE

R(u, A) = ( > (A= RN, A))”) R(\, A), (3.245)

0<n<oo

1 9TO pelieHne aHaJIMTUYIHO 110 U B KpyTe

{u | IA=pl <R, A

Hokazkem, aro permenue ypaBHenus (3.244) ecrb pesosbBenTa oneparopa A.
13 (3.243) caeayer, 4To

Im(R(p, A)) C Dom(A).
YMuoxkast obe qactu paBencTsa (3.243) caesa ma (Aid — A), MBI oIy IaeM:
(Aid — A)R(pu, A) =id — (u — N R(, A),
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OTKY/Ia CAEIYeT, 9TO

(uid — A)R(ju, A) = id.

Awnanornuno, npuMensis paBeHCTBO (3.243) k snementy (Aid — A)z, MBI 110-
JIY4aeM:

R(p, AYANd—A)z =2+ (A — p)R(p, A)z,
a OTCIONA CJIEJIYET, UTO
V(z € Dom(A)): R(u, A)(pid — A)x = x.
Jlemma mokasana.
Jlemma 3.9.3. Ecau
Dom(A;) = Dom(A;y) , A € res(4;) ﬂ res(Ay) , (A1 — Ay) € L(B — B),
Mo CNPagedsuss PaseHcmsea

R()\, A1> — R()\, AQ) — R()\, A1)<A1 - AQ)R()\, AQ), (3246)
R(X, A1) — R\, As) = R(A, Ao)(A1 — A))R(\, Ay). (3.247)

Pagencrsa (3.247)-(3.246) ectb aBe GOPMBI 3aMUCH BTOPOTO PE30JIbBEHT-
HOro TOxKIeCcTBa (ypaBHenus ). [lepBbIM PE30/IbBEHTHBIM TOKIECTBOM (ypaB-
HEHHEeM) HA3BIBAIOT TOXKaecTBO ['minbepra.

HoxkazarenbcTpo. meem:

V(z € Dom(A;)) : (Aid — Ay)x — (Aid — Ay)z = (A — Az, (3.248)
B (3.248) cuenaem 3ameny
r— R\, Ay)x

u yMHOXKUM ceBa Ha R(\, Ag). [Moxyunm (3.246). Anasoruvno, cuenas 3a-
MeHy

r— R(\, Ag)x
u YMHOXKHB cjeBa Ha R(\, Ag), nomxyunwm (3.247). Jlemma qokazana.

Jlemma 3.9.4. Ecau

JAeCH: R\, A) = R(\, Ay), (3.249)

Al = AQ.
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Hoxkazarenncrso. 113 (3.249) caemyer, uro
V(z € Dom(A;)) : x = R(\, Ay)(Aid — A;)zx.
CreoBaTesibHO,

Dom(A;) C Dom(As;)

(Aid — Ag)z = (Aid — Ag)R(N, Ag)(Aid — Ay)x = (Aid — Aj)x.
Onpenenenne 3.9.5. I'padurkom nuHeitHOrO omeparopa
A: By D Dom(A) — By
Ha3bIBAETCS MHOXKECTBO
Gr(A)={z® Az | r € Dom(A)},

paccMaTpuBaeMoe Kak IOAIPOCTPAHCTBO NPsiMoil cymMMbl By B By 6aHaxoBbiX
npocTpanctB By u Bs.

MuoxectBo L C By @& By ectb rpaduk JHUHEHHOTO onepaTopa B TOM U
TOJTBKO TOM CJIy4ae, eC/id, BO-TIePBBIX, L ecTh JWHEHHOe MHOrooOpasue W,
BO-BTPDBIX, U3 YCJIOBUNI

r@yel, 2oy el,x=2a

cJieIyeT, 4To
/
y=yv.
[locnennee yciaoBue i JUHEHHOrO MHOI0OOpa3us KBUBAJIEHTHO TpeboBa-
HUIO:

L()(0® By) =00. (3.250)

Omnpenenenne 3.9.6. Oneparop A Ha3bIBaeTCA 3aMKHYTBIM, €CJIA €TI0 I'pa-
bUK 3aMKHYT KaK TOIIPOCTPAHCTBO TPsAMOil cyMMbl B @ By 6aHAXOBBIX
upocrparcrs By D Dom(A) u By D Im(A).

Omnpenenenne 3.9.7. Oueparop Cl(A) HazpiBaeTcs 3aMbIKAHHEM OMEPATO-
pa A, ecou rpaduk omeparopa Cl(A) ectb 3aMbikanue rpadguka oneparopa

A:
def

Gr(CI(4)) & C1(Gr(A)).
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Sambikanue rpaduka omeparopa A He 00g3aTEIBHO YI0BIETBOPSET YCI0-
Buio (3.250), mosromy 3aMbikaHue Tpaduka onepaTopa He 06g3aTeNbHO eCTh
rpaguk Kaxoro-uubyIb omepaTopa, HO OYEBHIHA

Jlemmva 3.9.5. Ecau svinoareno ycaosue
CI(Gr(A)[ 0@ B,) =00, (3.251)
mo onepamop A umeem samvikanue ClL(A):

Dom(Cl1(A4)) = Pr;(CL(Cr(A)),
V(z @y € Cl(Cr(A))) : Cl(A)(z) =y. (3.252)

J11s1 moKaszaTes beTBa 3aMETHM, 9TO B CHIY yeaosud (3.251) coornomenue
(3.252) OHO3HAYHO OTpEJEIsieT ONepaTop, rpaduK KOTOPOrO eCTh 3aMKHY-
toe mHo)kecTBO Cl(Gr(A)).

Taxum ob6paszom, sambikanue Cl(A) oneparopa A -310 oneparop, KOTopbiii
JleslaeT KOMMYTAQTHBHOI CJIe/IYIONIYIO JAHArPaMMY:

Cl(Gr(A)) —— C1(Gr(4))
e

rae Pr; -omeparop npoexTupoanus npamoit cymmer By @ By na ciaaraemoe
B;.
Tax Kak

Gr(A) C CI(Gr(A)),

TO

Dom(A) € Dom(Cl(4)), ¥Y(x € Dom(A)) : Az = C1(A)(z).

Bamernm, uro obsracth onepesennst Dom(A) 3aMKHYTOTO oniepaTopa MOKeT
He ObITh 3aMKHYTBIM IOJANPOCTPAHCTBOM B 6aHAXOBOM IMpOCTpaHcTBe B D
Dom(A) u obracts omepeseHnsl 3aMbIKAHHS OMEPATOPa MOXKET He OBITh
3aMbIKaHHEeM 00/1aCTH OIpPeIe/IeHns] UCXOIHOTO OIePaTopa.

B nanbwreiinem omepatop u ero 3aMbIKaHue, KaK MPABHIO, MBI Oy1eM 000-
3Ha4YaTh OJHUM U TEeM ZKE CUMBOJIOM.

PaccmoTpum mpuMepHl.

[Iycth

B = L*(R', dx);
Dom(A) = {f | f(z) € L*(R', dx) , 2*f(z) € L*(R", dx)};
A:Dom(A) — L*(R', dx), Af(z) = 2%f(x).
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O6nacth onpeaenenus oneparopa A mrorna B L2(R!, dz), Tak kaxk oma co-
NepsKUT Bee (PYHKIUN ¢ KOMIAKTHBIM HocuTesteM. OnepaTop A HeorpanuteH.
JeficTBUTEILHO, TTOJI0ZKIM

fo(z) = (¢/m)Y* exp(—ex?/2).
Torma
V(e>0): fee Dom(A), |[fll=1, ||Afl > const/e — o0, € — 0.

JIerko BUIeTH, 4TO

1

R(A, A)f(z) = =)

f(@), a(A) =0, c0).

Omneparop A 3amkuyT. /[yisi q0Ka3aTebcTBa 3TOTO yTBEPZAKIEHUST PACCMOT-
PUM TOCTEI0BATETHHOCTD

fn(x) @ Afn(x) € Gr(A),

KoTopag B Tonojgorun mpsmoii cymmbr L*(RY ) dz) & L*(R!, dx) cxomurcs
K Touke fo(x) @ ¥(r) u mokaxKeMm, 4TO Ta TOYKA NPUHANIEKUT rpaduky
omeparopa A.

13 onpesnenenust HOPMBI B MPSAMO CyMMe TPOCTPAHCTB CJEIYeT, 49TO B
Merpuke npocrpanctea L2(R! | dx)

fal@) = fo(x) , 2 fulz) — 2° fo(x) = ¥(x) , n — o0
13 nomuorst npocrpancrsa L2(R! | dr) seitexaer, 1To
folz) € LA(RY, dx) , 22fy(x) € LA(R', du),
Cl1e10BATENbHO,
fo(z) € Dom(A) , ¥(z) = Afo(x) n fo(x) ® ¢(z) € Gr(A).

3ameTnm, 9TO B PACCMOTPEHHOM TIpUMepe 00/1aCTh ONPEeIe/IeHUsT OMepaTopa
A ne samxmyma B upocrpanctee L2(R | dr).
Pacemorpum apyroit mpumep. [looxkum

B = L*R', dx),

Dom(A) =

[F 1 f(z) € LARY, dz) , f'(x) € IX(RY, da) , f"(x) € LA(RY, da)},
A:Dom(A) — L*(R', dx), Af(z) = —% ().
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Omneparop A neorpanuden. /leficTBUTEIBHO, MYCTH
f € Dom(4) , [If] = 1.

Torma
vnf(nz) € Dom(A4) , [|vnf(n)| =1,

HO
|Av/nf(n-)]| > const.n — oo, n — oo.

Ucnonnzys npeobpazosanue Pypbe, MOKHO JTOKA3ATh, YTO OMEPATOP TUdD-
dbepenrupoBanust cBomuTCs (II037K€ MBI YTOYHAM, B KAKOM HMEHHO CMBICJIE) K
OTIepaTopy YMHOYKEHUST Ha He3aBUCHMYIO TePEMEHHYI0, IT03TOMY PAacCMOTDEeH-
Hble HAMH IIPUMEpPHI, MO-CYIIECTBY, €CTh Pa3Hble PeJaKIui IpUMepa OJTHOTO
U TOTO 2Ke OMepaTopa.

IIycth

c—atiyeC B={f()] /|f(z)|2exp(—|z|2)dxdy < ool
TTomoxxum

Dom(A) = {f | f(z) € B, |2|f(2) € B},
A:Dom(A) — B, Af(z) = zf(2).

JIerko BHAETH, 9TO B PACCMATPHBAEMOM CJIy9ae PE30JIbBEHTHOE MHOXKECTBO
oneparopa A mnycro: res(A) = (), u cuekrp omeparopa cOBIAJIAET CO BCeil
KOMILIEKCHOH T1ockocThio: o(A) = C.

3.10 Iloaxyrpynnbl onmepaTopoB B 0aHAX0OBOM ITPO-
CTPAHCTBE.

Teopus moayrymnmn omepaTopoB B 6aHAXOBOM MPOCTPAHCTBE BO3HUKJIA IIPH
W3YYEeHUN YpaBHEHUH BUIA

% =Lu,t>0; u(+0) = up. (3.253)
O/iHa U3 OCHOBHBIX 33/1a9 TEOPHU COCTOMT B OTBETE HA BOIPOC, MPH KAKUX
YCJIOBHSIX Ha onepaTop L W HavaJbHblE JaHHBIE Uy ypaHeHue (3.253) ume-
eT peleHne W 9TO pelleHne eaInHCTBeHHO. (OKa3bIBAeTCs, YTO OTBET HA ITH
BOITPOCHI MOXKHO JIATh B TEPMUHAX HEKOTOPHIX CBOMCTB HEOTpAHWIEHHBIX OIle-
paTopoOB, € 3JIeMeHTaMU TEOPHH KOTOPBIX MBI TOJHKO 9TO TMO3HAKOMUINCH.
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Onpeaenenune 3.10.1. Oyuxius
T(t): R, >t—T(t) € L(B+— B)
Ha3bIBAETCS MOMYIpynnoi Kiacca Cy, ecan

LV(t € RL, t € RY) : T()T(t2) = T(t1 + to).
2.7(0)=id € L(B+— B).
3. (Vx € B) dynknua RL. 5 ¢— T(t)(z) € B

HenpepbiBHa Ha [0, 00).

[Tonyrpynnoit masbiBaerca dbynknusa R 5 ¢ — T(t) € L(B +— B), koto-
pas yaossierBopsier yeaoBusm 1 u 2. Tepmun Cf yrodnsier ycjaoBue 3 Henpe-
peiBHOCTH 3T0i pyuKImn. MHOorma yeaosue 3 popmympyercs B 6oJiee ciiadoii
dopme, KOTOPYIO MBI 371eCh HE PACCMATPUBAEM.

Jlemma 3.10.1. Ecau T'(t) -noayepynna xaacca Cy, mo oHa 02paHuMeHa no
HOPpME HA A0O0M GUKCUPOBAHHOM UHMEPBANE:

V(t > 0): sup{||T(F)]| | 7 <t} < C(t) < o0

(nod nopmoti onpepamopa T(t) 3decv u nusce Ml NOHUMAEM €20 HOPMY 6
npocmpancmee L(B — B)).

JokazarenncrBo. 13 ycaous 3 onpenenennst 3.10.1 ciemyer, 910 st
moboro « € B dyukrnua t — ||T(¢)z|| menpepsiBraa na [0, 00), mo3TOMY

Vit >0,zeB): sup{||T(1)z| | 7 <t} = C(x) < o0.

Otrciona u u3 teopembl Banaxa-Illreiinraysza 3.3.2 (cm. crp. 160) caenyer,
910

sup{[[T(7)[| [ 7 <t} < C(t) < o0,

JlemMa, mokazaHa.
CrheacTBueM 3TOr0 YTBEPXKICHUS SIBJISIETCS

JIemma 3.10.2. Ecau T(t) -noayepynna xaaca Cy, mo cywecmsyrom makue
Kowcmanmos, M < 0o, w < 00, wmo

YVt >0): ||T()| < M exp(wt). (3.254)
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Jokazarenabcrso. [lycThb
t=n+6,0<d< 1.
Torma

7@ = [IT(n)T(0)]| <

7)™ - [T @) < [[TW)]" - [[T(6)]] <

sup{[|T'(7)|| | 7 < 1} exp(tIn [ T(1)]).
JlemMa, moxazana.

Sameuarue 3.10.1. O cpoiicTBax raaKoOCTu QyHKITHHT
t= T

Mbl Ceif4ac HUYEro CKa3aTb He MOXKEM: U3 HAIUX PACCYXKJIEHUN He Cjejyer
JlazKe M3MEPUMOCTD 3TOH (DyHKIIUH.

[Iycrs T'(t) -nonyrpynma kiaacca Co u

An(z) = %(T(h)x 7).
IMonoxxum
Dom () i= {z | 3 lim 4(2)}, (3.255)
¥(r € Dom(4)) : A(r) = lim Au(x). (3.256)

Omnpepnenenne 3.10.2. Onpenesennuniii papeHcTBoM (3.256) omeparop Ha-
3BIBAETCS MH(DUHATEIUMATBHBIM OIIEPATOPOM MOy TpyIsl 1'(t).

Ecin A -undunure3uManbubii omepatop noayrpynnst 7'(t), To roBopsr,
470 nosyrpynmna 1'(t) nopoxeHa nHbUHATE3NMAIBHBIM OllepaTopom A.

JIemma 3.10.3. Feau A -ungunumesumanrvuuid onepamop noayepynno T'(t)
u x € Dom(A), mo gynruua

(0,00)2t+—T(t)x
dugpdpepernyupyema u

dT'(t)x
dt

= AT (t)z.
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HokazarenbcrBo. ClipaBe;InBO PABEHCTBO

V(z € Dom(A), 6t > 0) : LUF &gt_ T _

(T((S%)t— id) T(t)w = T(1) (T<5t5)t_ idx) .
AT (t)x =T(t)Ax , 6t — 0,

(T(t — 6t) — T(t))x T(6t) — id
= = Tt — t) (T“‘) = T(t) Az

JlemMa JokazaHa.

Samevanue 3.10.2. nduaure3uMaabHbIl OIEepaTop €CTh NpasaA ITPOU3BOI-
Hag noJiyrpynnsl B HyJse. B jemmve 3.10.3 yrBep:Kiaercs, 4To CyIIECTBYET
0014 HASA TIPOU3BOTHAS.

Teopema 3.10.1. Ecau A -undunumesumasvHuilli ONEPAmMop noAY2pYynIb
T(t) xaacca Cy, mo caedyrousue Ycaro8us IKGUBAACHITHL:

1. Dom(A) = B,

2.||T(t) —id|| — 0, t — +0,

3.3(A e L(B+— B)):T(t) = exp(tA).
JlokazaTeabcTBo.

1 — 2. Ecam npegen (3.255) cymecrByer s joboro © € B, 1o B cuity
Teopembl banaxa-IlIreiinraysa

sup{[|(T'(h) —id)/hl[ | 0 < h < ho} = C < o0,

IIO3TOMY

|T(h) —id|| < Ch — 0, h — 0.
2 — 3. [lyctb € > 0 BBIOpaHO TaK, 4TO
YVt <e): ||T(t) —id| < 1/2.

Torna
a(T(t)) Cb(1,1/2) c C,
u Tak Kak dyukus In(z) anamuruana B kpyre b(1, 1/2), To onpenenen ore-

paTop
V0 <t<e): V(t)=InT(t).

Ecm 0 < nt < €, TO

V(nt) =InT(nt) = In(T(t)") = nV ().
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Orcroga ciemyer, 9To
1
V(t/n) = ~V(1),

m m m
v —t Vi—t)=—=V().
(mon, <)V () = 2V (1)

13 menpepwiBHOCTH onepartopa V (t) kKak dbyHKIME ¢ OTCIOAA CJeLyeT, ITo

VOo<t<e): V(t)=tA, Ae L(B— B),

T(t) =exp(tAd), 0 <t <e.

C moMompbio MOJYTIPYIIIOBOIO TOXKIECTBA 9TO PABEHCTBO PACIPOCTPAHACTCH
Ha BCe t > 0.
3 — 1. YTBepkKIeHHe TPUBUAJIBHO.
Paccmorpum npumephr.
[Tycrn
B=R' VY(zeRY):T(t)z = exp(at)z.

D10 cooTHOLIEHUE 3aaeT B npocTpancrse R momyrpynny kiacca Cy ¢ un-
dUHUTE3UMAIBHBIM OLIEPATOPOM

Az = az.

Ob6nacTp ompejenenus WHOUHATE3UMAJIBHOIO OllepaTopa B paccMaTpuBae-
MOM CJIy9ae COBIAIACT CO BCEM HPOCTPAHCTBOM M MH(PUHUTE3UMAILHBII OIIe-
pPaTOp OrpAHHYEH.

IIycte B = C([0, 27]) -mpocTpaHCTBO BCEX HEMPEPHIBHBIX HA OTPE3Ke
[0, 27] mepuommunsix: f(0) = f(27) , f € B dyuxmumii ¢ 06bI9HON HOPMO.
[Tosioxkum

T(t)f(¢) = f(o+1).

Dto cornomenue 3agaer B npocrpauctse C([0, 27]) moayrpymmy Kiaacca C
¢ THGUHATE3NMAIBHBIM OIIEPATOPOM

)

¢
ObnacTs onpenenerns WHOUHATEINMATHLHOTO OMEPATOPA -MHOXKECTBO BCEX
HeTpepwuIBHO T depeHnmpyemMbrx YHKIHH. DTO MHOKECTBO TLJIOTHO B TPO-
crpancree C([0, 27]), HO He coBIAAAeT ¢ HUM, & HHOUHUTE3UMATIBHBIN OlTe-
paTOp HEOTDAHWYEH.
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3.10.1 Teopema Xwusuie-Puanurca-Mocuabl.
Cuesrytomasi TeopeMa siBJIsIeTCsl OCHOBHOM B Teopuu mnojiyrpymni kjaacca Cj.

Teopema 3.10.2. Onepamop A ecmo ungurHumesumasvHoil onepamop no-
ayepynnu kaacca Cy 6 barazrosom npocmparcmsee B mozda u moavko moeda,
ecau onepamop A ydosaemasopaem cAeOYOUUM YCAOBUAM.

1. Obaacmov onpedeaenus onepamopa A naomua 6 B:

Cl(Dom(A)) = B.

2. Onepamop A 3aMKEHYM.

3. Cywecmeyrom maxue koncmarmov, M < 0o , w < 00, 4mMo NOAYNAOC-
kocmes Re X > w npunadaiescum pe3osveeHmMHOMY MHONACECMEY ONEPAMopa
A u pesoaveenma R(\, A) ydosaemeopaem ouerke

Vin >0, A>w): [[RA\, A)"|| < MIXA—w|™. (3.257)

Jloka3aTebCTBO 3TOM TEOPEMBI MBI TMOJIYIUM KaK CJIEICTBIE HECKOTBKIX
JICMM.

CuauaJjia MbI Oy1eM T0Ka3bIBaTh HEOOXOINMOCTE YCIOBUH TEOpEeMbl X HJLIe-
Outunca-Vocupl v HEKe MBI IpenosiaraeM, 4to T'(t) -mosyrpymmna Kiacce-
ca (.

Ha mpocrpancrBe B onpenennM omepaTop

1 t
Mz = —/ T(T)zdr.
tJo

D10 ompeiesieHne KOPPEKTHO, TaK Kak (GyHKnus t — T'(t)x HemepepbiBHA.

Jlemma 3.10.4. Ecau T'(t) noayepynna xaacca Cy, mo
V(zr € B): %iné Mz = z.

JoxkazarenbcTBo. PukcupyeMm x € B. 13 onpeeienns MOIyTPYIIBI KIac-
ca Cy caemyer, 9To

V(e >0),30(e) >0,V <d(e): |[T(t)xr —z|| <e.
[TosTomy
1 t
V(t <d(e)) : || M —z|| < Z/ |T(T)x — z||dr < e.
0
JlemmMa mokasana.
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Jlemma 3.10.5. Cnpasedauso pasercmeo
AhMt - Ach.

9T0 YTBEPXKACHNE JOKA3BIBACTCA NPAMBIM BBIYNUCJICHUEM!:

htApMyx = (T'(h) — id) /OtT(T)xdT = /Ot (T(h+71)—=T(1)) zdr =

/hHh T(7)rdr — /OtT(T)QZdT = /Oh T(7) (T(t) —id) xdT = ht A, M,,.

N3 memm 3.10.4 n 3.10.5 coexyer

Jlemma 3.10.6. Cnpasedaucwv, ymeepotcoerus:

V(t > 0): Im(M;) C Dom(A); Cl(Dom(A)) = B,
V(z € B) : AMyx = Az

WTtak, Mbl JOKa3ajad, 4TO 00JACTH OUpele/eHusd WHMUHATEINMAJIHLHOTO
omepaTopa moJIyTrpynmbl Kaacca Cy IIOTHA B TOM IPOCTPAHCTBE, rie deii-
crByeT nosyrpyiumna. Temnepb J0KazxKeMm JeMMy

Jlemma 3.10.7. Ungurnumesumarvhoid onepamop noayepynnot kaacca Co
3AMEHYM.

Jokazarenabcrso. [lycThb
x, @& Az, € Gr(A) , z, ® Ax,, — {20, Yo}
Hawm mykHO m0Ka3aTh, 9YTO
o ® yo € Gr(A).

N3 gemver 3.10.3 cremyeT, 9TO clipaBeJIHBO PABEHCTBO
t
V(t>0):T{t)x, —x, = / T(7)Ax,dT.
0
[Tepexoas B 3TOM paBeHCTBE K TPEJIETy 1 — 00, MBI TTOTYYaeM:

Wt > 0) : T(H)zo — 20 = /0 T )dr

Pazeus obe wacTu 3T0Oro paBeHcTBa Ha t u nepexojd K npejeny t — 0, Mbl
MOy YUM:
xo € Dom(A) , Azy = yo.

JlemMa, moKa3aHa.
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JIemma 3.10.8. ITycmo T(t) -noayepynna xaacca Cy u kowemarmos M | w
ydosaemeopsrom ouenke (3.254). Toeda noaynaockocms Re X > w npunad-
AEHCUM, PE3OALEEHTTHOMY MHOHCECMBY UNHPUHUMESUMAAbHO20 onepamopa A
u npu Re\ > w pe3osveenma un@uHUME3UMAABHO20 ONEPAMOPLE MOIHCEM,
O6vimB BLYUCAEHE NO HOPMYAE

RO\, A)z = / " exp(— AT ()adt. (3.258)

HokazarenbctBo. 113 omnenkun (3.254) ciemyer, 9T0 WHTEpraj B HPaBOi
gacTu paseHcrsa (3.258) cxoaures. JlokaxkeM, 4To OMEpaTop B JEBOH YacTu
pasenctBa (3.258) ecrb pe3osibBeHTa MHMUHUTE3NMAIBHOIO Oneparopa. Hu-
JKe MBI IpejnosaraeM, 91o onepatop R(\, A) onpemesen Kak mpaBas 9acTh
pasenctsa (3.258). Nmeem:

V(z € Dom(A)) : R(A, A)(Aid — A)xz = lim exp(—=A)T(t)(id\ — A)xdt =
a—0o0 0
— lim %exp(—)\t)T(t)xdt = .

a—00 0

Haumee:

V(x € B) : Ay,R(\, A)x = Ay, /00 exp(—=At)T'(t)zdt =

exp(Ah) — 1
h

)\/ exp(—A)T(t)xdt —x , h — 0.
0

/h " exp(— AT (B)adt — % /0 exp(—M)T(H)zdt —

CrenoBaTesbHO,
V(z € B): R(A, A)xr € Dom(A), (A\id — A)R(\, A)x = x.
Jlemma Joka3aHa.

Jlemma 3.10.9. Fcau A -ungpurHumesumasvroili 0nepamop nosypynnot Kaac-
ca Cy, mo ez0 pesoaveenma ydosaemsopaem ouenxe (3.257).

HoxkazarenbctBo. U3 Toxkpecrsa I'manbepra u gemmbl 3.10.8 ciaeayer, 94To

(1)

An—l—l _ -
ROV A e = s

/OO exp(—At)T'(t)xdt =
% / exp(— M) T(t)dt.
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Ucnonsys onenky (3.254), Mbl moJTy9aem:

M o
YO > w): RO, A < —,/ exp(— At + wh)#dt ]| =
n! Jo
M = w| ="V fz]].
Jlemma mokaszana.
Mpr J0Ka3a/11 HeOOXOIUMOCTD YCJI0BUM TeopeMbl Xuie-Punuica-ocuab.
[Tepexoaum K 10Ka3aTeJbCTBY JIOCTATOYHOCTH STHX YCJIOBHIA.
Huzxe mMbl Oymem cauTaTh, 910 w < A < 00.

[Tycts A -omeparop, yI0BAETBOPSIONINIT YC/I0BUSIM TeopeMbl Xujie-Puiiumnca-
Nocuaer n R(A\, A) -ero pe3osbBenTa.

JIlemma 3.10.10. Ecau ewvinoarens, ycarosus meopemvt Xuare- Quansunca-
Hocudwv,, mo

V(z € B): AR\, A)z — x, A — oo. (3.259)
JokazaresrberBo. CripaBeyInBO PABEHCTBO
V(z € Dom(A)) : AR(A, A)x —x = R(\, A)Ax.
[TosTomy

V(z € Dom(A)) : |[AR(\, A)x — z|| <
M\ —w| ' Az|| = 0, A — oo. (3.260)

Tak kak muoxkecrso Dom(A) miorno B B, Tto u3 (3.260), onenku (3.257)
u Teopembl Banaxa-IIIreiinraysa 3.3.4 (cm. crp. 161) caemyer yTBepKaeHue
JIEMMBI.

[Tonmoxum

VA >w): V(N)z=—=A(id — AR\, A))x.
Jlemma 3.10.11. Chpasedauso ymeepotcoerue
V(z € Dom(A)): [|[V(AN)x — Az|| = 0, A — oo. (3.261)

JlokazaTebcTBO. DTO yTBepKaeHne caeayer u3 jgeMMbl 3.10.10 u papen-
CTBa

V(Mz = AR(), A)Ax.

THomoxxnm

V(A > w): S(A, t) = exp(tV ().
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Jlemma 3.10.12. Cnpasedausa ouerra:

Vit >0, A>w): ||S()\,t)||§MeXp()\)\wt )

—w

JokazarenbcTBo. [Ipu A > w cnipaBeyimBo paBeHCTBO

SO, 1) = exp(=x) Y % (V8)" R(A, A)".

0<n<oo

Tak Kak pe30JbBeHTa yIOBIETBOPsieT onerke (3.257), To

SO Ol < exp(=26) 37 = (V)" RO, A <

0<n<oo
M exp(—At) Z % ()" N —w| " =
0<n<oo
M exp (—)\t + )\)\_Qtw> = M exp <)\>\i}i}> . (3.262)
JlemMa nokasana.
Jlemma 3.10.13. Cywecmeym npedea
V(zeB,t>0),3T¢): Tt Y lim S(X, ). (3.263)

JokazarenncTBo. CpaBejinBO PaBEHCTBO

V(z € Dom(A)): S(A, t)x — S(u, t)x =

/0: (%Sm’ t—=7)S(A, T):c) dr =

i S, t —71)SA, 7)(V (1) = V(N)zdr <
const.||(V(pn) —V(AN)z|| - 0, x € Dom(A), A, p — oc.

(Ha mocsrenmem stame MBI BOCIOIB30BATUCDH JeMMoii 3.10.11.)

Mmuoxkectso Dom(A) miotHo B B, a HopMa omeparopa S(A, t) orpamude-
Ha paBHOMEPHO O A B CUIy JieMMBbI 3.10.12 , mo3TOMy yTBepKIeHue JeMMbI
ciaenyer u3 TeopeMmbl banaxa-IlITeitnraysza 3.3.4.

Jlemma mokaszana.

Jlemma 3.10.14. 3adannwd pasencmeom (3.263) onepamop T'(t) ecmov no-
ayepynna kaacca Co ¢ UHGUHUMESUMAALHBM ONEPamOopom A.
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JokazarenbcTso. CripaBe/IuBbl PABEHCTBA
V(I < B, t1 € Rl, ty € Rl) : S()\, tl)S()\, tg)x = S()\, t1 +t2)l’,
¢
V(z € Dom(A)): S\, t)r —x = / S\, T)V(X)adr.
0

[lepexosist B 3TUX PABEHCTBAX K MPEIEY A — 0O, MbI MOJLYIaeM:
\V/(l' € B, tl € Rl , tQ < Rl) . T(tl)T(tg).fL' = T(tl -+ tg)x,

V(x € Dom(A)): T(t)r —z = /OtT(T)A[EdT. (3.264)

Orciona ciaenyer, aro 3agannast dopmyoii (3.263) dyukus ¢ ecrb mouy-
rpynna u
V(x € Dom(A)) : [|[T(t)r —z|| -0, t — 0.

Omngarb Bocmosb3oBaBmuch Teopemoii bamaxa-IlITeiinraysa 3.3.4, MBI moJTy-
qaeMm:

V(zeB): |T(t)x—=z| -0, t—0.

Caenosarensno, T'(t) -monyrpynna kaacca Cy. [Tyctn A -UHPUHATEIUMATLHBI
oneparop nosyrpyunsl 1'(t). Ymuoxum obe gactu pasencrBa (3.264) Ha
exp(—At) u npounTerpupyem no t or 0 g0 oco. [Tomyamm:

V(z € Dom(A)) : R(A, A)(\id — A)z = . (3.265)
B ypasuennu (3.265) caenaem 3ameny ¢ — R(\, A)z. [omyanm:
V(z € Dom(A)): R(\, A)z = R(\, A)z. (3.266)
Tak kak Dom(A) wrorHo B B, TO 0TCIO/A CI€yeT, 9TOo
R\, A) = R(), A),
Orcrona B cuny gemmbl 3.9.4 ciaemayer, 910
A=A

Nrak, mbl jgokazan Teopemy Xuste-Puinnica-Iocumabr.
[Tepexojs K mpejeay A — 0o (3.262), Mbl OJTydaeM CJIeIyIolee yTodHe-
HHe TeopeMbl Xune-Dummnca-Mocuapr:

Jlemma 3.10.15. Ecau M u w -Koncmanmol, Komopoie 8LOOAM 6 0UEHKY
(3.257), mo daa nopostcdernoli UnPUHUMESUMANLHBM ONEPAOPOM A nosy-
epynno, T(t) cnpasedausa ouentka

IT(t)]| < M exp(wt). (3.267)
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Omnpenenenne 3.10.3. [Monxyrpynmna T'(1) HA3BIBAETCS CKUMAIOIIEH, eCTH
V(t>0): IT@)] < 1.

Jlemma 3.10.16. [Toayepynna T(t) cocumarowans 6 mom u MOALKO MOM
CAYNAE, ECAU PEIOALEEHMA €€ UHPUHUMESUMANDHOZ20 ONEPAMOPG YI0BAEME0-
pAaem ouerxe

V(A >0): RN, A)| < 1/A. (3.268)

HokazarenbcrBo. HeobxommmocTs yeaoBus caepyer u3 dhopmysisl (3.258).
st oKazaTebeTBa JI0OCTATOYHOCTH yeioBus (3.268) 3aMeTnm, 4To Mpu ero
BBINIOJIHEHUN

IR, A"l < IR, A" < ReA™,

09TOMY B omeHke (3.267) mbl MoxkeM moaoxkuts M =1, w = 0.
3aMeTuM, 4TO 3aMeHO

T(t) — exp(—wt)T(t)

MOZKHO JOOUTBCS TOTO, YTO PaccMaTpUBaeMasl HOJIYTPYIIIA OYIeT CXKIMAIO-
men.

Teopema 3.10.3. Fcau Ay -ununumesumasvruili Onepamop nosyzpynnok
kaacca Cy 6 banazosom npocmpancmee B u b € L(B — B) mo onepamop
Ag + b ecmv undunumesumanrvrvil onepamop noayepynnos kaacca Co.

Hokazarenbctrso. [Tycrs Ty(t) -moayrpynmna xiaacca Cpy, KOTOpasi MOPOZK-
neHa nHUHATE3NMATBLHBIM OepaTopoM Ag 1 IycThb

ITo(t)| < M exp(wt).
Breibepem auciio ¢ > 0 Tax, 9T0OBI BHITIOJIHAIOCH HEPABEHCTBO
a = §||b|| M exp(wd) < 1.

[Iycts C([0, d], B) -6aHaxoBo MPOCTPAHCTBO BCEX HENPEPBIBHBIX (yHKIHUIT
or t € [0, 0] co 3nauennsivu B B. @ukcupyem x € B u B MPOCTpaHCTBe
C([0, ¢], B) paccmoTpuM omepaTop

w (o, ], B)— C([0, d], B),

Wa(t) = To(t)a + /t Ty(t — m)ba(r)dr, 0 < t < 6.
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Dror oneparop cxumarwomuii. [Tycrs 2o(t, x) -ero HenoasuzkHas Touka. st
[0 < ¢t < J] onpeneaum oneparop

U(t) : x+— 2o(t, x).
Omeparop U (t) -nuHeiHBI OrpaHUYeHHBIN OMlepaTop:
V(t <9): [|U)z | Bl < (1~ a)~'8[|b]|M exp(wd)|l | B,
npuiem u3 onpesenenus npocrparctsa C([0, 0], B) caemyer, ato
V(zeB): |Ut)x—a|B| —0,t— +0.
[lycrs t1 4 t2 < 6. Toraa

20(t1 412, 2) = Ty(t2)(To(t1)x + / h To(t1 — T)bzo(r , x)dr)+

2
/ To(t2 — 1)bzo(t1 + 7, x)dT.
0

Tak kak orneparop W npu KaxjgoMm r € B uMeer eIMHCTBEHHYIO HEIOBHK-
HYIO TOYKY, TO OTCIOJ[a CJIeIyeT PABEHCTBO

z2(t1+ 12, z) = 2(t2, 2(t1, x)),

O3TOMY
V(L +12 < 8),: UEN)U(t2) = U(t1 + t2).
[Tyctn
t= é + 0<17< §
= n2 7,01 5"
[Tonoxxum 5
T(t) U(Z)"U(r). (3.269)

DT0 paBEHCTBO olpee/deT Hoayrpynny Kiacca Cy ¢ nHPUHATE3UMAILHBIM
omeparopom A = Ay + b.

Teopema jnokazana.

Paccmorpum npumep. B npocrpanctse B = L*(R! | dx) na obiactu

Dom(A) = {f | f(x) € L*(R', dx), 2*f(x) € L*(R", dx)}

OTIpeJIeJTAM OTIePATOP

Af(x) = —a*f(2).
JIerko BUIETDH, 4TO BCe yC/a0Bus TeopeMmbl Xuuie-Pununca-Mocu bl BbIOJ-
HEHBI U OTepaTop A MOPOXKIAeT CKUMAIOILYIO MOJIYTPYIITY

T(t)[f(z) = exp(—z°t) f(x).
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3.10.2 AbcrpakTHag 3agada Koimm.

[Iycrp A -nuueitnbiii (He 00s13aT€/bHO HEIPEPBIBHBIN) OLEPATOP ¢ 00IACTHIO
onpegenenns Dom(A):

A: BDDom(A) — B.
Onpenenenune 3.10.4. Oyuxius
RL 3¢~ y(t, yo) € Dom(A) (3.270)

Ha3bIBaeTCs pelienueM abcrpakTHoil 3aaun Komun

dy(t |
y(dt yO) — Ay(t, yo) ,0<t < o0, y(—l—O7 yo) = Yo, (3'271)
€CJIN BBIIIOJIHEHBI y&HOBHﬂ:
dy(t
1.V(t>0);3M€B,

dt
2.¥(t>0): y(t, yo) € Dom(A)
3. My(t, yo) — voll — 0, ¢ — +0

1 paBencrso (3.271).

Teopema 3.10.4. Ecau onepamop A ecmv un@uHumesumasbHuill onepa-
mop noayepynnu kaacca Cqy , yo € Dom(A), mo abemparmmasn 3adavwa Kowu
(3.271) umeem eduncmeentoe pewerue:

y(t, yo) = T(t)yo,
2de T'(t) -noayepynna, noposrcoernas unGUHUMESUMANLHBM ONEPAMOPOM A.

B j10Ka3aresibcTBe HYKIAETCs TOJbKO €MHCTBEHHOCTh pernenus. [Tycrb
z(t) -perrenne aberpakTHOR 3amadn Kommu:

dz(t)
dt

CupaBeyinBO PaBEeHCTBO

= Az(t),t >0, 2(+0) = 0.

Vo< T<t): C%_T(?ﬁ —7)z(1) = —AT(t —1)2(1) + AT (t — 7)2(7) = 0.

CrietoBaTesibHO,
Vt>0:T(0)z(t) = 2(t) = T(t)z(0) = 0.

Teopema joka3aHa.
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3.10.3 HexkoTopbie paBeHCTBa, CBA3aHHBIE C TEOPUEI TTO-
JIyT'pyHII.

BriBesieM HeKoTOpPBIE MOJE3HBIE U YACTO UCIOIb3YEeMble PABEHCTBA, KOTOPHIE
CBA3aHBI ¢ Teopwell mouyrpynm. [las yao6cTBa BBIBOJA HYKHBIX HAM pa-
BEHCTB MBI Oy/IeM CUHTATh BCE BCTPEYAIONIHECS ONePATOPbI OrPDAHUYEHHBI-
Mu. B npuioxkensix o6J1acThb TPUMEHMMOCTU ITUX PABEHCTB UCCJIEIYeTCHd B
KaKJIOM CJIydae OTIeTbHO.

®opmyna Tporrepa.
Jlemma 3.10.17. a, b € L(B — B), mo cnpasediugo paseHcmeo

exp(t(a+ b)) = lim (exp(ta/n) - exp(tb/n))". (3.272)

n—oo

HoxkazareabcrBo. CrrpaBe/IuBbI PABEHCTBA

(exp(ta/n) - exp(tb/n))" =
((id + ta/n + O((1/n)?))(id + tb/n + O((1/n)?)))" =
((id +ta/n +tb/n+O((1/n)*)))" — exp(t(a+ b)), n — oco.

®opwmyaa (3.272) nazsiaercs dbopmysoit Tporrepa.

Popmyna Troamend.
Jlemma 3.10.18. ITycmo ¢ynrxuyus
Rl 3t~ a(t) € L(B+— B)
nenpepoieha. Hycmv U(t, T) -pewenue ypasHerus:

au(t, )

pn =a)U(t, 7),0<7<t<oo,U(r,T)=id. (3.273)

Tozda pewenue 3adanu

W _ (o) + 10) . 9(0) = w0 (3271)

daemca Popmyrof
y(t) =U(t, 0)yo +/ U(t, 7)f(r)dr. (3.275)
0
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Hokazarensctso. Juddepennupys npaByio dactb paBeHcTsa (3.275) mo
t ¥ MCTIOIB3YsT PABEHCTBO (3.273), MBI Oy YaeM:

dU(t, O)yo + d tU(t, T)f(T)dr =

dt dt J,
a(t)U(t, 0)yo + /0 a®)Ut, ) f(r)dr + U(t, t)f(t) =
a(t)y(t) + f(1).

JlemmMa JnokasaHa.
@opwmya (3.275) nazsiBaercs dbopmystoit Toamess.
Ecjiu oneparop a(t) ne 3aBucur or t:

TO

U(t, 7) =exp((t — 7)a),
n dopmysta /lroamesnss mMpuHIMaeT BU/I
y(t) = exp(ta)yo + / exp((t — 7)a) f(T)dr. (3.276)
0

PaccmorpuMm ypaBHeHTe

W) _ ay) + butt) . 5(0) = o (3.277)

rie omepaTopsl a u b He 3aBucar ot t. Ilomaras

u npuMensst popmyity (3.277), Mbl TIOJTydaeM:

exp(t(a +b))yo = exp(ta)yo + /0 exp((t — 7)a)bexp(7(a + b))yodr.

3ameHsist B 9TOM ypaBHEHUN
b—b—a

1 UCIIOJIB3Ysl TIPOU3BOIBHOCTD Yo, MBI OJIydaeM hOpMyITy
t
exp(th) — exp(ta) = / exp((t — 7)a)(b — a) exp(7b)dr. (3.278)
0
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®opmyasl gudgdepeHTNPOBAHNA SKCHOHEHTHI. [losioxkuMm B op-
myate (3.278)

o= al) b= a(0)+ L ag +0l(85P)
u nepeiizem K npegeay AS — 0. Ilogxyanm
Sewtta(9) = [ exp((t - a(o) L explra(edr. (3219
B wactHOCTH, ecin
a(8) = a+ b,
TO ; ,
a5 exp((a+ Bb))|s=0 = /0 exp((1 — 7)a)bexp(Ta)dr. (3.280)

Dopmyast (3.279)-(3.280) unorga massiBaior dbopmytamu Definvana.
[Tosnoxkum B dhopmyate (3.279)

a(B) = —texp(Ba)h exp(—Pa),

Bocnosbzyemcst popmysnoii (3.150) (cm. crp. 202) u morom mosoxum 3 = 0.
Mpubr nosryanm:

la , exp(—th)] = —/0 exp(—(t — 7)h)[a , h]exp(—7h)dT (3.281)

rme
la, b] = ab — ba.

@opmyiaa (3.281) maswiBaercsa dopmysoii Ky6o (mpasaa, oHa BbIMECaHA B
HEIPUBBIYHBIX I T1a3a GpU3nKa 0603HAYEHUX ).

Dopmyasl Beiikepa-Kembennaa-Xaycaopda. Pusnku Ha3BIBIOT POp-
mynamu Beiikepa-Kemb6enta-Xaycnopda (min dopmytamu Beiikepa-Xaycaopda)
psia (bopMyJI, KOTOPBIE HOJIYIAIOTCS KaK CAeJICTBAE H3BECTHON B T€OPUHU IPYIII
JIn bopmyasr Kembemta-Xaycaopda must onepatopa In(exp A - exp B). Ilo-
JIYIUM HEKOTOpPbie U3 3Tux (popmys. Mbl OyjeMm cauTarThb, 4TO BCE OIIEPATO-
pPbI OTAHUYEHBI, XOTS HA TMPAKTHKe (DOPMYJIBI HAIMe BCErO MPUMEHSIIOTCS K
HEOT'PAHUYEHHBIM OIlepaTOpPaM.

[Tostoxkum

[A, B] := AB — BA.
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Jlemma 3.10.19. Feau
[A [A7 B” =0,

exp(A)Bexp(—A) = B+ [A, B,
exp(A)p(B) = ¢(B + [A, B]) exp(A).

HokazarenbcTso. [lonokum
f(t) = exp(tA)Bexp(—tA).
Juddupennupys mo t, moaydaem:

% = exp(tA)(AB — BA)exp(—tA) = [A, Blexp(tA)exp(—tA) =[A, B].

f(t)=B+t[A, B].

Otciona ciaemyer neppas u3 JOKa3bIBAEMBIX (DOPMYJI, U3 KOTOPOH BBITEKAET
(em. dopmyay (3.150) Ha crp. 202), uTo

exp(tA)p(B) exp(—tA) = ¢(exp(tA)B exp(—tA)) = ¢(B + A, B)).
YTO SKBHBAJEHTHO BTOPOi popMmyite.
Jlemma 3.10.20. Ecau

[A,B]=C,[A,C]=[B,C]=0,

exp(A) - exp(B) = exp(%C’ + A+ B).
JokazarenbctBo. [lomoxum
f(t) = exp(tA) - exp(tB) - exp(—t(A + B)).

Torna

% = exp(tA)Aexp(tB) - exp(—t(A+ B)) + exp(tA) - exp(tB)B exp(—t(A+ B))—
exp(tA) - exp(tB)(A+ B)exp(—t(A+ B)) =

exp(tA)(Aexp(tB) — exp(tB)A) exp(—t(A+ B)) = tC'f(t).

Otciona caeayer, 9To

£(t) = exp(%ﬂ(;*).

JlemmMa mokasana.
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Sameuarue 3.10.3. He cymecTByer seMmeHTOB 6aHAXOBOM AJreOpHI, KOTOPHIE
V/IOBJIETBOPSIIOT PABEHCTBY

ab — ba = id

ZLOK&)KGM 9TO yTBEpzKAeHHue OT IIPOTHUBHOIO. HYCTI) TaKHe 3JIEMEHTDI Cy-
ImeCTBYIOT. TOF,IL& JOJIZKHBI BBIIIOJIHATHCA paBEHCTBa

a’b — aba = a , aba — ba® = a,
IIO3TOMY

a’b — ba® = 2a,
1 10 WHIYKIUN

Vi a —ba" = na" !,

CJIETOBATETHHO
vn nfla” | < 2flalll[blla™ ],

9TO BO3MOXKHO TOJIBLKO B TOM caydae, eciu |[a™ || = 0, a orcioma cmenyer,

uro a" ' =a"?=...=a=0=id.

3.11 KomeHnTapum u JuteparypHble YKa3aHUS.

3.11.1 OrmpeneseHne JUHEHHHOTO MPOCTPAHCTBA.

Hanomuum onpeeserne guHeifHoro (BeKTOPHOIO) poCTpaHcTBa. JInueiinoe
IPOCTPAHCTBO -3TO KOMMYyTaTHBHasI (abesieBa) rpyIia, Ha KOTOPOii onpe eJie-
HO HOJYHHSIONIEECs PsiLy aKCHOM JIeCTBHE II0JIsI CKaIgpoB. B kauecTse moss
CKaJIAPOB MBI OyJeM paccMaTPHBATh TOJIBKO JBa IOJIS: MOJIE JIeHCTBUTEb-
HBIX YHCEN U [0JIe KOMILIEKCHBIX duces. Ajrebpandeckue CBORCTBA JAeiiCTBY-
TeJIbHBIX U KOMIIJIEKCHBIX 4YHCEJI Mbl CIYUTAacM U3BECTHBIMU, IIO3TOMY O6H_[el—‘0
OTIpe ie/IeHNsI MO MbI 1aBaTh He Oyaem. OOIMepuHATHI CIIUCOK AKCUOM JTH-
HEHHOIrO MPOCTPAHCTBA MbI IPUBOIAM HIZKE.

JluHeitHOe MPOCTPaHCTBO L -3TO MHOXKECTBO, B KOTOPOM OIIPEeIeIeHBI Olle-
palus CJIOXKEHHS, CTABAINAs KarKJbIM JIBYM 3jeMeHTaM a € L , b € L B
COOTBETCTBHE TPETUH 3j1eMeHT, 0003HaYaeMblii CUMBOJIOM a + b, U opepauus
YMHOXKeHHsI Ha (KOMILIEKCHOE) THCJI0, CTABSIINAs KaxKIOMYy YHCIy A € C'm
3JIEMEHTY a € L B cOOTBETCTBHE 0DO3HAYAEMbIiI CHMBOJIOM A 3JIEMEHT MPO-
crpancrBa L. Ilpeanonaraercs, 9To omepaiuy CJIOXKEHUS U YMHOMKEHHUs Ha
YUCJIO YAOBIETBOPAIOT CJIEIYIOIMINM AKCHOMAM.
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1. CrnoxkeHune acconuaTuBHO:
(a+b)+c=a+ (b+c).
2. CymectByer Takoii smement 0 € L, 4To
VeeLl):a+0=0+a=a.
3. Jus kaxa0ro ssementa a € L cyuecrByer Takoil sjement (—a) € L, uro
a+ (—a) =0.
4. CnoxkeHre KOMMYTaTHBHO:
VieeL,bel):a+b=>b+a.
Omepanus yMHOKEHHS HA IHUCIO0 yIOBIETBOPSIET CJIEIYIONIIM aKCHOMAaM.

5.VaeCh, peC',acL): a(Ba) = (af)a.
6.V(e€C', a,bec L): ala+b) = aa+ ab.
7V(aeC', peCacl): (a+pB)a=aa+ fa.
8.Y(ael):1-a=a.

Akcuombr 1-3 3amaior B L cTpyKTypy TpyIIbI, akCuoMa 4 yTOUHSET, ITO
9Ta TPynna KOMMyTaTHBHa (abesieBa), akCHOMBI b-7 3a7ai0T B L CTYKTYypy
MOJYJIS HaJT TIOJIeM, aKCHUOMa, 8 YTOUHSET, YTO 3TOT MOIY/Ib -yHUTAPHBI.

He Bce akcmombl 1-8 He3aBUCHMBI: HEKOTOPBIE U3 HUX MOXKHO BBIBECTHU W3
JIPYTHX, HEKOTOPBIE MOKHO chopMyIupoBaTh B 60see cradoit hopme, 0THAKO
cnucok 1-8 ynoben u gBjigercs OOMENPUHATHIM.

[Ipumepb! JIMHEHHBIX TPOCTPAHCTB OOIEN3BECTHBI U MbI He Oy/1eM Ha HUX
OCTAHABJIMBATHCA.

3.11.2 Ompeneserne PakKTOP-IIPOCTPAHCTBA.

Hamomuum onpeaenenne ¢pakTop-IpOCTPAHCTBA JUHEHHOTO MPOCTPAHCTBA.
[Iycts L -nuneiinoe npocrpanctBo u L D Ly -jinHeiHOE HOAIIPOCTPAHCTBO
npocrpancTBa L. Bregem B npoctpancTBe L COOTHOIIEHE SKBUBAJEHTHOCTH,
MTOJIOYKUB
a~d  ecma—ad € L. (3.282)

[Iycts L/Lg -dakTop MHOKECTBO MHOXKECTBA L MO COOTHOIIEHHWIO IKBUBA-
gentroctu (3.282) u mycrh [a] € L/Ly -ToT Ki1ace 9KBUBAJEHTHOCTH, KOTO-
phiii cogepzxutr saement a € L. [Ipespatum MHOxecTBO L/Lo B nuHeiinoe
MPOCTPAHCTBO, TIOJIOKUB 110 OMPeIeTeHITO

ala] + B[b] == [aa + Bb). (3.283)
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KoppekTnocTb 31010 onpejiesenud ciemayer u3 Toro pakra, 9ro L -smHeitnoe
IPOCTPAHCTBO W MO3TOMY IpaBas JacTh (3.283) He 3aBHCHT OT BHIOOpPA MPEJI-
CTaBUTeJell B KJIaccaX IKBUBAJIEHTHOCTH.

MHOKECTBO KJIACCOB IKBHBAJEHTHOCTH MO COOTHOIIEHHIO (3.282) ¢ ompe-
JeJIEHHBIME CcOOTHOIIIeHueM (3.283) omepanusMu JIMHEHHOrO MPOCTPAHCTBA
Ha3bIBaeTCd (PaKTOP-IPOCTPAHCTBOM IIPOCTPAHCTBA L 10 MOAIPOCTPAHCTBY
LO-

3.11.3 OrmpeneseHne IpaMOii CyMMBI IIPOCTPAHCTB.

[IycTh [ -npou3BOIBHOE MHOYKECTBO MHJIEKCOB M IIyCTh KaxKjaoMy 7 € [ mo-
CTaBJIEHO B COOTBETCTBHUE JIMHEHHOE MPOCTPAHCTBO L, HAJ OJHUM U TEM JKe
moJieM CKaJsgpoB. PacecMoTpum MHOXKecTBO DYHKIHIMA

I>7t—a(r) €L,

¥ MPEBPATUM 3TO MHOYKECTBO B JMHEHHOE MPOCTPAHCTRO, TTOJOXKUB TIO OTpe-
JeJIEHHIO

(aa + Bb)(1) := aa(r) + Bb(7) € L.

OTO JUHEHHOEe MPOCTPAHCTBO HA3BIBAETCS IPSMOM CYMMON JIMHEHHBIX MPO-
CcTpaHCTB L, u 0003HAYAETCSI CUMBOJIOM

@ZLT.

Tel

B xauecrse npuMepa nog00H0i KOHCTPYKIIME MOYKHO PACCMOTPETh IIPOCTPAH-
ctBo R?. B 3T0M cily4ae MHOMKECTBO HHAEKCOB I -3T0 OTPe30K HATYPAJIbLHOIO
paga {1<7<d}, L,=R'n

R = Z R!.

1<r<d

Jpyroit moaxom K MOHITHIO MPSMON CYMMBI JUHEHHBIX TPOCTPAHCTB J1AeT
CJICYIOTAsT KOHCTPYKIIHSI.

ITycre L -numeitnoe npocrpancTso u mycrs L D Ly , 1 < j < n -
JINHEHHBI{ie TTOAMPOCTPAHCTBA TPOCTPAHCTRA L, KOTOPHIE YAOBIETBOPSIOT CJIe-
JIYIOIIEMY YCJIOBHIO: KaXKIbIH 9JIeMEHT ¢ IpocTpancTBa L eduncmeenivim 00-
Pa3om TIPEJCTaBUM B BHJIE

a:Zaj, CLjGLj.
J
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B sToMm cirydae roBopsT, 4TO JUHENHHOE TPOCTPAHCTBO L Pa3/I0KeHO B IPAMYIO
CYMMY HOPOCTPaHCTB Lj;:
J

Wzyoxkennpie B 9Toi Iy1aBe (paKThl T€OpUU OAHAXOBBIX HPOCTPAHCTB, IO
CYIIECTBY, SABJISIOTCA MPOCTEHIINM “OeCKOHEUYHOMEpPHBIM~ 0000IIeHHeM M3-
BECTHOH YUTATEJI0 TEOPUU MATPUL] U OLEePATOPOB B KOHEYHOMEPHOM JIMHEIi-
HOM ITPOCTPAHCTBE U €CTh MPAKTUYECKH B KarKJIOM y4ueOHUKe (DYHKITMOHAb-
Horo amasusa. Kmaccuaecknumu ydeOHHKAMuU fBIAIOTCA Kuurd |21, 27, 18].
[IpocToe uzjtoxkeHue HaYa TEOPUH DAHAXOBBIX HPOCTPAHCTB €CTh B yUCOHH-
ke [33]. KpaTkoe u paccuuTanHoe HA HOATOTOBJICHHOTO YATATES W3TOKEHEE
OCHOB Teopnu GAHAXOBBIX MPOCTPAHCTB ecTh B [32]. O6Gcrosrenbroe u310-
JKeHWE OCHOBHBIX NPHUHIUIIOB YATATEAL HAWJICT B [40]. MHoro mHTEpecHbIX
dbakToB TeopuH GaHAXOBBIX MPOCTPAHCTB YUTATETh y3HaeT u3 Kuur [19, 20].
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I'1aBa 4

I'mab0epToBBI IIPOCTPAHCTBA.

4.1 OcHOBHBIE OIIpeaEeJIeHNA.

Mpubl paccMaTpuBaeM JIMHEHHBIE MPOCTPAHCTBA HAJL 1TOJIEM KOMILJIEKCHBIX YH-
cent (ecam siBHO He oroopeno jpyroe) u ecau z € C', To cumpos z* 06o3Ha-
gaeT 9HCI0, KOMILICKCHO CONPAKEeHHOe YUCIY 2:

VieeR beR): z2=a+ib, 2* =a—ib.

4.1.1 CxkangpHoe Npou3BeJeHNE U HOPMA.

CxajsspHOe TPON3BE/IeHNe HA, JIMHEHHOM MPOCTpaHCcTBe L -310 (pyHKIHS
< , >:LxL—C

KOTOpad YIOBJIETBOPAET CACAYIONIAM aKCHOMAM.
1. CraJisipHOE NPOM3BEICHNE JUHEITHO IO BTOPOMY apTyMEHTY:

VeeL,beL,ceL,acC, pgecCh,:
<c,aa+pb>=a<c,a>+p<c,b>.

2. CraJgpHOe TPOUU3BEICHIE KOCOCHMMETPUIHO:
VeeL,bel): <a,b>=<b,a>".
3. CkangpHoe Mpou3BeJICHUE He BHIPOKICHO:
Veel): <a,a>>0, (<a,a>=0) < (a=0).

Onpenenenne 4.1.1. Jluneiinoe 1pocTPpaHCTBO BMECTE C OIPEJICACHHBIM HA
HeM CKaJIsIDHBIM IIPOU3BEJIEHUM HA3bIBAETCS YHUTAPHBIM IPOCTPAHCTBOM.
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Bwmecto ycaoBug JuHEHHOCTH CKAJISIPHOTO MPOU3BEIEHHS 110 BTOPOMY ap-
TYMEHTY 4aCTO NPUHUMAIOT YCJIOBUE JIMHEHHOCTH CKAJTAPHOTO MPON3BEICHUA
10 IIEPBOMY apryMeHTy. Mbl OyeM cIe10BaTh CJI0:KUBIIEHCS B MaTeMaTHIe-
CKOil (bu3MKe TpaIuIuu.

B mpsimoii cymMMe YHETapHBIX TPOCTPAHCTB

H=o g H;
J
CKaJIIPHOE TPOU3BEIeHNE BBOIUTCS 1O (bopMyie

V(CLEH,[)EH>Z <a,b>=2<aj,bj>j,ajEHj,bjEHj,

J

rje <, >; -CKaJdpHoe IPOU3Be/ieHne B IpocTpaHcTse Hj.

Teopema 4.1.1. Ckanaaproe npouseedenue HaG YHUMAPHOM NPOCTPAHMCEE
ydos.Aeme0opaem HEPABEHCNBY

V@€ L,beL):|<a,b>|<<a,a>"*<b b>"2, (4.1)
HoxkazaTeabcTBO. JlocTaToOIHO paccMOTpeTh caydait
<a,b>#0.
B nepaBenctse

V(zeCY): <za—27'b, za—2""b >=
|z <a,a>+|z|"2 <b, b>—2Re (exp(—2iarg(z)) <a,b>)>0

IIOJIO2KHUM

<b,b>\""
L (m) exp(if) , 6 = (1/2) arg(< a, b >)

[Monyunm (4.1).

Hepagencrso (4.1) B MareMaTnyecKkoil ureparype Ha DYCCKOM SI3bIKe Ha-
3bIBIOT HepaBeHCTBOM Korn-bByHnskoBckoro. B Mmaremarnyeckoit anreparype
Ha aHTJIMHCKOM fA3bIKe 9TO HEpaBeHCTBO Ha3bIBAIOT HepaBeHcTBOM Korru mirm
HepaBencTBoM [IBapia.

Teopema 4.1.2. Ha ynumapnom npocmpancmee Gyukyus
L>aw<a,a>"?eR} (4.2)

ydoeﬂemeopﬂem YCAo0BUAM HOPMDL.
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HokazarenbeTBo. HeBBIPOK IEHHOCTD U OTHOPOAHOCTH Dy HKIHH (4.2) ode-
BUIHBI. J[oKazkeM HEpaBEeHCTBO TpeyroJbHUKa. Mmeem:

'<a+b,a+b>=<a,a>+<b,b>+2Re<a,b><
<a,a>+<b,b>42<a,a><b,b>)/?=
(<a,a>)"?+(<b,b>)"?)2
CienoBaTesbHO,
la =+ bl < flal + I[o]]-

YV TBepK/IeHNe JOKA3AHO.

Onpeaenenne 4.1.2. YHuTapHOE IIPOCTPAHCTBO BMECTE C ONPEIeICHHON Ha,

HEM HOPMOWH
la|| =< a, a >? (4.3)

HA3BIBACTCS MPEJITHILOEPTOBBIM MPOCTPAHCTBOM.

Brruucienuem npoBepsieTcs, 9To onpejieJenHas papeHcTBoM (4.3) Hopma
YAOBJIETBOPsieT PABEHCTBY IapaJsliesioraMmMa:

Ve H,yeH): [lv+yl*+ lla—yl* =2 + lly]*). (4.4)

B npearuas6eproBoM MpoCTpaHCTBe HepaBeHCTBO (4.1) MoxKeT GhITh 3amuca-

HO B BH/JIE
| <a,b>]<|al-]o] (4.5)

B jeficTBUTEILHOM €BKJIMIOBOM TPOCTPAHCTBE 3TO HEPABEHCTBO O3HAYAELT,
9TO MOJYJIb KOCUHYCA YIJIa MEHbIIE WA PABCH ¢INHUIIC.
CxajstpHOe TPON3BeeHIe B MPSIMOil CyMMe YHUTAPHBIX MPOCTPAHCTB MO~

POXKJIaeT HOPMY
loY al* =" lal*
J J

3 onpeteieHns HOPMBI B YHUTAPHOM IPOCTPAHCTBE U HepaBeHCTBa Kormn-
ByHAIKOBCKOTO BBITEKAeT OUEeBUTHAS

Jlemma 4.1.1. Cnpasedauso pasencmeso
z]| = sup{| <y, x> [yl <1} (4.6)

Onpenenenne 4.1.3. ['nap0epTOBO TPOCTPAHCTBO -3TO IPEATHILOEPTOBO
IPOCTPAHCTBO, KOTOPOE eCTh GAHAXOBO IPOCTPAHCTBO (T. €. MOJHOE HOPMH-
POBAIHHOE MPOCTAHCTBO) OTHOCHTENLHO HOPMBI (4.3).
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[Iycts Lo -npearuaibbepToBO NPOCTPAHCTBO U IIYCTh L -IIONOJTHEHHE 1IPo-
crpaucTBa Ly kKak GanaxoBa npocrpancTBa. OmepaTop BJIOKEHUsT

J:Log— L

JIMHEEH, U HTO L03BOJISIeT 33/1aTh CKaJISIPHOE IPOU3Be/IeHNe Ha JIMHEHHOM MHO-
roobpasun J(Lg) C L, moJ0KIB MO ONPEIeTeHIIO

V(a € Lo, be Ly): < J(a), J(b) >=<a,b>.

[To HenpepbIBHOCTH 3TO CKAJISIPHOE HPOU3BE/IEHNE MOYKHO PACIPOCTPAHUTD
Ha BCe MPOCTPaHCTBO L u npeBparuTh L B ruibbepTOBO pOCTpancTBO. Ilo-
JIVIEHHOE TMJILOEPTOBO MPOCTPAHCTBO HAZBIBACTCS TMOTOJHEHUEM TPEJITHIh-
OeproBa npocrpancTBa Lg. 'misbepToBO HIpoCcTpaHCTBO OOBITHO 0O03HATIOT
cuMmBoJIOM H.

CraJsisipaoe 1pou3BejieHue B rujib0epToBoM mpoctpanctse H, Mbl Oyiem
00603HAYATH CHUMBOJIOM < , >.

Paccmorpum nipumephr.

IIpumep 4.1.1. TIpoctpancrso L2(D , p(dz)). llycrs D C Ru L*(D, p(dx))
oupeseseno kak B 1.1.14 (em. crp. 44). Tlpesparum npocrpancrso L2(D , p(dzx))
B rHJILOEPTOBO TPOCTPAHCTBO, TTOJOKUB MO OMPEICTCHHIO

V(f e LD, p(dx)), gGLQ(D p(dr))) :
<f,g>= /f dx). (4.7)

Uurerpan B (4.7) cyliecrByer B CUIy HEPABEHCTBA

[ (@)g(@)] < | F(@)]* + lg(x)]*.

[onmora npocrpancta L? (D, p(dx)) ects ciencrsue Teopembl Pucca-@umnepa
1.1.6 (cMm. crp. 43).

IIpumep 4.1.2. TIpocTparcTBo [2. D1eMeHTaMI IPOCTPAHCTBa |2 ABIAIOTCH
TaKWe YUCA0BBIE MOCJIEI0BATETbHOCTH

a={aj|a; €C', 1<j<oo}

Z |a;|? < oo.

1<j<00

qTO

[TpocTpancTBO [? MOYKHO PACCMATPUBATEL KaK YaCTHBIH Cydait TPOCTPAHCTBRA
L*(D, p(dx)) mpu D = R!, eciu cuurTarh, 4T0 HOCUTEIb Mephl i(dT) ecThb
MHOKECTBO TIEJBIX Juce Z.
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CrpyKTypa JHHEeHOTO IpocTpaHcTBa Ha [2 3ajaeTca popMy.Ioit
aa + Bb = {aa; + (b;}.

CkagpHOe IIpou3Be/ieHne Ha IIpocTpaHcTBe [ 3a1aercs popMyIoit

<a,b>= Z a;b;.

1<j<00

[TomHOTA TPOCTPAHCTBA [? eCTh cileacTBre TeopeMbl Pucca-®@umepa 1.1.6 (cm.
crp. 43), Tak KaK CyMMy MOYKHO PacCMaTpUBaTh KakK HHTErpaJj 10 Mepe,
HOCHUTEJIb KOTOpOIU/I eCThb MHOXKECTBO LEJIbIX YHCeJI.

4.1.2 OpTOoOHOPMUPOBAHHBIE CUCTEMBI.

Omnpenenenne 4.1.4. Jjaemvents! f, g ruipbeproBa npocrpancTsa H opro-
roHasbHbl (06o3HaveHue: f1g), ecau

<f,g>=0.

Onpenenenne 4.1.5. Cucrema snementosn {e; | j € I} C H ruasbeprosa
nupocrpancTsa H Ha3bIBaeTCsi OPTOHOPMUPOBAHHOM, €CJ

<e,e;>=00, V(i#j):6i=0,Vi:6 =1

[IpuBeiem npuMepbl OPTOHOPMUPOBAHHBIX CHCTEM.

B mpoctpancTse [? OpTOHOPMHPOBAHHYIO CHCTEMY 3JEMEHTOB ej ,J =
1 ... coCTaBASIOT BEKTOPBI, Y KOTOPBIX KOOPJAUHATA C HOMEPOM j PaBHA €JI-
HHUIIE, & BCE OCTAJIbHBIE KOOPJIMHATHI PABHBI HYJIIO:

e;=1{0,0...0,1,0...}.

B upocrpancrse L([0, 1], dz) 0OproHOpMUPOBAHHYIO CHCTEMY 3JIEMEHTOB CO-
CTaBISIOT BEKTODBI

eo(z) =1, eg;(x) = V2cos(2mjx) , egjp1(x) = V2sin(2mjz) , j=1...
OpToHOpMUPOBaHHAA CUCTEMA He 0043aTe/HHO CUeTHA.

Omnpenenenne 4.1.6. Ecin {e; | j € I} C H -opTOHOPMUPOBAHHAS CHCTEMA
3JIEMEHTOB, TO YHCJIA
<ej, f>

HazbiBaoTcs Ko3hdunuenramu Dypoe snementa f € H 1o oproHOPMEUPO-
BaHHON cucreme {e;}.
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Jlemma 4.1.2. ITyemo {f; | 1 < j < oo} C H -npouszsoavhas cuemnas
CUCTNEMA INEMEHNOE 2uAbOepmOosa npocmpancmea H u

Ly = span{f1,... fu}.

Toeda cywecmeyem makas cuemuas OPMOHOPMUPOSAHHAA CUCTNEMA HYHK-
yuti {e; | 1 < j < oo}, wmo

L, C span{ey,...en}

JokazarenbcTBo. /loKazaTeqbCcTBO MPOBOAMM WHIAVKIMEeR 1o n. [locta-

TOYHO PACCMOTPETH CJIydail, KOraa mpu KaykaoMm n cucrema dbyukmumit {f1 ..., f}
JimHeitHo nezaBucuma. g n = 1 nojgoxum

er = fi/llfll-
Ecim

f(n+1) g Span{el g €n},

TO IIOJOXKHUM

etmt1) = M fint1) — Z <e€j, finsr) > €j).

1<j<n
OdeBuIHO, YTO
V(j<n): <eminy, e >=0; €enp) #0.
[Tapamerp u BBIOEPEM M3 YCJIOBHUS

lemenll = 1.

Umeem:

1
Jinv1) = ﬁe(n-I—l) + Z <€, finy1) > €5 € span{es , ... €(n+1)}-

1<j<n

Jlemma mokaszana.
HpHMbIM BbIYHUCJICHUEM JOKa3bIBACTCA

Jlemma 4.1.3. Ecau {e; | 1 < j < oo} -opmonopmuposanmas cucmema
INEMEHNOB, O CNPABEINUBO DABEHCMBO

Yoy If = D ageslP =117 = D I<e f>1P+ D lay—<e, >
1<j<n 1<j<n 1<j<n

(4.8)
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W3 sToro paBeHCTBa BbITEKaeT

Caencteue 4.1.1. Ecau {e; | 1 < j < oo} -opmonopmuposarnas cucmema
INEMEHMOG, O CNPAGEOAUBH. HEPAGEHCMEA:

Yoy If = Y <ei el <If— D aell. (4.9)
1<j<n 1<j<n
Y l<e, fP < (4.10)
1<j<

Hepasencrso (4.10) nassiBaercs nepasencrsom Beccers.
13 HepasencrBa Beccens ciemyer, 4o ms yro60it OpTOHOPMUPOBAHHOM
cucreMbl u Jioboro f € H pan

Z<€j,f>€j
J

CXOJIMTCS 110 HOpME IIpocTpancTBa H.

Onpenenenne 4.1.7. OproHopmupoBaHHas cucrema teMeHToB {e; |€ I}
HA3BIBAETCS IIOJHOI, eCJIM He CYyNIeCTBYeT OTJIMYHOTO OT HyJd BEKTOpa, KO-
TOPBIl OPTOrOHAJIEH BCEM BEKTOpaM CHCTeMBI {e; |€ [}:

(Ve; : <ej, f>=0)=(f=0).

Jlemma 4.1.4. Ecau opmonopmuposantasn CUCmema cuemma, mo oG noAHG
8 MOM U MOABKO MOM CAYYaAE, ECAU

V(feH):fIF= ) I<e. f>P (4.11)

1<j<00

HokazarenbcTBo. Ecim snement f € H oproronajen BceM 3J€MEHTAM
cucremsl {e; | 1 < j < oo}, 10 u3 ycaosus (4.11) crenyer, aro f = 0,
nostomy u3 (4.11) ciaeayer momnora cucrems {e; | 1 < j < oo}. s moboro
f € H sjpement

g=1f— E <ej, [>e¢
1<j<
OpTOTOHAJIEH BCceM 3dj1eMeHTaM cucreMsl {e; | 1 < j < oo}. Eciu cucrema
{e; | 1 <j < oo} nosna, o g = 0. YMuoxKast paencrso g = 0 CKaIsApHO Ha
f, mosiyaumM paBeHCTBO

0=IfIP= 3 I<es =P

1<5<00
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Jlemma mokaszana.
ECJ'II/I OpTOHOpMI/IpOBaHHaH cucreMa quTHa, TO IIOJOXKHB B paBeHCTBe

(4.11)
f—=F1+Ag

1 IpUupaBHAB CJdaraeMble IIPpU OJUMHAKOBBIX CTEIIeHAdX /\7 MBI IIOJIYyYHUM

Jlemma 4.1.5. Cuemmnan opmonopmuposarmasn cucmema {e; | 1 < j < oo}
NOARG 6 TOM U MOALKO TMOM CAYUAE, eCAU

V(feH, geH): <f,g>= Y <f,e;><¢,g>. (4.12)

1<j<00
Pasencrso (4.12) naspiBaercs pasencrsom Ilapcesass.

Onpegenenne 4.1.8. ['uabbepToBo nmpocrpancTBo H cemapabenbHo, ecJid B
HEM CYIIEeCTBYeT CYETHOe BCIOAY ILIOTHOE MHOXKECTBO, T. €. TAKOe MHOXKECTBO
{fj |1 <j < oo}, uro

H=CI{f;|1<j<oo}). (4.13)

Teopema 4.1.3. ['uavbepmoso npocmpaHcmeo cenapabesvho 6 Mmom U MoAb-
KO MOM CAYYAE, ECAU 8 HEM CYULECTNBYEM CUEMHAA NOAHGA OPMOHOPMUPO-
BAHHAA CUCTEMA FINEMEHTTLOE.

JlokazarenbcrBo. IlycTh rumsbepToBOo mpocTpancTBo H cemapabenbHo,
muoxectBo {f; | 1 < j < oo} yaosaersopsier ycnosuio (4.13) u oproHOp-
mupoBanHas cucreMa {e; | 1 < j < 0o} yI0BIETBOPSET yCIOBHIO

Vn :span{f; | 1 <j <n} Cspan{e; | 1 <j <n}. (4.14)

g xaxkmoro saementa f € H cymiecTByeT Takasl IOCI€I0BATEIHHOCTH
Iny, 1 < j < oo, uro

Hf_fn(j)H _>O> ] — 0.

Fa) = D Q).

1<i<n(y)

[TycTn

113 nepasenctsa (4.9) caeayer, 910

Vin s () Ilf = 3 <ei, f el <

1<i<n

1F = Y awm el =If = fapll? =0, j — .

1<i<n(j)
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CJ1e10BATEJIBHO, YI0BIETBOPSIOINIAs yeI0BHIO (4.14) OpTOHOPMUPOBAHHAS CH-
creMa mostHa. Temephb MpeanoIoOKUM, YTO B THILOEPTOBOM NpocTaHcTBe H
CYILIECTBYET CUETHAS IIOJHAST OPTOHOPMUPOBAHHAS CHCTEMA JIEMEHTOB {¢; |
1 < j < oo}. Pacemorpum muOKecTBO bDyHKIHMI BIIa

E (a; +ibj)ej, aj , b; — panuonampusl,n =1 ...
1<j<n

DTO MHOYXKECTBO CIE€THO U BCIO/LY TLI0THO. Clie0BaTe/bHO, THIBOEPTOBO MPO-
crpaHcTBo H cemapabenbHo. Teopema mgokasaHa.

Onpenenenune 4.1.9. Ounepatop
Ue€ L(H — Hy)
HA3BIBACTCS U30METPUUECKUM, €CJIU
V(feH ,geHy): <Uf,Ug>=<f,g>.

Jlemma 4.1.6. Onepamop U ecmv uzomempuueckuti onepamop 6 mom U
MOADKO MOM CAYYGE, ECAU

V(f € Hi): [|Uf | Hol* = [|f | Hull*.
JlokazarenbcTBo. /locTaTouHO B paBeHCTBE
lU(f +Ag) | Ha||* = [I(f + Ag) | Hul?
HPUPABHSITD CJIAraeMble C JIMHEHHON U CONPSIZKEHHO-IMHEHHO 110 \ 9aCThIO.

Onpenenenne 4.1.10. 3omerpuyecknii oneparop U Ha3bIBaeTCd YHUTAP-
HBIM, €CJIM OH ODpaTHM:

U UUT =00 =id.

Teopema 4.1.4. Ecau 6 2uavbepmosom npocmpancmee H cywecmeyem cuem-
HAA NOANAA OMPMOHOPMUPOSAHHAA cucmema sremenmos {e; | 1 < j < oo},
Mo CYWeCmeyem yHumaproe omobpasicenue 3mozo npocmpaHemea Ha npo-
cmpancmeo 2.

HoxkazarenscrBo. Orodpazkenne U crpontest mo hopmyie
VifeH):Uf={<e;, f>1<j< oo}
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Ob6paTHoe oToOpazkeHne BBIUHCAAETCS 110 (popMyJie

“({a,}) = Z Q€.

1<j<00

W3 nokazaHHO TeOpEMBI CJIE/IYET, YTO BCe cenmapadeTbHble THIAbOEPTOBBI MPO-
CTPAHCTBA, MO-CYLIECTBY, OJMHAKOBbI: KaK I'MJbOEPTOBbI IIPOCTPAHCTBA OHU
YHETAPHO H30MOPQHBI TPOCTPAHCTBY [2.

Ilycrs Ho, Hy, Hy -cemapabenbubie runibbepToBbl mpocTpancTsa, U; -
VHUTapHbIe oToOpazKenus: npocrpancts H; B Hy, A € L(H; — Hy) , A -
onepaTop, KOTOPBI Je1aeT KOMMYTATHBHOM JUATDAMMY:

H1L>H2

a [

HOLHO

dcno, uro m3ydenme omeparopa A MOXKHO CBECTH K H3Yy4eHHIO OIIEpaTOpa
A, mosToMy B caydae cenapa0elbHBIX I'MJILOEPTOBBIX IPOCTPAHCTB MOXKHO
OTPAHUIUThCS m3ydenuem npoctpaucrsa L(H — H).

[Tpupenem npumep HecernapadeIbHOTO THABOEPTOBA TPOCTPAHCTBA U HECUIET-
HOW OPTOHOPMHUPOBAHHON CUCTEMBI.

[Iycts Lo -nuneiiHoe IpocTpaHCcTBO (YHKIUN BUIA

fe€Ly: f(x) = Z a;exp(irjx), \; ER', —co <z <oo,n=1...

1<j<n

Onpegenum Ha Ly CKaJsipHOE MPOM3BEIEHIE

Y(feLly,gely: <f, g>:hm—/f (x)dz.

a—oo 24

[Iycts H -nionosnenue Ly OTHOCHTEIBHO HOPMbI, HH/IYTHPOBAHHON 9TUM CKa-
JIAPHBIM IIpou3BeieHueM. B mosiydeHHOM ruib6e pTOBOM MPOCTPAHCTBE CUCTE-
Ma 3JIEMEHTOB

ex(r) = exp(idz), A € R!
OPTOHOPMHUPOBAHA U HECUETHA, & CAMO TPOCTPAHCTBO H HecenapabesbHo.
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4.2 Teopema Pucca 06 obmmemMm Buae JIMHEITHOTO
dbyHKIMoHaJa B TMJIh0EPTOBOM MPOCTPAaH-
CTBeE.

HamomunM, 4ro MHOXKecTBO M B JIMHEHIHOM IIPOCTPAHCTBE HA3LIBAETCS BhI-
IIyKJIbIM, €CJIU

VieeM,beM,aec(0,1)): aa+ (1 —a)be M.
Creyionmas TeopeMa 9acTo Ha3bIBAeTC TeopeMoii JIenn.

Teopema 4.2.1. B 3aMEHYMOM SbNYKAOM MHOMCECNEE 2UNBOEPMOBA NPO-
CMPAHCNEA CYULLCTNEYEM, INEMEH, € HAUMEHBULET HOPMOTE U IMOM, IAEMEHM,
edurecmeenen.

HokazarenbctBo. [lycth M -3aMKHYTOE BBINMYKJIOE MHOYKECTBO B I'MJIb-
GeprosoM npocrpancTse H. Muoxkectso {||z|| | * € M} orpanudeno cuusy,
M09TOMY Y 3TOTO MHOYKECTBA CYIIECTBYET TOUHAS HUKHsS TPaHb d U CyIIe-
CTBYeT Takas mocjejgopareabuoctsb {x,} C M, aro

lim ||z,|| = d=inf{||z| | x € M}. (4.15)
B cuy paseHcTBa napaJiesiorpaMa
1 2 1 2
Y(m > 0) : H§($n + iv(n+m))H + H§($n - 93(n+m))“ =

1
S (2l + laum?) = d, n = oc. (4.16)

Ho B cuty BeinykjiocTu MHOXKecTBa, M:

1
§(xn + Ji(n+m)) e M,

IO3TOMY
2

> d?,

1
V(n, m): Hé(xn + Z(ntm))
u u3 (4.16) caeayer, 4To
sup{ ||z, — Tim)l| | 1 <m < o0} — 0, n — oo.

Mpbl j10Ka3a/I1, 9TO YAOBIETBOPSIONAs yCaoBuio (4.15) mocie10BaTeIbHOCTh
dynmamenranbaa. [lycrs nociegoBarensuocts {2, } yaoBieTBopsier ycio-
Buto (4.15). Tak kak MHOXKecTBO M 3aMKHYTO, TO

Hxg e M)z, — x0, ||z0]] = d.
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[Tycts 376 -IPOU3BOJILHBINA 3JIEMEHT, KOTOPBIH YI0BJAETBOPAECT YCJIOBUIO
/ AT
(2o € M), [lzoll = d.
Tora mo7KHA CYIIECTBOBATH TaKas MOCIEI0BATEILHOCTL {2} C M, |aTo0
Y —
X, — T, N — 00.

ITociietoBaTeIBHOCTD
/ /
$1,$1,I2,$2,...

yaoByeTBopsieT yeaosuio (4.15) u mosromy dbysmamentanbha. CienoBaresib-
HO, To = x[,. Teopema mokazaHa.
[Iycts M -npou3BOJIbHOE MHOXKECTBO B THJILOEPTOBOM TpocTpaHcTBe H.

Onpenenenne 4.2.1. MuoxKecTBO
f
Mldze{x|V(y€M): <y,x>=0} (4.17)
Ha3bIBa€TCAd OPTOTOHAJIBHBIM JOIIOJTHEHHUEM MHOXKeCTBa M

Jlemma 4.2.1. Jlas arwb6020 muoosrcecmea M e2o opmozoranvhoe donoarerue
M+ ecmu samxnymoe aunetinoe nodnpocmpancmeo ¢ H u (Cl(M))+ = M+

HoxkazaTenbcTBo. OyHKIHS
rT—=<y,r>
HETIPEPBIBHA, MOITOMY MHOYKECTBO
{z |<y, x>=0}
3aMKHYTO 1pu Jitobom y € H. MuoxkecTBO

M+ = ﬂ{x|<y,x>:0}
yeM
3aMKHYTO KaK IlepecedeHne 3aMKHYThIX MHOKECTB.
Ecm z, € M+, 2y € M+, 0
Viye M): <axy+fry,y>=a" <x,y>+0"<x9,y>=0,
OITOMY
azy + Bxy € M*.

CrenoBarenbro, M+ -1uHeiinoe TOATPOCTPAHCTBO.
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W3 Brmouenus

M c Cl(M)

cjaeayer BKJIO4YeHue

(CL(M))* ¢ M.

[Iyctn
r €My, €M, y, — yo € Cl(M).
Torma
<z, Yy >= lim <z, y, >=0,
IIO3TOMY

r € (CIM))*, M+ c (Cl(M))™ .

Jlemma Joka3ana.
Caemytomast TeopeMa Ha3bIBAeTCa TeopeMoiil JIeBu 0 mpoeKIum.

Teopema 4.2.2. FEeau Hy -3amrnymoe autetinoe nodnpocmpaHcmeo 6 2uib-
bepmosom npocmparcmee H, mo 6ce npocmpancmeo ecmov npamas CYymma

H=H,® Hy . (4.18)
JoxkazarennctBo. [Iycts © € H. MuOXKecTBO
M={x—y|y€ Hp}

eCThb 3aMKHYTOE BBIMYKJI0€ MHOXKeCTBO. [IycTh (x — 1) -971eMeHT ¢ HanMeHDb-
meit Hopmoit B Mmuoxkecrse M. CorsacHo Teopeme 4.2.1 Takoil 3JeMeHT Cy-
IECTBYET U OH €JMHCTBEeHEH. Tak Kak 3JeMeHT (T — o) UMeeT HauMeHBIITY 0
HOPMY CpeJii BCeX 3JIeMeHTOB MHOxKecTBa M, TO

d
V(w € Hy) : Eux—yO‘F'ZMHQ‘z:OZQ
d ,
V(w € Hy) : EHx—yO—szH?‘Z:O:O.
Brraucistst TpOu3BOAHBIE, MBI HOJIY TaeM:

Viwe Hy): <x—19yo,w>+<x—1y,w>"=0,
V(we Hy): <x—yo,w>—<xz—1y,w>"=0.

CrenoBaTesbHO,
(x — o) € Hy.

Tenepb ocTanoch 3aMeTUTh, ITO

T =Yo+ T — Yo.
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Ennucreennocrs passokenus (4.18) cienyer u3 Toro dbakra, 910
VHy : Hy[ | Hy = 0.

Teopema jokazana.

BameTnM, 9To IpOCTPAHCTBO Hy MOKET GBITH OTOKAECTBIEHO ¢ (haKTOp-
MIPOCTPAHCTBOM ITpocTpaHcTBa H 1o mpocTpancTBY H)).

Crenyiomag TeopeMa CJaeayeT U3 TeopeMbl JIeBH m Ha3bIBaeTCs Teope-
Moit Pucca o npejicraBjieHun JIMHEHHOTO PYHKIIMOHAJIA B THJIHLOEPTOBOM IPO-
CTPaHCTBE.

Teopema 4.2.3. Fcau H -2uavbepmoso npocmparcmeo, mo 0as 21006020 su-
HetiHo20 Henpepuenozo dynkyuonana | € H* cyuecmeyem maxot sexmop
y(l) € H, wmo

Ve H): l(z)=<y(), z>. (4.19)
Ydosaemeoparowud yeaosuro (4.19) sexmop y(l) eduncmseren.

Jokazarenscrso. Equncrsennocts npegcrasienns (4.19) ciegyer u3 neBbi-
POZKJICHHOCTH CKaJIAPHOIO IPOM3BE/ICHUS:

ecuVr : l(z) =< y(l), z >=<y1(I), z >, roy(l) = y1 ().

Jokaxkem cymecrsoBanue npegcrasienns (4.19). Muoxecrso Ker(l) ects
3aMKHYTOE JIHHEHOe MOAMPOCTPANCTBO B THILOEPTOBOM HpocTpancTse H.
Ecou Ker(l) = H, to Teopema noKazana: MOKHO mOT0KUTE y(1) = 0. Ecan
Ker(l) # H, To

3z : z € Ker(l)*, z #0.

Tax kak
V(z e H): l(l(z)z — U(z)x) = 1(x)l(2) — I(2)l(x) = 0,
V(r e H): (I(x)z —l(z)z) € Ker(l),
CJIeJI0BATEHHO
VieeH): <z,l(z)z—1(z)r >=0,
1103TOMY
<z,z>lx)=1(z) <z, x>,

Vo l(x) =< y(l), x>, y(l) = I"(2)|z]| 2. (4.20)

TeopeMma, mokazana.
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JIemma 4.2.2. Onpedeasemoe dopmynoti (4.20) omobpasicerue
I H'—H H>3l—Il)=y(l)ec H

AHMUAUHETHO:
I(Oéll + 6l2) == Oé*[(ll) + 6*I(l2),

obpamumo:
I(y)(x) =<y, a>.

U COTPAHAETTL HOPMY

) [ HIF == (4.21)
[Tocrenmee yreepzxaenne BoiTekaer u3 (4.6).
Onpenenenune 4.2.2. OyHKIuS
B:HxH~—C!

HA3BIBAETCSI MOJTYJIHHEHHOM (MM KOCO JIMHEHHON, WM 1Oy TOpATHHEHHOI,
WIN CONPSIKeHHO-JTHHEHHOHM, WIn MHOrIa HpOoCcTO OMIHHERHOM!, ecan SCHO, O
4yem ujer peun) Gopmoii, eciu

VeeH,ye H,z€ H): B(x, fy+~z) =8Bz, y) +vB(z, 2),
Blaz + By, z) =a"B(x, z) + "By, 2).

Omnpenenenne 4.2.3. Buwnneiinas dbopma B(x, y) Ha3bIBAETCS KOCOCHM-
MeTpPHYHOI (MM SPMHUTOBOM) ec/iu

V(xre H,ye H): B(z,y) = By, )" (4.22)

[IpsiMbIM BBIYUC/IEHUEM [POBEPSETCH, YTO JIJid KOCOCUMETPUYHON Ouin-
HeitHo# (popMBI ClIpaBeJIMBO MOJISPU3AITUOHHOE TOXKIECTBO:

1
B(x,y)= (Bl +y, v +y) - Ble—y,z—y)}+
iB(x —iy, v —iy) —iB(z + iy, x + iy)). (4.23)

CrieioBaTeIbHO, KOCOCUMMETpUIHAS OnInHeitHast (popMa OTHO3HATHO Ompe-
JeJITeTCs CBOUMY 3HAYEHUSMHE HA IHATOHAN: KBaApaTnaHoil hopmoit B(x , ).

Jlemma 4.2.3. Ecau 8 KOMNACKCHOM 2uAbDEPMOBOM NpOCMpaHcmee Guiu-
Hetnas Gopma na dua2onasu npuruMmaem JeticmeumenvHe 3HaAYeHUA:

V(z € H): B(z, z) € R,
MO OHG KOCOCUMMEMPUIHA:

B(z,y) =By, z)".
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JlokazaresnbcTBo. PaBeHcTBO
ImB(x+y,xz+y)=0

JaeT:
ImB(x,y)=—ImB(y, z).

CnenaB B mOCJIeTHEM PABEHCTBE 3aMEHY
Yy =y,

MBI IIOJIyYaeM:

Re B(z,y) = ReB(y, x).

JlemMa, moxazana.
CuieicrBuem Teopembl Pucca siBiisiercst reopema Jlakca-Musibrpama-Burnnka
(nnm Teopema Jlakca-Muabrpama, uwin Teopema Jlakca):

Teopema 4.2.4. 1. Ecau buaunetinas dopma B ydosaemeopaem uepasen-
cmey

AC <o0),V(weH,yeH): B,y <zl -yl (4.24)
mo cywecmeyem makot onepamop A € L(H — H), wmo
Ve H,ye H): B(x,y) =<z, Ay > . (4.25)

2. Feau buaunetnas gopma B ydossemesopaem ycaosuro (4.24) u yeaosuio
KOIPUUMUBHOCTNU:

I(m >0),VY(zr € H): B(xz, z) > m||z|? (4.26)

mo exodauuti 6 npedemasaerue (4.25) onepamop A obpamum u ydossemeo-
PAEM HEPABEHCTNGY:

IATH < 1/m. (4.27)

Hokazaresnbcrso. U3 yenoBus (4.24) ciegyer, 910 Tpu Kazk oM (DUKCH-
poBaHHOM x € H nuHeitnbiit dpyHKIHOHAT

y— Bly, z)"
HenpepbiBed. [Toaromy cymecTsyer Takoit Bektop A(z) € H, aro
Viy € H): By, z) =<y, A(z) >.
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U3 smmreiinocTH (bopMBI B 110 TIepBOMY apryMeHTy CJIeayer, 9To omeparop A
JINHEeeH U

[A(2) || < sup{[B(y, )| | [yl <1} < Cll].

[TosTomy oneparop A HempepbiBeH u
B(z,y) =<z, Ay > .

[TepBoe yTBEpKJIEHHE TEOPEMBI JOKA3AHO.
113 (4.26) caenyer, 910
Ker(A) = 0.

JloKkazKkeM, 9TO U3 YCJIOBHs KOAPIUTUBHOCTH CJIEJLyeT PABEHCTBO
Im(A) = H.

Bo-mepBBIX, 3aMeTHM, UTO M3 YCAOBUS KOIPHUUTHUBHOCTH CIEIYET, UTO OH-
quHeliHas dopma B(x, y) Ha AHArOHATH NPUHUMAET JeHCTBUTEIbHBIC 3HA-
JeHns W MO3TOMY KococuMmmerpudna. CremoBareabHo, OuanHeiinas (opma
B(zx, y) 3amaer Ha npocTpaHcTBe H CKAJISpPHOE MPOU3BE/IEHNe, TIPHIeM HH-
IYIIPOBAaHHAS 9THM CKAJSPHBIM IIPOU3BEICHHEM HOpMa 9KBHBAJIEHTHA HC-
xomHoi HopMme. [Ipmmenss Teopemy Pucca K ruaibbepTOBOMY MPOCTPAHCTBY
H co cxasapubiM npousBeeHneM B(x, y), Mbl moJjiyuaem, 4To CyIIeCTBYeT
takoii oneparop A € L(H — H), aro

Vixe H,ye H): <x,y>=B(w,gy):<a:,A;fy>.

CrenoBaTesbHO,

Im(A) = H.

Tak Kak

Ker(A)=0,Im(A) = H,

TO U3 TeopeMbl BaHaxa 0 CyIecTBOBaHUH OOPATHOTO ONEPATOPA OTCIO/A CJIe-
ayeT, 9To cymectsyer onepatop A~' € L(H — H).
Hamee nMmeem:

|IB(A™ 'z, Al2)| = | < A7 e, o> | > m|A |
[TosTomy B cuity HepaBeHcTBa Komm-ByHAIKOBCKOTO
V(llzll = 1) « A ]| > m|| A =||".

Orcroga u BeITeKaeT Hepasencrso (4.27).
Teopema j0ka3aHa.
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fcno, uro ycranasauBaemoe dbopmylioii (4.25) cooTBeTcTBHE MEXKILY Y10
BJIETBOPAIONTUME ycoBuio (4.24) Gunnueiinbivu dhopmMaMu U orepaTopamu
A € L(H — H) B3auMHO 0JHO3HAYHO. B najbHeifieM HaM 9acto Oymer
yI00HO 3aJ1aBaTh OHepaToOpbl WX OWauHeHHbIMEH (hopMaMiu (MOJT0OHO TOMY,
Kak B JIMHEHHOH anrebpe omepaTopsl 3aJal0TCsl MATPUIIAMH).

Ecyin 6ununeitnas popma KOCOCUMMETPUYHA, TO BXOJAINIUN B TPEJICTAB-
qenne (4.25) omeparop A yaoBIeTBOPsIET TOXKIECCTBY

VeeH,ye H): <x,Ay>=< Az, y>.

4.3 IlongaTue ruab0epTOBA CONPAXKEHNIS 1 Orpa-
HMNWYeHHbI€ CaMOCOIIPA2KEeHHbIE OIlepPaTOPhbI B
rmjab0epTOBOM ITPOCTPAHCTBE.

[Iycts ¢ = 1, 2, H; -Tuib0epTOBBI TPOCTPAHCTBA CO CKAJISIPHBIM ITPOU3BE-

nennem < , >; , A€ L(H, — Hy).

Onpenenenue 4.3.1. Oueparop

A* € L(Hy — Hy)
HA3BIBACTCS MHIBOEPTOBO CONPSIKEHHBIM K omepaTopy A, ecin
V(€ Hy,y € Hy): <A'y,x>=<y, Ax >5. (4.28)

['ubbeproBo conpsizkeHHbIii onepaTop (obo3nadenue: A*) u panee BejeH-
HBIT conpsizKeHHBII onepartop (o6o3nadeHue: A*) qefCTBYIOT B PA3HBIX MPO-
CTPAHCTBAaX: I'UJIBOEPTOBO CONPSYKEHHBINH OllepaTop JIefcTBYeT B MPOCTPaH-
ctBe Hy, a conpsKeHHBI onepaTop B mpocTpaHcTBe Hj. ['misbepToBO co-
MIpSIZKEeHHBIN OTepaTop U CONMPSZKEeHHU OMepaTop CBS3aHbI PABEHCTBOM

A" =LA (4.29)

riae
. *
-OlIpeJeJICHHbIE paHee OllepaTOPbl BJIO2KCHUA.

JIemma 4.3.1. Onepayua euavbepmosa conpastcenus 6 npocmpancmee L(Hy
H,) ydosaemsopaem pasencmeam

(@A + BAy)* = a* A% + B AS.
(A*)" = A. (4.30)
1A = 1Al (4.31)
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HokazarenabcTso. [lepBoe cBoiicTBo oueBuaHO. I 10Ka3aTEIbCTBa BTO-
pPOTO 3aMeTUM, UTO

Vix € Hy,y € Hy): <y,Ax >=< A'y, x >1=
<z, Ay >1=< (A")'x, y >i=<y, (A")'z >, .

Pagencrso (4.30) mokazamno. U113 (4.29) caenyer, 9o
A < 1A = [IA]l

Henast B arom HepaBeHcrse 3ameny A — A*, mMbl nostyvaem paBenctso (4.31).
JlemMa nokasana.

Ounpenenenne 4.3.2. Oneparop A € L(H — H) Ha3bIBaeTCs CaMOCONPS-
JKCHHBIM, €CJIH

VeeH,ye H): <x,Ay>=< Az, y>. (4.32)

Omnpenenenne 4.3.3. OrpanudeHHblll CAMOCONPSIZKEHHbBIN oneparop A Ha-
3BIBAETCS] HEOTPUIIATE/THHBIM, €CIH

Ve H): <z, Az >>0. (4.33)

Onpenenenune 4.3.4. Eciu A u B -orpaHndeHHbIe CAMOCOIPSAYKEHHBIE OIIe-
paTopHI, TO

A> B,

eCJin

A—B>0.

OueBugnoO, 4T0 eciii A m B -HeoTpHUIaTe/bHbIEe OrPAHHYEHHBIE CAMOCO-
HPsIZKEHHBIE OePATOPLL, TO 1pu o > 0 oneparopbl A , A+ B -HeOoTpulaTe/IbHbI.

Jlemma 4.3.2. Ecau A -oeparuruennsvili Heompuyamenvhvili CamoconparceH-
MBI onepamop, mo

Ve H,ycH): | <z, Ay > | <<z, Az >Y2<y, Ay >V (4.34)
HokazareabcTBo. PaccMoTpuM HepaBeHCTBO

<(zz—2z71y), Alzx — 27 1y) >=
12> <2, Az > +|z| 2 <y, Ay > —2Re (exp(—2i arg(2)) < =, Ay >) > 0.

Ecmu < x, Ax >= 0, TO MBI TOJ2KHBI UMETh:

<x, Ay >=0,
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HHaYe 3TO HEPABEHCTBO CTAHET IPOTHBOPEUYMBLIM IIPHU 3aMeHe T — X 1h Co-
OTBETCTBYIOIEM BbIOOpe mapamerpa t. Ecaun < x, Ax >%# 0, T0 MBI MOXKeM
IIOJIOYKUTh

(<y,Ay>

1/4
“\=v >> exp(iarg(< z, Ay > /2))

nu HOJIqu/IM Hy}KHoe HepaBeHCTBO.
Jlemma mokasana.
ITonoxkum
m_ =inf{< z, Az >| ||z|| = 1},
my =sup{< z, Az >| ||z| = 1}. (4.35)

Teopema 4.3.1. Ecau onepamop A camoconpascen, mo o(A) C [m_, my], my €

a(A).

JlokazareabcTBo. Ecam omeparop A caMOCONpsIzKEeH, TO KBaIpaTHIHAS

dopma
r—<x, Ar >

MIPUHUMAET JIefICTBUTEIbHBbIE 3HAYEHUS U
V(we H, B eR): |(A+ifid)z|* = [Ax|* + 52||«[|* = B[|=[1*.  (4.36)
JlokazkeM, 9TO OTCIO/Ia BHITEKAET

Jlemma 4.3.3. Cnexkmp camoconpantcennozo 02panudveroz0 onepamopa Ae-
arcum na deticmeumenvroti ocu.

Sameuarue 4.3.1. Tlo3zxke MBI JOKazXKeM, 9TO CIIEKTP 4100020 CAMOCOMPSIZKEH-
HOTO omepaTopa JekuT Ha JdellcBuTe bHO ocH.

JlokazarenabcrBo. CaBur
A — A+iaid, a € R

MePeBOJUT JTIOO0H CaMOCOIPSAKEHHBI ONEepaToOp B CAMOMOIIDIZKEHHbIH, MO-
3TOMY JIOCTATOYHO Jl0Ka3aTh, uto npu 3 € R 3 # 0 oneparop (A + i8id)
obpaTuM.
IIycth
8 #0, Hy=Im(A+ifid).

Hoxkaxkem, uTo MHOXKecTBO H( 3amMkHyTO. [IycTh

ynEH()vyn—)yOan_)oo'
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Torma
Yo = (A +iBid) 2, [[Ynrm) = Ynll* > B2 (ngm) — 20l
OTcioma BHITEKAET, YTO MOCICIOBATEIBHOCTD T, CXOMATCS:
T, — 9 u yo=(A+ifid)zy € Hy.

BaMKHYTOCTh MHOXKecTBa Hy J10Ka3aHa.
Tenepns noxazxkem, uro Hy = H. llycts Hy # H. Torna

Jz: z€ Hy, ||z = 1.
CrenoBaTesbHO,
<z, (A+iBid)z >=< z, Az > +if||z||* = 0,

TO3TOMY

Im< z, (A+iBid)z > = g|z||* = 0.

[Tonyuniu nporuBopedne.
HTak, MBI IMeeM:

V(B #£0): (A+ifid) € L(H — H), Im(A+iBid) = H, Ker(A+i8id) = 0.

[Io Teopeme Banaxa o cymecTBoOBaHUU 0OPATHOTO OIEpPATOPa OTCIOAA CJEIy-
€T, 9TO

V(B #0): (A+ipid)™" € L(H — H).

Jlemma mokasana.
Bepuemca K mokazaTenbcTBY TeopeMbl. [lycThb

AER', A >m,.

Torma
<z, (Nid — A)z >> (A —m,)||z|?,

no3ToMy OmjinHelHas gpopma
B(z,y) =<z, (A\id — A)y >

KO3pruTHBHA 1 onepatop (Aid — A) umeer oOpaTHBIH. AHAJOIHIHO JTOKA3bI-
BaeTcs, 9o npu A < m_ oneparop (Aid — A) umeer obparHbiii. Ham ocranoch
JOKa3aTh, 910 my € o(A).

[IycTh mOC/Ie0BATETBHOCTD {2, } YIOBIETBOPSET YCIOBUIO

|lznll =1, <z, Azy, >— m_.
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Omnepatop
B=A—-—m_id

HeOTpHIATEIeH.
IIpumennm mepasenctso (4.34)

r=x,,y=(A—m_id)zx,, A= B.
[Tosyuum HEpaBeHCTBO
(A —m_id)x,||* <| < zn, (A—m_id)x, > |[[(A —m_id)|* -0, n — cc.

OTcro/1a BEITEKAET, YTO MOCJAEI0BATEIBHOCTD { Ty, } €CTh MOCIEeI0BATEIbHOCT
Beiins (em. erp. 238) muist omeparopa A u ducaa A = m_ W 0O3TOMY m_ €

a(A).

3aTeM MBI PACCMATPUBACM HOCICAOBATEILHOCTD
{zp} ||zl =1, <z, Axy >— my

" OllepaTop

.B:T)’L_A'_id—_/47

a Jajiee PaccyzKIaeM aHAJOTHIHO.
Teopema jgoka3zana.
Crenytomas TeopeMa Ha3bIBaeTCst TeopeMoit Pesest.

Jlemma 4.3.4. Ecau onepamop A camoconpasicen, mo cnpagediuso paseH-

cmeo
[All = supf| <z, Az > || [lzf] = 1}. (4.37)

HoxkazarenncTBo. [IycTh
M =sup{| <z, Az > | | ||z|| = 1}.
N3 nepasencrsa Komu-ByHgakoBcKoro cieyer, 4To
V(e < 1) | <z, Az > | <l - [|Az] < Al

MIOTOMY

M < || Al

Hasee nMmeeMm:
[Re<z, Ay>|=—(<(v+y), Alz+y)>—-<(r—y), Alz —y) >) <

M
— (1P + o))

]

M
=7 (e + 9l + e —yl?) =
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[TonoxkuM B 3TOM HepaBeHCTBe

Ay
T = .
| Ayl

[Tosyanm:

V(lyll = 1) - |Ayll < M.

JlemMa mokazaHa.
N3 gemMmbr 4.3.4 BLITEKAIOT IBA BayKHBIX CJIEICTBHULI.

CaencrBue 4.3.1. Ecau A -camoconpascennviii onepamop, mo
1A% = [IA]” (4.38)
DTO BBITEKAECT U3 PABEHCTBA
142 = sup{< @, A% >| ||z = 1} = sup{< Az, Az >| o] = 1} = [|A|2

CaencrBue 4.3.2. Ecau r(A) -cnekmpanrvuoill paduyc camoconpancenozo
onepamopa A, mo
r(A) = [IA]. (4.39)

Hoxkazarennctso. 113 (4.38) caemyer, 9To
i AT = (A7 g(n) = 2.
B cuiy Teopembr 3.5.12 cupaBeiyInBO PaBEHCTBO

r(A) = lim [JAT]YA) = | A].

4.4 KomMnakTHbIe caMOCONpsKeHHbIe onepaTo-
pbi1, ortepaTtopsl I'masbepra-1lIMuara u gaep-
Hbl€ OIEepPaTOPHI.

4.4.1 KommakTHbIe CAMOCONPAYKEHHBIE OMTEPATOPHI.

OTH ONMepaTopbl YacTO BCTPEYAIOTCS B KJIACCHUECKUX 337]aUaX MaTeMaThde-
ckoii ¢pusnkn. CBOHCTBA KOMIAKTHBIX CAMOCONPSIKEHHBIX OMEPATOPOB OIN-
ceiBatorcd TeopeMoit 'manbepra-ITImumra.
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Teopema 4.4.1. Fcau A # 0 -camoconpascerntvill KOMNAKmMHE onepamop 6
2UNBOEPMOBOM NPOCMPAHCMEE, MO CYULLCMBYEM MAKAA He Ooree YeMm cuem-
HaA 0PMOHOPMUPosanras cucmema {e;} u makaa nocaedosamenvrocmo {\;}
Aj— 0,7 — 00, umo

V(feEH):Af = ) Ni<e, f>e (4.40)

1<j<o0
Ecau pad (4.40) beckoneuen, mo on cxodumcs no mopme.

HokazarensctBo. B cuny aemmst 4.3.1 xoTst 661 010 13 uncest +|| Al # 0
npuHa iekuT cruekrpy omeparopa A. ITycrs Ay € o(A), |A\] = ||A|. Bee
HE paBHBIE HYJIO TOYKHM CIIEKTPA KOMIIAKTHOTO ONEPATOPa, ~H30UPOBAHHBIC
cobcTBenHble 3HadYeHus (cM. Teopemy 3.8.5, crp. 235). CiegoBaTesbHO, A
-cobcrBenHOe 3HaYeHHe oneparopa A. Ilycrs e; -cobcTBeHHas DYHKINA:

A61 = /\161. (441)
Paccmorpum oneparop
Al : Alf:Af_)\l <eq, f>€1.

Omepatop A; camocomnpsizken n kommnakTed. Jlubo A; = 0, 1ubo y omeparo-
pa A; ectb coOCTeHHOE 3HAYEHUE Ay, KOTOPOMY COOTBETCTBYET COOCTBEHHAS
dbyukms ey, mpudeM [|A|| = |Ag|. Unmeem:

AGQ — )\1 < e, ey >e = )\262.
YMHOKHB CKaJSPHO 00€ 4aCTH 3TOI0 PABEHCTBA HA €1, Mbl IIOJLY YUM:

<€1,A€2>—)\1<61,€2>:
<A61,€2>—>\1<€1,62>:O:)\2<€1,€2>.

CietoBaTe/ibHO,

anbo Ao = 0, mmbo < ey, 67 >=10

A62 = /\262.

HaJjtee moa02KuM
Ay Aaf =Aif - <e,f>er—X<er, f>e
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U OPOJOJIZKAM 3TOT Tponecc. Torna mubo Ha HEKOTOPOM IIare Mbl IIOJYYHM,
qT0
Af: E )\j<€j,f>6j,

1<j<n

JI100 1OJIyYUM OECKOHEUHYIO IIOC/IeI0BATEe/IBHOCTD Aj, IIPHYEM B CHILY Teope-
MBI 3.8.5
Al = 1451 = 0, j — oo
Teopema mokazana.
[IpuBeeM npuMep KOMIIAKTHOTO CAaMOCOIPSZKEHHOTO OllepaTopa.
[Iycts D C RY -orpannuennas Kkpajipupyemasd 061acTh, k(2 , i) -HellpepblBHas

dyukiug or r,y € D, KOTOpas LpUHUMAET JeHCTBUTE/bHbIE 3HAYEHUS U
CHMMEeTPUYIHA IO T, Y:

Y(xe D,yeD): k(x,y) =k(y, x).

Omepartop
Af) = [ ba ) Fw)dy

D
KoMHakTeH B npocrpanctse L2(D) (cM. crp. 224) u caMOCONPAZKEH.

IIycrs {\]} -momoxuTenbEbIe COGCTBEHHEBIE 3HAYCHHSI KOMIAKTHOTO Ca-
MOCOTIDSIZKEHHOTO oIlepaTopa A, pacIoIoKeHHbIe B MOPS/IKE HEBO3PACTAHUS
MO/LYJISL:

- -
A S A7
[Tycrs {A] } -oTpuiaTenbabie COOCTECHHbIC 3HAMCHNST KOMITAKTHOTO CaMOCO-
IPSAKEHHOrO omeparopa A, pacrnosoKeHHble B MOPSAIKe HEBO3PACTAHUS MO-
YIS
Aol < N1

IIycrs L;—1) -nopupocrpancrsa s H:

Ly C H, dim(Lja)) =7 = 1,
v (Ly-n) =sup{< f, Af >[[I[f| =1, f € Lj_y}
v (L) = inf{< f, Af >[Ifll =1, f € Lj_y)}

Caenyiomnuii pe3yibTaT HazbiBaeTcs TeopeMoil E. @umiepa uiu MpUHIUAIIOM
MHUHHUMAaKCA.

Teopema 4.4.2. 1. Ecau

o(A) m[O, o0) # (),



mo CanLGGd/L’U,GbL paceHcmea

A =sup{< f, Af > |f]| =1}, (4.42)
Vj>1: A =inf{v*(Lj_y) | Ly—1y C H}. (4.43)

2. Ecau
o(A)[ (=00, 0] # 0,

mo CanLGGd/L’U,GbL paseHcmea

A =inf{< f, Af >| | f]l =1}, (4.44)
Vji>1: A, =sup{v (L-y)) | Li-1) C H}. (4.45)

JoxkazarenbctBo. [Iycth
+ + +
Aej = )\j €;

-coOCTBeHHbIE (DYHKIIUK, COOTBETCTBYIONIHE COOCTBEHHBIM 3HAYECHUAM )\j[. Cupa-
BEIJINBO PABEHCTBO

V(feH): <f,Af>=) XMl<el f>P+> Nl<e, f>]
J J

(4.46)
I3 (4.46) caemyer, 9T0 NpH BHIYUCAEHHH TOYHBIX rpaHeil B (4.42)-(4.44) no-
CTaTOYHO PACCMOTPETh CJy4ai

AP =D "I <er, f> (4.47)
+,5

Ecsu cupaseguso pasencrso (4.47), o

V(Ifll=1): M\ =< f, Af >=
ST =Ml<ef  f>P+Y (N =M\)l<e, f>>0
J J
mpuieM
AN =<efl, Aef >

Pasencrso (4.42) pokasamo.
Pasencrso (4.44)nosyqaercs u3 (4.42) samenoit A — —A.
DuxcupyeM MpoU3BOILHO JIHHEHHO HE3aBHCHMBIC BEKTODLL

292



IIYCTb
L(j—l) = Span{hi, 1 S 7 S ] — 1}

u onpejesum ducsia {a;, 1 <i < j} u3 ycaosuii

Vk<j—1): Zai<ef,hk>:0, Z |ou” = 1.

1<i<j 1<i<j
[IycTh
¢ = Z azef .
1<i<y
Torma
||¢|| =1 ; QS € (L(jfl))L ) < ¢7 A¢ >= Z )\:_|al|2 Z /\j_7
1<i<j

IO3TOMY

V+(L(j_1)) >< (b, A(b >> )\J+
Ho

vi(el, . .efqy) = AL,

910 U jmoKas3biBaer (4.43).
Pagsencrso (4.45) moaywaerca u3 (4.43) zamenoit A — —A. Teopema 10-
Ka3amHa.

Cnencrue 4.4.1. Ecau \j(A) u \;j(B) -3anymeposarnvie 6 nopadke yoovi-
BaHUA COBCMBEHHBLE YUCAA CAMOCONPANCEHHOLL onepamopos A u B u

A> B,

Vi A(A) > A(B).

@opmyia (4.40) B HEKOTOPOM CMBIC/IE 3a7aeT OOIIUI BUJ KOMIAKTHOTO
CaMOCOIIPSIZKEHHOI'O0 OIEPATOPa B I'MJLOEPTOBOM HPOCTPAHCTBE.

Jlemma 4.4.1. Ecau {e;} -opmonopmuposarnas cucmema 8 2uisvbepmosom
npocmpancmese u o; — 0, j — 00 -nocaedosamervrocmsv JetcmeumenvHuis
YUCEN, O ONEPAMOP

Af:ZO(j<€j,f>6j
J
KOMNAKIMER.
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Jlokazarenbcrro. Omeparop

A, f = Z ij<€j,f>€j

1<j<n

koMmnakTen. /lajie nmeem:

IAf = AufIP =) afl < e, f > [P < |IfIPsup{af | j > n},

j>n
IIO3TOMY

JA = Al < supflay| | j > n} — 0, n — .

CaegoBare/ibHO, oneparop A ecrb Ipejes 0 HOpMe KOMIAKTHBIX OlepaTo-
POB U IMO3TOMY KOMIIAKTEH.

4.4.2 TlongpHoe pa3JjioyKeHUe OmepaTopa M XapaKTepu-
CTUYECKUE YUCJIA.

Ilycte A € L(H — H). Oneparop A*A € L(H — H) caMoconpsizkeH U ero
CIIEKTP JIE2KAT HA HEOTPUIATEABHOU JIEUCTBUTEILHON OCH, TIe OIpee/IeHa

dyHKITHIST
R! 3 A VAERL,

B cuny Teopembr 4.5.1 KOppeKkTHO Olpe/iesieH HeOTPUTIATeIbHbBIH CAMOCOTIPSI-
JKeHHBIH OTepaTop

|A| = (A*A)YV2, (4.48)

Caenyiomast TeopeMa Ha3bIBACTCS TEOPEMO# 0 MOJISIPHOM Pa3JIOKEHUHU OIle-
paTtopa.

Teopema 4.4.3. Onepamop A € L(H — H) npedcmasum 6 ssude:
A=UlA| (4.49)

2de camoconpascennull Heompuyamesvnud onepamop |A| daemes dopmyaot
(4.48), a onepamop U ydosaemeopaem ycio8unam:

1. Dom(U) = Cl(Im(|A])) , Im(U) = Cl(Im(A4)) , Ker(U) =0. (4.50)
2./ € Ci(Im(|A)) : [[Uf]* = | £]* (451)
3.30°1 . Ut e £(Cl(Im(A)) — CI(Im(|A])). (4.52)
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Hokazarensctso. U3 onpenenenns (4.48) caeayer, 4ro
Vi€ H: <|Af,|Alf >=<f, A"Af >= || Af|*.
CuretoBaresibHO,
Ve : |[[Alf] = lAfIl, Ker(]A]) = Ker(A). (4.53)
Omepatop U Mbl onepesnM, 3a71aB ero rpacduk. IlomoxumM 1o onpeaeneHnio
Gr(U) ={|Alf® Af | f € H}. (4.54)

Tak kak Af = 0 B TOM 1 TOJIBKO TOM cayuae, ecan |A|f = 0, paBercTso (4.54)
KOPPEKTHO 33aeT rpaduk onepaTropa, KOTOPbIH yJIOBJAECTBOPSIET YCIOBUIO

A=Ul|A|

u B cuny (4.53) na obpase omepaTopa |A| yI0BIeTBOPSAET OCTATHHBIM YCIOBU-
aM TeopeMbl. Tak Kak mocseioBaTeabHOCTh {|A|f, } cxomuresa B ToM 1 TOIBKO
TOM CJIydae, eCJI CXOIUTCs mocaeosaTeabuocts {Af, }, oneparop U MoxHO
[0 HEIIPEPBIBHOCTH HPOJOJIZKUTH Ha 3aMbiKaune MuozkecTBa Im(|A|), mpudem
IIPOJIOJIZKEHHBIH OIIEPATOD YIOBIETBOPSIET yCJOBUIO:

U(CL(Im(|A]))) = C1(Im(A)). (4.55)

B cuiy teopembl Banaxa 06 obpaTHOM oleparope OTCIONA CJIEIyeT TpeTbe
yTBep:KaeHue TeopeMbl. TeopeMa J0Ka3aHa.

Samevanue 4.4.1. Oupepatop U~! me onpesenen B npocrpancrse H. [lycrn
P, = oproronanbHbiii mpoekTop Ha npocrparcto Cl(Im(A)).  (4.56)

Oneparop U~ P4 onpeesieH Bo BceM MPOCTPAHCTBE U YIOBIETBOPSET yCJIO-
BUSM:

U'PyA=|A|, |U Pyl = 1. (4.57)

Teopema 4.4.4. Ecau onepamop A komnarxmen, mo onepamop |A| -komnarxmrold
ONEPATNOP.

JlokazarenncTtBo. Ecan omeparop A xommakren, To oneparop A*A ecth
Ipou3BeJeHne JBYX KOMITAKTHBIX OIIEepaTOPOB U ITO3TOMY €CTh HEOTpHUIaTe/JIb-
HBIM KOMIIAKTHBIN caMOCONpsaxKeHHbIN onepaTop. [IycTh

S](A)Q : A*Aej = 8j(A)2€j7 S(j+1) (A)2 S SJ(A)z (458)
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-cucTemMa COOCTBEHHBIX 3HAYEHUH U cOOCTBEeHHBIX (PyHKIMIT omepaTopa A*A.
13 reopembr T'wibbepra-ITIvuara 4.4.1 (em. crp. 290)caeayer, aro

s;(A) =0, j — oo.
N3 onpenenennsa 4.48 caejyer paBeHCTBO

’A|f = ZS](A> <€, f> €;. (459)

13 sroro paBerctsa u jemmbl 4.4.1 (eMm. ¢Tp. 293) coemyer, uro omnepartop |A|
-KOMIAKTHEI oneparop. Teopema nokasana.

Onpegnenenune 4.4.1. Pacnosioxkenuble B MOpsiaKe yObIBaHUsI cOOCTBEHHbBIE
3HAYEHUsI OlepaTopa |A| HA3BIBAIOTCH XapaKTePUCTHICCKUME YUCIaMu (Uim
S-9UCJIAME) KOMITAKTHOTO ofeparopa A.

OOBIYHO XapaKTEPUCTUIECKHUE YHUC/IA ONepaTopa 00O03HAYAIOTCS CHUMBO-
aoM s;(A).
13 dopmyan (4.49), (4.59) u Teopemsr 4.4.3 caemyer

Teopema 4.4.5. Komnaxmuud onepamop A 6 2uasvbepmosom npocmpat-
cmee npedcmasum 6 sude

Af =D silA) <e. >0 (4.60)

ede {e;} u {g;} -opmonopmuposarvie cucmemo:.

HoxkazareabcrBo. CrrpaBe//IuBLI PABEHCTBA

Af =UAIf =) si(A) < ¢, > Ue, (4.61)

rae {e;} -opronopmupoBanHas cucremMa. Tak Kak omeparop U yHHTapeH Ha
obstacTu 3Havenuit oneparopa |A|, cucrema g; = Ue; -0pTOHOPMUPOBAHA.

[pencrasiaenne koMmaktHOro omeparopa A B Buie (4.60) masbiBaercs
paznoxkennem ITIvmmara. 3aMeTnm, 9T0 y KOMIAKTHOTO ONEPATOPA B T'MJIb-
0epTOBOM MPOCTPAHCTBE MOXKET He OBITh HH OJHOIO COOCTBEHHOI'O BEKTOPA.
[TpuMep TaKOro omepaTropa -onepaTop

Ar@) = [

B npocrpancree L2([0, 1], dz). Ognako xapakTepucTHYeCKHe YUCIa eCTh y
JM060r0 KOMIAKTHOTO OIEepaTopa.
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Mpl Gyem cuuTaTh, YTO PACCMATPUBAEMble IIJIBOEPTOBBl IPOCTPAHCTBA
cenapabesIbHBI U BXOIdIIHE B pasiozxkenne [LIMuara oproHOpMEPOBAHHBIE CH-
CTEeMBI HOJIHBL (SICHO, YTO IPU HEOOXOAMMOCTH OPTOHOPMHPOBAHHbIE CHCTE-
Mol {e;} u {g;} MOXKHO MPOU3BOIBHO JOMOJHUTH IO MOTIHBIX OPTOHOPMEPO-
BAHHBIX CHCTEM W CUATATH, 9TO COOTBETCTBYIONTHE JOMOJTHEHHBIM SJIEMEeHTAM
cJaraeMble BXOJAT B PA3JIOKEHHE ¢ HYJIeBBIME KOdDduruentamu).

DyHIaMeHTAIbHOE CBOMCTBO XapaKTePUCTHYECKNX UHCET KOMIAKTHOTO
oepaTopa OIUCHIBACTCS TOKA3bIBaeMOi HuzKe Teopemoii J1.9. Ajutaxsep/uesa.
[Tepen bopmymupoBKOii 3T0# TeopeMbl Mbl HAIIOMHUM HEKOTOPbIE CBOMCTBO
KOHEYHOMEPHBIX OMEePATOPOB.

Ounpenenenne 4.4.2. Oneparop K € L(H — H) Ha3bIBaeTCsI KOHETHOMED-
HBIM, €CJIN

Kf=)Y <e. f>g (4.62)

1<j<n

rae {e;} u {g;} -1TuHEHO HE3aBHCHMbIE CHCTEMBI 9JIEMEHTOB IHILOEPTOBA IIPO-
CTPAHCTBA.

[pencrasnenne oneparopa B Buze (4.62) He equncTBeHHO. ECam
VfeH: Z<ej,f>gjzz<e;,f>g;, (4.63)
1<j<n 1<js<m
10 BbIOpaB B (4.63) BeKTOD f; Tak, 4TOObI BHIIOJIHSIUCH PABEHCTBA
< ey, fz >= (5;,

MbI ITOJIyYHM:

Vi: g = Z <y, fi > g

1<j<m

Crenosaresibio, B npeacrapiennn (4.63) n < m. AHAJOIHYHO MBI HOJTyda-
eM HepaBeHCTBO m < n. CiemoBaTenbHO, 11 KOHEYHOMEPHOTO OHEpaTopa
YUCJI0

dim(K) := dim(Im(K)) (4.64)

3aBHCHT TOJBKO OT omeparopa K W He 3aBHCHAT OT €ro IpeacTaBJeHUs B
Buge (4.63). Oupenenenoe pasencrsoM (4.64) wmcsio Mbl OyJeM Ha3LIBATD
pasMepHOCThIO onepartopa. Eciau oneparop K 3aman dopmydoii (4.62), To

Im(K) = span{gi, ... gn}-
Takxke 09eBUIHO PaBEHCTBO

dim(K™) = dim(K).

297



[TycTn
M; ={K|KeL(Hw— H), dim(K) = j}. (4.65)

Crenyromast Teopema Ha3bBeTcs TeopeMmoii J1.9.Annaxsepauesa.
Teopema 4.4.6. Cnpasediuso. paseHcmsaa
s1(A) = ||A]l, Vi > 1: sj41(A) = dist(A, M;). (4.66)

Hokazaresnbcro. 13 Teopembr @uiriepa (Teopema 4.4.2, crp. 291) caexayer,
q9T0

S%j-i—l)(A) =

inf{sup{< f, A"Af >[ |[f| =1, f € Im(K"))" | K* € M;}} = (4.67)
inf {sup{[[Af|* | Ifl| =1, f € Ker(K)} | K € M;} < (4.68)
inf {sup{[|(A — K)fI* | [/ = 1} | K € M;} = (4.69)
inf{||(A— K)|* | K € M;} =dist(A, M;). (4.70)

PapencrBo (4.67) -310 hopmyupoBKa yTBep2KIeHus Teopembl Puirepa. Pa-
BeHCTBO (4.68) -3TO CJIe/ICTBHE PAaBEHCTBA

Ker(K) = (Im(K*))*

KOTOpOE eCTb cJiegcrBue pasencrsa (3.76) (em crp. 181). Bupodewm, Boinucan-

HOE BBIIIIE PABEHCTBO JIETKO MOZKHO IPOBEPHUTD HEIOCPeACTBEeHHO. [Tocaequne

JIBA PABEHCTBA €CTh (DOPMYIHPOBKA COOTBETCTBYIONINX OIMPE/ICICHHI.
CaenoBaTtesbHO,

[Tycre (4.60) -pasnoxenue IIIvmuara oneparopa A. TTomoxum

KOZ Z Si<A)<€i7f>gi.

1<i<j
OdeBuHO, 9TO
K° e M;
n
A=K7 =D si(A) <ei, f> < s (AN (4.71)
i>j+1
CrenoBare/ibHO,

A~ K| < s (A) 1 s (A) > dist(A, M),

TeopeMma, mokazana.
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Teopema 4.4.7. Xapaxmepucmuueckue “UCAG KOMNAKMHO20 onepamops A
YdoBAEMBOPAIOM YCAOBUAM.:
Ecau B -xomnaxmuut onepamop, mo

LIs;(4) = 5;(B)] < |l - B (172
2. 5;(A%) = s;(A). (4.73)
3. sj(aA) = |als;(A). (4.74)
4.VB e L(H — H): s;(BA) <|B|s;(A), s;(AB) < ||B||s;(A). (4.75)

HokazarenscTBo. IlepBoe yTBep:KaeHHEe TEOPMBL CJIeIyeT U3 TeOPeMbl
J.9. AnnaxsepaueBa u 060OIIEHHOIO HEPABEHCTBA TPeyroJbHUKa (CM. Gop-
myay (2.11) ma crp. 101)

Bropoe yTBepxkaeHne Tak:xke ciemyer u3 TeopeMmbl J1.9.Amraxsepauena,
TaK Kak

qTO CJIeaAyeT U3 paBCHCTBaA
A= K[| =[[A" = K7|.

Tpernbe yTBepKIeHNE OYEBHITHO.
Jlng nokaszarebCcTBa YeTBEPTOTO YTBEPZKJICHUS 3aMETHM, YTO

V(feH): <[, (BA)BAf><|BIP|AfI? <|BIIP < f, A"Af >
CienoBaTesbHO,
Y(feH): <f,(|B|*A*A— (BA)*BA)f >> 0,

7 TTO3TOMY

|B||*A*A > (BA)*BA. (4.76)

13 sroro Hepasenctsa u ciaeactsus 4.4.1 (em. c¢Tp. 293) BhHITEKAeT HEpABEH-
CTBO

1B]1%s;(A)* = s;(BA)*.

Hasee 3aMeTuM, 9TO
sj(AB) = 5;(B"A") < || B*||s;(A%) = || B||s;(A).
Teopema j0kazana.
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4.4.3 Omneparopsl I'manbepra-I1Imuara.

[Iycte H cenapabenbHOe THABOEPTOBO IIPOCTPAHCTBO.

Onpenenenne 4.4.3. Oneparop A € L(H — H) Ha3biBaeTCcsi OMEPaTopom
I'niasbepra-IIMuara, ecan 1ig KaKuX-HEOYIL ABYX MOJHBIX OPTOHOPMHPO-
BaHHBIX cucreM B npocrpanctse H : {e;, 1 < j < oo}, {g;,1 <j < oo}
CXOIUTCS P,
JATHS|? = > [<e;, Ag; > . (4.77)
1<i<oo
1<j<o0
Huzke Mbl jtokazkeM, 410 onpejeiaennas papeacrsoM (4.77) dyukius

A ||A|HS)| (4.78)

JeACTBHTEIHO 3a/aeT HEKOTOPYI0 HOPMY W BBeJEHHOe DaBeHCTBOM (4.77)
obo3Havyenue OyjIeT ONnpaBIaHo.

MmuoxkecTBo Bcex omeparopop I'mabbepra-llIMuara MbI 003HATUM CHM-
BostoM H S.

Teopema 4.4.8. Ecau pad (4.77) cxodumes daa waxuz-nubydv 08yx noa-
HOLT OPTMOHOPMUPOSGHHBLT CUCTEM, MO OH CTOOUMCA OAA A0OBLT NOAHBLL
OPTMOHOPMUPOSAHNOLT CUCTEM U €20 CYMMA He 3a6UCUM 0Mm 6ub0pa IMUT
CUCMeM.

Hoxasarenserso. Ilyers {€} [ 1 < j < oo} -nupoussosibHast no/Hast OPTO-
HOpPMHpOBaHHas cucTeMa B npocrpanctse H. B cmny pasencrsa IlapceBana
CIPABE/IJIMBLI PABEHCTBA

JATHS)P= > | Y I<ea Ag>F)= > |Agl* (479

1<j<oo0 \1<i<o 1<j<0
JATHSIP= > [ D I<A%, g > )= > 4% (4.80)
1<i<oo \1<j<0 1<i<oo
SoAAgIP= D | D) I<e Agi> P (4.81)
1<j<00 1<j<o0 \1<i<oo

13 mepBhIX JABYX PABEHCTB CJEAYeT HE3aBHCUMOCTH CyMMbl (4.77) or BBIGO-
pa OPTOHOPMHUPOBAHHBIX CHUCTEM, W3 TPETHETO PABEHCTBA CJAEIyeT, UTO eCJIN
psizt (4.77) cXOaUTCS JIJIs KAKUX-HUOY/Ib JIBYX MOJHBIX OPTOHOPMHPOBAHHBIX
CUCTEM, TO OH CXOJIUTCS JJIs JIIOOBIX TMOJHBIX OPTOHOPMHPOBAHHBIX CUCTEM.
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Teopema 4.4.9. Ecau onepamop A ecmv onepamop Luavbepma-ILlImudma,
Mo 01 KOMNAKMEH U CNPABEIAUBO PABEHCMEO

IATHS|> = ) s;(A), (4.82)

1<j<00
2de Sj(A) -Taparmepucmuveckue YuUcAa onepamopa A.

JokazarennctBo. [lycts onepatop A ects oneparop ['misbepra-ITImuara,
{e;, 1 < j < oo} -nmonuas opronopMupoBanHas cucreMa. ONpeeanM ore-
parTop

P,:P,f= Z <ej, f>e
1<j<n

CrpaBel/INBBI OIEHKMN:

(A= PP =Y < ey, AT > < (Z ||A*ej|r2> 17 (483
i>n i>n

13 (4.83) u (4.80)caenyer, aro ecan omneparop A ects oneparop ['miabbepra-

[MImugra, TO

|A—P,All — 0, n— oc.

1 omepaTop A KOMIAKTEeH Kak IIPejesl 0 HOpMe KOMIAKTHBIX KOHEYHOMEP-
HBIX OIIEPATOPOB.

st nokasaresnbcrBa pasencrsa (4.82) mocrarouno B (4.81) B34Th OpTO-
HOpMHpPOBaHHYIO cucreMy {g;, 1 < j < 00} Tak, 4T00bl OHA BK/IOYAJIA B
cebst OPTOHOPMUPOBAHHYIO CHCTEMY cOOCTBeHHBIX ByHKIHiT oneparopa |A|.

Teopema 4.4.10. Mnoowcecmso onepamopos luavbepma-LLImudma ecmo au-
netinoe nodnpocmparncmeo 6 L(H — H) u dynxyus (4.78) s3adaem wa smom
nooInNpocmpParcmee HOPMy.

HoxkazarenbcTBo. Britouenme
V(Aec HS,z€C"Y): 2A€ HS

1 OJHOPOTHOCTD (byHKIUHU (4.78) OUEBUIHBL.
[Mycte A€ HS, Be HSu{e;, 1 < j < oo} -nonnast OpTOHOPMUPOBAH-
Hag cucrema B nmpocrpancrse H. Torma

1/2 1/2
[(A+B) | HS| = ( > \I(A+B)€j\!2> < ( > (l4e] +H36jH)2> <

1<j<00 1<j<00
1/2 1/2
( > ||A€j||2> + ( > IIBej|!2> =|A|HS|+[|B| HS].
1<j<o0 1<j<o0
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Mpubr nokazajin, 9T0 MHOZKECTBO oniepaTopos ['minbepra-IIImuara ectnb junneii-
HOe TPOCTPaHCcTBO U hyHKIuUsA (4.78) yABIETBOPSET HEPABEHCTBY TPEYIOJIb-
HUKa. BpINOTHEHNEe OCTaTbHBIX aKCHOM HOPMBI OUeBH/IHO. TeopeMa 1oKa3aHa.

Teopema 4.4.11. Hopma (4.78) ydosaemsopaem cAedyouum Yeao8UuiM.

V(A€ HS): ||A| < |A| HS|. (4.84)
V(A€ HS): A" € HS u||A* | HS| = |A| HS|| (4.85)
V(A€ HS,Be L(Hw— H)): AB€ HS, BAc HS u

IBA|HS|| < |[BI|A|HS| [[AB | HS|| < || B[[|A | HS]]. (4.86)

Hokazaresnncrso. 113 pasencrsa (4.79) caeayer:
[Agi [l < |A [ HS|

Tak KaK B KA4eCTBe BEKTOPA 1 MOXKET ObITh B34AT JIHOGOH OPTOHOPMHUPOBAH-
HBIHi BEKTOp, TO W3 9TOro HepaseHcTBa BhiTekaeT (4.84). Pasencrso (4.85)
caeyer w3 cpaBHeHust paBeHcTs (4.79) u (4.80).

Jna nokazarenbcrsa HepasencTs (4.85) 3amernm, aro econ {e;, 1 < j <
00} -MoJTHAS OPTOHOPMHPOBAHHAs CHCTEMA B IIpocTpancTBe H, TO

IBAIHS|P= ) IBAgI* < IBIF ) IlA¢;I* = |IBI*|A| HS|P,

1<j<00 1<5<00

|AB | HS|| = |B*A™ | HS|| < ||B]| - [[A | HS].
Teopema jokazana.

Teopema 4.4.12. 1. IIpocmpancmeo HS ecmv noanoe Hopmuposarioe npo-
CMPancmeo omuocumesvio Hopmol, (4.78).
2. Ha npocmpancmee HS koppexmmno onpedesena busunetinas gopma

HS(A, B) := Z < Ae;, Be; >, (4.87)

1<j<0c0

KOMOpas He 3a6UCUmM om 6wubopa NOAHOT OPMOHOPMUPOSAHHOT CUCTIEMbL
{e;, 1 <j < oo} upade (4.87) cxodumca abcosomuno.

3. Buaunetinaa gopma (4.87) sadaem na npocmpancmee HS craraproe
npouseederue, Komopoe noposcdaem wopmy (4.78) u ommocumesvno cka-
aaprozo npoussedenus (4.87) npocmparncmeo HS ecmv 2uavbepmoso npo-
CMPAHCMEO.

302



HokazarenbctBo. Ecau nociaenosarensnocts {A,} C HS dyugamen-
TajibHA 110 HOpMe mpocTpancTBa H.S, To B cuity HepasencTsa (4.84) ona dbyH-
namentaabia B L(H +— H) u nosromy

JA:||JA- A, =0, n— . (4.88)
[Tepexoag K mpeneay n — 0O B HEDABEHCTBE

A, | HS|? = > | Aneyl|* < const.

1<j<o0

MBI MOJy9aeM, 9TO OmpejejeHHblii papeHcrBoM (4.88) omeparop A € HS.
[Tostnora npocrpancrsa HS jgokazana.
AbcosrorHas cxoguMocTb psiyia (4.87) ciaeayer 3 OlneHKH

| < Aej, Be; > | < || Ae;||* + || Beil”

PaBencrso

IA| HS||* = HS(A, A)

caenyer u3 (4.79). Teopema mokaszana.

Teopema 4.4.13. Fcau A € HS, mo cyujecmeyem makoe yrnumaproe omoo-
pasicerue
U: Hw L*D, u(dr)),

wmo onepamop A, xomopuwit deaaem Kommymamuerot duazpammy

Ul lu (4.89)
L3(D, pl(dz)) —— LA(D, p(dx))
ecmb UHMERPAALHOLT ONEPATNOP

V(f € H) : AUf(z) = / ale, 9)U f(y)uldy) (4.90)

D

¢ K6adpamuyHo UHMEPUPYEMBIM A0POM

[ tate )Pty < <.

DxD
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KoOmopoe 6oiUCAACINCA 1O ¢0p./\/ty/1,6
a(x, y) = Z < 9i, Agj > ei(x)ej(y)a (491)
1<i<o0,1<j<00

NPUYEM CNPABEONUBO PABEHCNEO

/ la(a, y)I*p(dz)u(dy) = || A | HS]*. (4.92)

Jlokazarenbero. [Iyets H -pon3BOIbHOE THAKOEPTOBO MPOCTPAHCTBO 1
{9;,1 < j < oo} -uo/jHAS OPTOHOPMHPOBAHHASI CHCTEMA B LPOCTPAHCTBE
H. Tyers D C R? u {ej(x),1 < j < oo} -mojHast oOprHOPMHPOBaHHASL
cucrema B npocrpancrse L2(D , u(dz)). Mbl Gyjem cuutarh, uTo (DyHKIMT
e;(z) neifcTBHTEIBHBL:

¢j(r) = e;(z)".
Omnpegenum yHETApHOE 0TOOparKEHHE
U:Hw— L*(D, u(dx)),
PaBEHCTBOM
Ug; = ¢;
Jlamee BBIYACTISAEM, BHTASICh II0 BEpXHEH M MPaBOHl CTpesIKe BHA3 Ha JHA-
rpamme (4.89). Nmeem:

f: Z <gj7f>gj7Af: Z <gj,f>Agj:

1<j<00 1<j<00

Y <y [><g, Ag > g;

1<j<00, 1<i<00

UAf= > <g, f><g, Ag > e,

1<j<oo0, 1<i<oo
Tak Kak

<gjaf>:<6jan>a

TO
UAf = Z <e;, Uf ><g;, Ag; > e;(x);
1<j<00,1<i<o0
zz{Uf: Z <6j,Uf><gi,Agj>ei:

1<j <00, 1<i<o0

Y <gi Agi> / ei(z)e; (U f(y)u(dy) | - (4.93)

1<j<00,1<i<00 D
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Hawm mpescTonT 000CHOBATH MEepeMeHY MOpsiIKa HWHTETPUPOBAHUS M CyMMH-
posanus B (4.93). Mbl ¢jie1aeM 9T0 ¢ TIOMOIIBIO TIPHEeMa, KOTOPbIii 9acTo OKa-
3BIBAETCsI [TOJIE3€H B aHAJOTHIHBIX CIydasix. 3amMeTuM, 910 Tak Kak A € H S,
T0 psaj B (4.91) cxoaures B Merpuke npocrpanctsa L2(Dx D, p(dx) x p(dy)),
O3TOMY

W e H): < AUF, Vv >= [ [ (ale, US @) Ub@nldo) x uldy)
DxD
(4.94)
Bocnosbzosasimcs Teopemoit @y6unn 1.2.6 (cm. crp. 70) 3amumniem naTerpast
B (4.94) KaK HOBTOPHBIIL:

J[ tatw U ) v@utds) x play) -

DxD

*

/ / (ale, YU F@uldy) | Uv(o)u(de)

BaganHblil TpaBoil YacThio paBeHcTBa (4.95) dbyHKIHOHAT

*

- / / alw, YUFuly) | Up@pu(d)  (4.95)

JWHeeH W HerpepbiBeH. CieoBaTenabHO, CyIecTBYeT Takoil BeKTop b(z) €
12(D, p(dx)), 1o

*

Wwet): <b, U >= [ | [t Uiy | Ui
D \D

(4.96)
[To onpesesennio, maTerpas B npapoii yactu pasencrsa (4.90) mbl Oymem cau-
TaTh PABHBIM 3TOM BeKTODY b(2) (3TO eCTh YaCTHDI CoIydail TaK HA3BIBAEMOTO
unTerpaa [lerruca: nHTErpa; HOHUMAETCH KaK 3a1aBACMBIil IIOIUHTETPAJIb-
HBIM BbIDazKeHHeM JIMHeHHbIH HenpepbiBHbIH GyKimona). Paserctso (4.92)
craenyet w3 paBencTBa [laceBansg. Teopema mokaszana.

4.4.4 HAdnepubie omepaToOphI.

Ounpenenenne 4.4.4. Kommakruerit oneparop A € L(H +— H) na3piBaercs
SICPHBIM, €CTH CXOAUTCS PAJ U3 €r0 XapaKTepUCTUICCKUX YUCET:

JA | Nel|| = )~ s;(A). (4.97)

1<j<00
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[Tozzke MBI JOKazKeM, 9To mpasas 9acth (4.97) yI0BIeTBODSIET YCIOBHIM
HOpMBI. Onpesiesiennast papeHcTBOM (4.97) HOpMa HasbIBaeTCst AepHOl (Hn
CJIEJTIOBOM) HOPMOIA.

MHOKecTBO BCexX siJIepHBIX OIePaTOPOB Mbl 0603HaYNM cuMBOJIOM Ncl.

Jlemma 4.4.2. Onepamop A AdepHuiii 6 MmOM U TOALKO TOM CAYHAE, €CAlU
0na Kakol-Aubo noanott opmonopmuposarot cucmemu {e; | 1 < j < oo}
cxodumces psao

E <ey, ‘A’@j > (498)

1<j<o0

Ecau pad (4.98) crodumcs 0as kakol-2u60 noaHol 0pmoHOPMUPOSaHHOT CU-
CMEMBL, MO 0N CLOOUMCA OAA N10OOT NOAHOT, OPMOHOPMUPOBAHHOT CUCTILEM DL,
€20 CYMMA HE 3ABUCUM, OM 6btOOPA NOAHOT OPMOHOPMUPOBAHHOT CUCTIEMDL,
onepamop ]A|1/2 ecmo onepamop uavbepma-IIImudma u evinosneno pasen-

cmeo
1A | Netl] = A2 (4.99)

JlokazareascTro. CpaBeyinBO PABEHCTBO

Yo <o e >= Y < [A[M2e;, A ey >= || AV | HSP

1<j<o0 1<j<00

Otrcriona cliejiyeT He3aBUCUMOCTH CyMMbI psijia (4.177) or BbIOOpa MOJHOI
OPTOHOPMHUPOBAHHON cucTeMbl. st jiokasaresnbeTBa pasencTsa (4.99) jo-
CTATOYHO BBHIOPATH MOJHYI0 OPTOHOPMHMPOBAHHYIO CHCTEMY TaK, 4T0ObI OHA
BKJIIOYasIa B cebs cucreMy cOOCTBeHHBIX (DYyHKIHI omeparopa |Al.

Bameuarue 4.4.2. Mpl Bugum, 910 U3 cxogumocta psa (4.98) ciemyer, aro
omeparop A ectb omeparop I'mibpbepra-IlIMuara M mo3TOMY KOMITAKTHBII
oneparop. OTMeTnM, 9T0

Ncl C HS.

Teopema 4.4.14. Onepamop A aAdepnviii 8 mom U MONBKO MOM CAYUAE, ECAU
on ecmv npoussedenue deyx onepamopos uavbepma-IITmudma.

Jokazarenscrio. [lycts omeparop A saepustiit. Mcnonb3ys nosisipaoe pas-
qoxenue orneparopa A (em. (4.49), ctp. 294), MBI Moy gaem:

A=U|A| = UJA]"2 - |A]'2,

rae oneparopst U[A|Y2 u |A|Y? ects oneparopsr ['winbepra-ITImusra.

[Tycts A€ HS , B € HS. Jdokaxewm, aro AB € Ncl. Ilycrs {e;, 1 < j <
00} -MoJTHAsT OPTOHOPMUPOBaHHAs cucTeMa B TpoctpancTe H. 113 dbopmysbi
(4.57) caenyer, aTo

|AB| = U, 5 PapAB,
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rjie Ugp - YHETAPHBIHA OLepaTop, BXOJMAIINNA B MOJIAPHOE PA3JIOKEHNE Olepa-
topa AB. Ilostomy

< €5, |AB|€] >=< €5, UﬁlpABABej >=< A*(UilpAB)*ej, Bej > .

Benomunast onpeenenue oumnneiinoii popmst HS (em. (4.87), ctp. 302), Mot
BuauM, 9TO

Z <ej, |ABle; >= HS(A*(U ' Pap)*, B) < 0. (4.100)

1<j<00
Teopema mokazana.

Teopema 4.4.15. Mnoowcecmeo adepnvx onepamopos Ncl ecmv aunetinoe
nodnpocmpancmeo ¢ L(H — H) u onpedeaennas pasencmeom (4.97) dyrx-
yusa A — ||A | Nel|| ydosaemeopsaem ycaosusm nopmo:

Y(A, B € Nel) : ||zA | Nel|| = |2]||A | Nell],
|A+ B | Nel|| < |A| Nell| +||B | Nell|.

Omuocumenvno Hopmos (4.97) npocmpancmeo A0EPHBIT ONEPAMOPOs ecmo
baHGLTOB0 NPOCMPAHCMEO.

HoxkazarenbcTso. OIHOPOAHOCTEL OIPEAEICHHON NPaBOil 4aCThIO paBeH-
crBa (4.97) dyuknum oueBuHa. JloKazkeM, 4T0

(A € Nel, B € Nel) = ((A+ B) € Nel).

IIycrs {e;, 1 < j < 0o} -mosiHAS OPTOHOPMUPOBAHHAS CHCTEMA B MIPOCTPAH-
crBe H. U3 dopmyasr (4.57) caenyer, 9to

|A+ Bl = U, g Plays)(A+ B),

IIO3TOMY

< €5, ‘A -+ B|ej >=<e;, U(TA{FB)P(A-FB)(A —+ B)ej >=

<ej, Uy ParmAe; > + < e, U, g PassBe; > . (4.101)
Hamee mmeem:

<ey, U(;1+B)P(A+B)A€j >=<ej, U(;1+B)P(A+B)UA’A‘1/2|A‘1/2€j >=

< (U ParmUal A7) e; | A[ e >,
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CJIeJI0BATEIBHO,

Z <ey, U(;iB)P(A%»B)Aej >

1<j<o0

Y < (Ui ParmUalA?)e;, [A]V2e; >

1<j<o0

HS((U<;1+B)P<A+B>UAIAIW)*, A7) <
UG, gy PasmUal A2 | HS|| - IJA]Y? | HS| <
A2 [ HS|* = || A | Nel].

Amnasnormuno omenuBaercs Bropoe ciaaraemoe B (4.101). 13 (4.99) caenyer,
qTo
|A+B| Nel| < [ 4] Nell| + |B | Nell.

[losiHOTA MpPOCTPAHCTBA SJIEPHBIX OMEPATOPOB OTHOCUTEIBHO SIIEPHONR HOP-
MBI JIOKAa3bIBAETCSI JTOCTOBHBIM TMMOBTOPEHUEM JTOKA3ATETHCTBA MOJTHOTHI IPO-
crpanctia oneparopon I'mibbepra-IIImuara. Teopema nokasana.

Teopema 4.4.16. Ha npocmpancmee adepHrvix onepamopos KoppexmHo onpe-
dener YHKUUOHAN

V(A € Ndl) Z <e;, Aej > (4.102)

1<5<00

IIpasas wacmo (4.102) ne 3asucum om 6u60pa NOAHOT OPMOHOPMUPOBAHHOT
cucmemnt, {e;, 1 < j < 0o} u onepdeaennnt paserncmeom (4.102) dynrryuo-
HaA YOOBACTNEOPAEM YCAOCUAM:

1V(A, Be HS) : tr(AB) = tr(BA). (4.103)
2. [tr(A)| < ||A | Nel. (4.104)

Jlokazarenscrro. cnonb3ys mossipaoe pazjoxkenue omneparopa A, mbr
MOJTy JaeM:

Z <€j,A€j>: Z <6j,U|A|€j>:

1<j<o0 1<j<o0
N < (UIA2) e, |A ey >= HS((U|AV?), |A]'2).
1<j<00

Orcrona cieayer abcooTHAs CXOAUMOCTh psijia (4.102) 1 HE3ABUCUMOCTD €ro
CYMMBI OT BBIOOPa OPTOHOPMHPOBAHHOU CHCTEMBI.
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Hasee mMeem:

tr(AB) = Z <ej, ABe; >= Z < A'ej, Be; >=
1<j<0 1<j<0
Z <ej,Aei><ei,Bej>

1<j<00,1<i<00

Brincannoe paBeHCTBO jloKasbiBaeT paBencTso (4.103).

s nokazareabcrBa HepaBeHCTBa (4.104) BbIGEpEM MOJHYIO OPTOHOPMH-
POBAHHYIO CHCTEMY TaK, 4TOOBI OHA BKJIOYAIA B cebsd CHCTEMY COOCTBEHHBIX
dbyukumit omeparopa |A|. Torma momyamm:

Z <€j7A€j>

Z <€j,U’A|€j> <

1<j<00 1<j<00
Y s <ey, Uey > | <A HS.
1<j<00

TeopeMma mokazana.
Omnpegenennsrii paercTBoM (4.102) GyHKIMOHAT HABBIBACTCS CAJOM ONe-
pamopa.

4.5 CHoekTpaJjJbHOE pa3JIoXKeHNe OTPaHNIeHHBIX
CaMOCOIIPA2KEHHbBIX OEepaToOpPOB.

Hama menb cocTouT B joKa3aTeabcTBe Teopembl 4.5.2. DTa Teopema, BO-
HEPBBIX, OIMUCHIBACT OOIIMIT BHJI CAMOCOIPSI?KEHHOT'O OllepaTopa B IMIbbEp-
TOBOM IPOCTPAHCTBE M sBJjgeTcs 0000IeHneM paHee JT0Ka3aHHOW TeopeMbl
IMunsbepra-ITImuara 4.4.1. Bo-BToOpbIX, OHA TO3BOJISET [T JTI000M 33 JaHHOM
Ha crekTpe omeparopa A GopeneBckoil GyHKIHH f OIpPeNe/UTh OIepPaToOp
f(A). Hosicaum comepzxamnue TeopeMbl 4.5.2 Ha mpumepe.

[Iycts A KOMOAKTHBIIT CAMOCOTIPSIZKEHHBIH omepaTop. Torma

VpEH, n€EL): Ag=>Y N <e¢;,¢>e¢

Aj

rae {\;} = 0(A) -cuexTp oneparopa A, e; -ero cobcrsennsle dynkimu. Cire-
JIOBATEILHO, JJId JI060r0 HOJIHMHOMA CHPABETHBO PABEHCTBO

V(p e H) : Zp ) <ej, d>ej,
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OTkynma ciemyer, 9To

V(¢ € H) : [Ip(A)o]* = Z\p Pl <ej, o>

[Tosromy
Ip(A)[| = sup{p(A)| | A € o(A)}. (4.105)

Mper BuanM, 9To anarebpa BcexX IIOJXHOMOB OT omeparopa A, paccMaTrpupae-
Mast Kak mojaaredpa aarebpet L(H — H), anreOpandecku U TOTOJIOTHICCKT
uszomopdHua anredpe moauHOMOB Ha criekrpe oneparopa A. Teopema (4.5.2)
yTBEPZKIAET, 9TO 3TO CIIPaBE/JIMBO U B DoJjiee o0IIell cuTyarnm.

[TpuBoanMOe HIZKe T0KA3aTeTbCTBO TeopeMbl (4.5.2) npuHaaiekut d6ep-
Jefiny ¥ OCHOBAHO Ha CJIEAVIONIeH 3JeMeHTapHOHd jieMMe.

Jlemma 4.5.1. Ilycmo A -camoconpascennwiti onepamop: A* = A. Ilycmos

p(A) = ap\" + a N+ ..+ a,, a; € R

Toz0a
[P(A)]] < sup{[p(A)] | |A] < [|All}- (4.106)
Hokazaresberso. Pukcupyem sBexkrop © € H , ||z|| = 1. [lycrs
H, = span{z, Az, ..., A"z}.

ITo mocTpoenuo pazMepHOCThL IpocTpaHcTBa H, KomeuHa:
dimH, <n+1

Mpi Oynem paccMaTpuBATh MPOCTPAHCTBO H, KaK TOAMPOCTPAHCTBO IMPO-
crpauctsa H. fcuo, uro
H=H,®Hr.

[Iycth P -omepaTop OpTOTOHAJIBHOTO MPOEKTUPOBAHUS HA TPOCTPAHCTBO H.,.:
P>=P,¥(x€H): Pre H,,V(x € H,): == Pr.
[Io onpemesienuio onepaTopa NpOEKTHPOBAHUS, CIIPABEITUBBI PABEHCTBA:
(x € H;) = (x = Px),
(Az € H,) = (Ax = PAx = PAPx)
(A%r € H,) = (A*r = PA*r = PAAx = PAPPAPx = (PAP)*z)
(A"z € H,) = (A"x = (PaP)"x).
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CaenoBaTesbHO,

p(A)x = p(PAP)zx.

Omneparop PAP neficTByeT B KOHEYHOMEPHOM THILOEPTOBOM MPOCTPAHCTBE
H,, u cormacuo (4.105)

| <, p(A)z>|=| <z, p(PAP)r > | < [[p(PAP)|
< sup{[p(A)| | A € o(PAP)} <sup{[p(N)| [ \| < [A H[}.  (4.107)

[IpaBasi yacTb HepaBeHcTBa (4.107) He 3aBUCHUT OT X, CJIIOBATETHHO,
sup{| <z, p(A)z > | [ [[lzf| <1} = [[p(A)[| < sup{lp(M)| | [A| < [|A | H][}.

JlemMa mokazaHa.
3aMeTuM, 4TO J0KA3aTeJIbCTBO ITOH JIeMMbI ONUPAETCS TOJIBKO Ha CBOM-
CTBa 3PMUTOBLIX OLIEPATOPOB B KOHCYHOMEPHOM YHUTAPHOM HPOCTPAHCTBE.

Bameuarue 4.5.1. V13 nokazpiBaeMoil HUKe TeopeMbl (4.5.2) cieyert, 94To s
IPOU3BOJILHOIO CAMOMOIPSIZKEHHOTO olleparopa A cIpaBeIMBO PABEHCTBO
(4.105).

B nanbniiemmeM Mbl Oy/eM OMUpATHCsI TOJBKO Ha HepaBeHCcTBO (4.106),
MTOATOMY YHTATETh MOXKET cpa3y nepeiTn K ciaeactsuio 4.5.1 Ha cTp. 314.

Huzke MbI jI0KaKeM HECKOJIBKO yTBED:KIeHNH, KOTOPBIE 110 CMBIC/TY OJII3-
kn jjemMe 4.5.1 u KOTOpbIe M0J/Ie3HO 3HATh.

Jlemma 4.5.2. Ecau A -oepanusenmviti camoconpascernuitd onepamop u p(\)
-NOAUHOM ¢ deTicmeUmesbHuMU KoIPHuUUUeHMamu, mo

[p(A)[] = sup{[p(N)| | A € a(p(A))} = sup{[p(N)| [ A € o(A)}.  (4.108)

Hokazarenbcrso. Ecian koaddunuentsr noauaoma p(A) JeidcTBUTENbHBI,
10 onepaTop p(A) caMoconpsizKeH, TT0ITOMY B cuty ciaeacteust 4.3.2 (eM. cTp.
289) cupaBenIuBO PABEHCTBO

Ip(A] = sup{|Al | A € a(p(A))} = sup{|A| [ A € p(a(A))} =
sup{[p(A)| | A € o(A)}.

JlemMa, JokazaHa.

BameTuM, YTO MpU JOKA3ATETHCTBE ITOH JIEMMBI MBI CYIIECTBEHHO WC-
0JIb30BAIM TEOpeMy 00 OTOOPAKEeHUH CIEKTPA U CBONCTBA CHEKTPAIBHOIO
paauyca. Eciu yntare/ib yCBOWI 3TH MOHATHUS, TO B HOCJEAYIONINX PacCy K-
JEHUSX OH MOKET HCIIOIb30BaTh JeMMy (4.5.2) BMecto gemmbl (4.5.1) u Toraa
MOZKHO TOCJIC/IYIOTIHE PACYKICHHUS CIeJATh 60Jiee TOYHBIMA: BO BCEX OIEH-
kax orpeskn [—||A||, ||Al|] moxmo 3amenuTs Ha KOMIAKT 0(A).

Huke jaercs J0Ka3aTe/IbCTBO JIEMMbI, KOTOPAs MOJIE3HA U B MHOTUX JIPY-
I'nxX IPpUJIOKEHNAX.
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Jlemma 4.5.3. Fcau A u B -oeparusentbie KOMMYMuUpYyoujue:
AB = BA

HEOMPUUATNEABHBLE CAMOCONIPAHCEHHDBLE OTLEPATNOPDBL, TNO ONEPATIOP AB camo-
CONPANHCEH U HEOMPUUATNEACH.

JokazareabcTBo. CaMOCONPSI:KEeHHOCTh omepaTopa AB BBITEKaeT U3 pa-
BEHCTBa

(AB)* = B*A* = BA = AB.

JlokazkeM HEOTPHIATENbHOCTH oneparopa AB. He orpannuuBasi 0OGIIHOCTH,
B JIaJIbHEIIeM MBI Oy/IeM CUHTATh, YTO

0<A<id.
HOCTpOI/IM IIOCJIe 0BATEJIbHOCTL OII€epaTOpPOB
Ag=A, Apir) = A, — A2

OdeBuIHO, YTO

Vn: A,B = BA,.

JTokaxkem, 4TO
vn:0< A, <id. (4.109)

Jloka3piBaeM 10 MHAYKIUU. Ecan
0<A, <id,

TO
A2(id— A,) >0, A,(d — A,)* >0,
TaK KaK
< f,A2(>d— A, f >=< A.f, (id— A,) A, f >> 0,
< f, An(id— A% f >=< (id — A,)f, Au(id — A,) f >> 0.

Brorauciaenne IIOKa3bIBaeT, 9TO
Ay = A2(id — A4,) + A, (id — A,)*.

CreoBare/ibHO,
A1) 2> 0.

Ecmm

id— A, >0,
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TO
id — Ay =id — A, + A2 > 0.

Hepasencrso (4.109) mokazamo.
Tak kax

A2 = A, — At

TO
> AL =A-Ap <A (4.110)

0<m<n

CrenoBaTesbHO,
Vi < f,A2f>—0,n— oo.

113 9TOr0 yTBep:K/IeHus U II0JSpU3aIHOHHOIO TOXKIECTBa CJIejlyeT, YTo
V(feH,geH): <f,A,9g>—0,n— oc.

Ho Torna u3 (4.110) caemyet, uro

Vn: < f,ABf>= Y <f ALBf>+ <[, Au)Bf >=

0<m<n
Z < Amf7 BAmf >+ < f7 A(n+1)Bf >—
0<m<n
> <Anf.BA,f>>0,n— oc.
0<m<oo

JlemmMa nokasana.
3 510it JIeMMBbI JIETNO CJIELYeT YTBEPKICHUE.
[IycTh A -orpaHUYeHHBIH caMOCONpsizKeHHBIH omepaTop. Ilomoxum

a=inf{< [, Af > |f =1}, b=sup{< f, Af >[[If| =1}. (4111)
Jlemma 4.5.4. Ecau p(\) -maxoti mHuozouaen ¢ 0eticmsumesbHoMu KoIgh-
Puyuenmamu, 4mo
VN fa, b)) p(N) 2 0,
p(A) > 0.

JokazarebcrBo. CrrpaBeijinBO PaBEHCTBO

p) = [T = a)(Be = N = w)*((A = 0.)* +72),

Jkil,s
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riae

a;j <a, ﬁk > ba wy € [avb]a Vs € Rlaas € Rl-
Orcroga caemyer, 9To
p(A) = [ (A - ajid)(Biid — A)(A — wid)*((A — 0,id)” +~2id).  (4.112)
7.k,l,s

Kaxaprit comrokuressb B (4.112) -meorpunarenbHbiii onepatop. B cuty nem-
MbI 4.5.3 UX IpOM3BeIeHNe eCTh HEOTPUIATEJbHBIIA oneparop. JleMMa mpoKa-
3aHa.

Tenepb J0KaXKeM yTBEPXKIeHHE, KOTOpoe yrounseT jgemmy (4.5.1).

Jlemma 4.5.5. Cnpasedauso nepasencmeso

Ip(A)]| < sup{[p(M)] | A € [a, b]}- (4.113)

Jokazaresbcrso. [lycThb
¢ = sup{[pV)| | A € [a, B]}.
CupaBeyinBO HEPABEHCTBO
V(A€ [a, b]): cEp(N) >0.
B cuiy memmbr 4.5.4 oTciofia ciejiyeT HEPaBEHCTBO
Vipe H): <¢,(ctp(A)p>=0,

KOTOpPOE 3KBUBAJEHTHO HEpaBeHCTBY (4.5.5).
Ha mosmromax p(\) ¢ geiictBuTebHbIME KOIDDUITEHTAMI OIPeTeuM
0TODPaKEeHNE

Opba : p(A) — Opba(p(N)) = p(A). (4.114)

N3 gemmnul 4.5.1 BoITEKaET

CaenctBue 4.5.1. Omobpascenue Opby nepesodum gyndamenmanrvhvie 6
mempure C([—||All, [|A|]]) nosedosamervrocmu nosunomos 6 Pyrndamen-
maavroe 6 mempure L(H — H) nocaedosamenvriocmu onepamopos u no-
amomy pacwupaemca do nenpepusnozo omobpasicenus npocmparncmesa C([—[| A, || A
6 npocmpancmeo L(H — H): ecau f € C([—|All, ||All]) v 6 mempure npo-
cmpancmea C([=[ A, [|A[}])-

f(A) = lim p,(N),

n—oo

Opba(f) < Tim Opba(pa(2)). (4.115)

314



Durcupyem BekTop ¢ € H u na nmpocrpanctse C'([—||A||, ||Al|]) pacemor-
puM JIMHEHHBIH (hyHKIHOHAT:

C-NAIL AN 2 FO) = Io(o | ) €< ¢, Opba(f)o>.  (4.116)

Jlemma 4.5.6. Omobpasicenue (4.116) na npocmpancmee C([—||A|l, ||All])
YJOBALNMEOPAECTN YCAOBUAM INEMEHMAPHOR0 UHMeEepana 6 creme JJanusai u
HEPABENCTNBAM:

V(¢ e H, feC(-lAll, AlD) :

1o( | ) < lll* sup{[F(N)] | A € [=[IAll A} (4.117)
(VA e [=lAlL AT = fF(A) 2 0) = (< ¢, f(A)g >=0). (4.118)

Hoxkazarenbcrso. Jluneitnocts dbynknnonana (4.116) mo f ouesuana. Ec-
JIH

Ve [=AlL A = fa(A) =20, fu(X) O, n — o0,

TO B CHJIY TeopeMbl luun
sup{fu(A) | A € [=[lA[l, [[A]} = 0, n — o0,
09TOMY B cuty orenku (4.117)
In(¢| fn) = 0, n— 0.

JokazkeM HeoTpHIATEIbHOCTH (hyHKIHOHATA (4.116).
Ecnu ¢dyuknus f #HenpepbiBHA U HEOTPUIATETBHA, TO DYHKITHS

A (f(A)Y?

HENPEePbIBHA U HEOTPUIATEIbHA. [[09TOMY CYIIECTBYeT TaKast OCIe[0BATE b
HOCTh TMOJHMHOMOB (), 91O

Qn(N) = (f(/\)1/2a Q) = (f(\), n— .
CrenoBaTesibHO,

<¢, f(A)p >= lim < ¢, Qu(A)’d >=
< Qn(A)g, Qn(A)p >> 0.

Paccmorpum npocrpancrso C([—|| A, ||A]|]) kak npocrpancTBo 3aemen-
TapHbIX (DYHKIMI IPU MOCTPOeHUH WHTErpaJia Jlanuais.
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Onpepnenenne 4.5.1. Oyuxmuonan f — I(¢ | f) -310 mOCTpOeHHOE TO
cxeme Jlaunauisa pacimpenne sieMentapioro warerpana Io(¢ | f) u p(¢ | dx)
-mepa Ha otpeske [—||A||, [|A||], koropas nopoxkmena unrerpasom (¢ | f):

V(m € B([=[All, I1AI]) = (@ | m) :=I(¢ [L(m | -)).

U3 reopembr 1.2.2 (¢m. cTp. 5b) caesyer, 9To Ja10060e GOpETeBCKOe O MHO-
kecTBO orpeska [—|| A, ||Al|] mpn a06om ¢ € H m3amepuMo OTHOCHTEIBHO
Mepsl (¢ | dz) u mpocTpaHCTBO HHTErpUpyeMbIX 110 Mepe (¢ | dz) dyukiuit
comepzkut Muoxkectso Bor([—||All, ||Al|]) Bcex orpanmueHHBIX H3MEPHMBIX
o Bopento dyuknuit ma orpeske [—||All, ||A|l]-

MoxHo nokazaTh, 4o MHOXKecTBO [—||Al, ||Al|] \ 0(A) ecrb MHO)KECTBO
MepBbl HYJIb OTHOCHTEIHHO Mephl (¢ | dx).

MuozxectBo Bor([—||All, ||A||]) ects anrebpa OTHOCHTENIBLHO OHEpAIliit
MOTOYECUYHOTO CJIOKeHHsT U yMmuoxenust dbynknuii. C MOMOIIBIO HHTErpasa
fr1(¢ | f) mbr mocTponM 3aBucauit or oneparopa A romomMopdu3m

Opba : Bor([—||All, |A]l]) — L(H — H) (4.119)

anrebpot Bor([—[|A|l, ||Al]]) B HeKOTOPYI0 KOMMYTATHBHYIO HOTaarebpy aj-
re6pot L(H — H). Tomomopdusm Opby Mbl Gynem crpouTh Tak. QUKCHDY-
em byuxrmio f € Bor([—||A]l, ||Al|]), koropas npunnmaer meficTBHTEIbHDBIE
3HaveHust. VCcHonb3ys moaspu3almoHHOe TOK/IECTBO, Ha HpocTancTBe H 110-
CTpOUM OWJIMHEHHYIO (hopMy

B, vl f)i=7 3 #Uo+v | D). (4.120)

0<k<3

U3 onenku (4.117) caemyer, aro st g1060ii JAefiCTBUTEIHLHONR OrPAHUYEHHOI
byukmun f € Bor([a, b]) bununeiinas dopma (4.120) yaoBrerBopsier Hepa-
BEHCTBY

1B(¢, ¢ [ Al < llolllllsup{[f NI [ A € [a, b]}. (4.121)

13 3Troro HepasencTBa 1 Teopembl Jlakca-Munbrpava-Bummka (em. crp. 282)
caestyer, uyto oununeiinas dpopma (4.120) 3a1aeTcst THHEHHBIM HEIIPEPBIBHBIM
OTIePaTOPOM.

Pacmupum obsiacts onpenenenns: oroopazkeruss Opb 4.

Onpenenenne 4.5.2. Orobpaxxenne Opby kax ol geiictBurebHON QyHK-
man [ € Bor([—||A]l, ||A]]]) craBur B coorBercrrue omeparop Opba(f) =
f(A), KoTOpBbIii yI0BIETBOPSIET PABEHCTBY

B¢, ¢ | ) =<¢, [(A) >, (4.122)
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rie Gunnneiinasg dopma B(¢, ¥ | f) onpenesnena pasemncrsom (4.120).
Ha xommrekcubie (pyuknun otobpazkerue Opby pacnpocTpaHsercs 1o Ju-
HeHOCTH.

Teopema 4.5.1. Omobpascenue Opby ydosaemsopaem caedyrouwum ycio-
BUAM.
1. Omobpasicenue Opby runetino:

Opba : Bor([=|All, [|All]) > (af + Bg) — (af (A) + Bg(A)) € L(H — H).

2. Omobpascernue Opby npoussedenue Gynruyut nepesodum 6 KOMNO3ULU0
ONEPAMOPOs:

Opba : Bor([=[|A[l, [All]) 3 f(z) - g(x) — f(A)g(A)) € L(H — H).

3. Omobpasicenue Opba nepesodum dyrxyuro, mostcdecmeenio pasHyo edu-
Huye, 6 eQUHUYHBLL 0Nepamop:

Opby : 1+ id.

4. Omobpasicenue Opby deticmeumenvhovie GYHKUUY NEPEBOOUM 6 CAMOCO-
NPAHCEHHBLE ONEPAMOPDL, HEOMPUUAMEALHBLE DETCMBUMEALHVLE PYHKUUU Te-
PEGOOUIN, 68 HEOMPUUAMENDHBIE ONEPATIOPYL U YIOBALTNEOPAEM, YCAOBUIO

OpbA<¢*) = OpbA(¢)*, (4.123)

2de ¢* -ynryus, komnaexcno conpasncennan gyrnkyuu ¢ , Opba(P)* -onepamop,
euavbepmoso conpsscernwiii onepamopy Opba(o).

5. Eeau dywrkuusa [ npunumaem dedicmeumenvruie 3HGNEHUA, O CNPa-
8e0AUBA OUEHKA

[f (A < sap{|F(M] | A e [=[IAll, 1Al (4.124)
6. Ecau

V(z € [=[IA[l AN : falz) =0, Vn: [fu(2)] < const.,

Vip,veH): <¢, fu(A)p >—= 0, n — oc.

Jloka3aTeabeTBO. Y TBEpP:K/IeHUS TeOPeMbl OYeBUIHBI /I HOJUHOMOB, &
JUTST OCTATBHBIX (DYHKIINH TOTYYAIOTCA TTPEICTBHBIM MEePEXOI0M.

Orobpazkenne Opby MHOT A HABBLIBAETCsI OOPETIEBCKUM OMEPATOPHBIM UC-
qucaerneM. Ocoby0 poJTh B 9TOM HCYHUC/IEHNN UTPAET PACCMATPUBAEMBII KaK
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GyHKIMS mapaMerpa A ONepaTop, sIBISIONMCA 00pa30M MPU O0TOOpaKeHUH
Opb4 xapaxrepucrudeckoit bynknun orpeska [—|| A, A] , A € [—[|4]|, || A]]]-
HamomuuMm, 9T0 XapKrepuctudeckas GyHkiusa orpeska [—||A||, | 3amaercs
PABEHCTBOM

1, —||A] <z <A< |A],
I([—[IAll, Al [ #) = 0, A <z < Al (4.125)
L, A=Al

[To cobpazkeHnsIM TEXHUUIECKOTO MOPSIKA (TaK KAK MBI HCIOIb3YEM JIEMMY
4.5.1BMecto TouHOi oreHKH (4.105)) MBI OIpeenM CHeKTPAIbHY 0 BYyHITHIO
TaK.

Ounpepenenne 4.5.3. Crnekrpasbhas byukiws E(A, A) orpanndentoro (aid <
A < bid) camoconpsizkerHoro onepatopa A -31o o6pas dyukuuun x — I([—[|A||, A] |
x)) upu orobpazkernuu Opba:

E(X, A) = Opba(I([=[[A[l, AT -))

Mo2KHO TIOKa3aTh (3T0 OyIeT CJIeJ0BATh U3 JAJBHEIIEro),9T0 MOKHO ObIO bl
OIPEJIEIUTD CIEKTPATBHYIO (DYHKIHIO Kak 00pas dyukiuu x — I([—||All, A] (o (A)

z))

Takum obpazom,

Ve H): <6, B\, A)p >= / I(—[IAll, X)) | 2)u(é | da),

[—llAlI<z<[| Al
(4.126)
rae mepa u(¢ | dr) 3amama corsacuo onpesenenuio 4.5.1.

O6bryHO crekTpaibHasg (PYHKIMS JTOONPEIEISIeTCs HA BCIO YUCIOBYIO OCh
paBeHCTBaMU

EN, A) =0, A<a=inf{< f, Af >| ||f|| =1},
EN,A)=id, A>b=sup{< f, Af >| |fIIf = 1}. (4.127)

Teopema 4.5.2. Kaowcdomy camoconpascennomy onepamopy A € L(H —
H) coenacno onpedeseruto 4.5.8 coomeememeyem cnekmpaivias, GyHKuus
E(X, A), komopaa obaadaem caedyriouumu c60tcmeam.

1. Jaa mobozo X € RY onepamop E(\, A) -camoconpasicenmuiti npoex-
mop:

YA ERY) : BE(A, A)? = E(\, A). (4.128)
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2. Onepamopras dynrkyus X\ — E(X\, A) neybvsaem:
(/\2 > )\1) = (E(/\Q, A) > E()\l, A))

u 6 kascdols mouke N Pynrxyua A — E(N, A) nenpepwena cnpasa 6 mom
CMBLCAE, 4O

Vipe H, N€RY): el—iglo I(E(A+€, A)— E(\, A)o| = 0.
3. Cnpasedauso paseHcmeo
VA €RY M eRY) : E(N, A)E()\g, A) = E(min(\;, X)), 4).  (4.129)
4. Eeau
(A1, Aol [(s, M) =0

(B, A) = B, A)) - (B, A) = EQhg, A)) = 0.

5. Ecau dynwyus [ nenpepwiena cnpasa wa ompesxe [a, b|, mo cnpasediuso
PABEHCTNEO

b
V(e H): <o, f(A)p >= / FNdy < ¢, B\, A)p>,  (4.130)

2de daa Henpepvlenot Gynruuy f unmezpas MOHCHO NOHUMAND KAK UHME-
epan Pumana-Cmusvmoeca no neybwsatouwet Gyrruuu

A=<, B\, A)p > .

B obwem cayqae unmezpan 6 (4.130) nonumaemes xax unmezpan Jlebeza-
Cmuavmoeca.
6. Fcau

<P, EAN—=0,A)p>=< ¢, E(A+0, A)p >, (4.131)
mo CanLGed/L’U,GO paceHCcmeo
<¢,EN, A)p >=
lim = ' <¢,(R(c—ie, A) — R(c +ie, A))p > do. (4.132)

e—+0 271 oo
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JlokazareabcTBo. YTBepKAeHue 1 ciegyer U3 TOro, 4To XapakKTepUCTH-
qeckad (PYHKIUS YIOBICTBOPSAET PABEHCTBY

V(@ € a, b)) : I([a, A]) [ 2)* =L([a, A]) | 2)

u Toro ¢gakra, uro orobpazkenune Opb, ecTh anaredbpandeckuit roMmoMophusMm.
Jokaxkem yrBepzierue 2. Tak Kak

VA€ fa, b, en—0): [a, N = a, A+ e,

n

TO

VA, E€a, b)) I(la, A+ 0] [ &) =1([a, A] | €).
B cuny Teopembr 4.5.1 orcioja ciaeayer, 9To
Vg, v € H): <¢, EA+0, A)p >=< ¢, E(A, A)Yp >.
Ho

V(o€ H): [(E(\, A)—E(A+¢, A)o|* =
< ¢, (BE(A, A)—E(A+e, A))g>—0,¢—0.

YVTBep:KIeHue 3 caeyeT U3 TOro, UYTO XapaKTepUCTHdIecKass (PYHKINS yI0-
BJETBOPSAET PABEHCTBY

I(fa, M) [2) - I([a, Aod) [ 2) = Ifa, min(Ay, A2)]) | 2).

VrBepxkaenne 4 ciemayer w3 yTBepKAEHUS 3. YTBepkKIeHWe H cleayer W3
teopeMmbl 1.2.3 (eM. cTp. 55).
Jlokaxkewm yTBepxaenue 6. CpaBeInBo paBeHCTBO

% _; < ¢, (R(oc —ie, A) — R(o +ie, A))¢p > do =
% / <j (o —de =)™ - (a+i€_x)7l>da>ﬂ(¢ | dr) =
% / (mtg ((A . x>> + g) u(o | do) (4.133)

320



Ecau seinosneno yeaosme (4.131), to (¢ | dr)-mepa Toukn x = A paBHa
HYJTIO, HOITOMY

(6| dz)mp. : lim ~ (arctg (“;I)) 4 f) — (e, \)) | 2).

e—+0 77 2

[Tepexoas Ha ocHoBe Teopembl Jlebera k mpeqeay B (4.133), mMbl nosxydaem
pasencTso (4.132).

Teopema mokazana.

BamMeTuM, ITO U3 YTBEPXKIACHUS 6 CJIEAYeT, YTO CIeKTPaJbHast DYHKIHS
E(\, A) oaHO3HAYHO ONpemessieTcst OmepaTopoM A W 9TO PE30JTbBEHTHOE
MHOYKECTBO €CTh MHOXKECTBO MEPbI HOJIb OTHOCHTEILHO Mepbl (¢ | dz).

DyHKIUA

A=< ¢, E(\, A)g >

MOYKeT TPUHUMATH KOMIIJIEKCHBIe 3HAYeHNd W TPU TPUHATOM HAMU OIpeJe-
Jlennn nHTerpana Pumana-CTuabTheca Mbl He MOXKEM B3dATh ee KaK HHTeTPH-
pytomyo dyHKIuo. Mbl mpuMeM ciieayiorniee

Onpenenenne 4.5.4. [Tonoxum

/ fNds < 6, B, A >% B(o, 6| 1), (4.134)

IJle CTOoAIIAst B MpaBoii yacTu Ouanneiinas dbopma 3agana paencrsom (4.120).

Eciu ¢ = 1), To unTerpai (4.134) MoxKHO HOHUMATHL Kak nuHTErpas Jlebera-
Cruibrbeca.

Henocpeacreenno u3 onpepesnenus (cMm. omnpesenenue 4.5.2 na crp. 316)
CJIEJIYIOT PABEHCTBA

/ F(Ndy < 6, B(A, Ay >=
/ dy < f(A)p, E(A, Ay >= / dy < 6, B\, A)f(A) >,
/dA<¢,E()\,A)w >=< ¢, P >.

[Ipu dbukcuposanunl f u ¢ GYHKIHOHAI

¢H/f<x>dA <6, B\, A >

COIIPSAZKEHHO-JIMHEEH U HelIPEPbIBEH, 1109TOMY Ha OCHOBe TeopeMbl Pucca
g ) Vo H): <6.g>= [ OV <o, BOL )0 > (4135)
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Ecsu Boimonneno pasencTso (4.135), TO MbI IOIOKEM HO OIPEIEICHHIO
/f(A)dAE(A, A€ g, (4.136)
[HaER, )0 [ 00BN, . (4.137)

Paccmorpum npumepbr.
1. ITycrh A -KOMIIAKTHBIH CAMOCONPAKEHHBIN OIIEPATOP B THALOEPTOBOM
upocrpancree H. 13 (4.40) caemyer, aro

E(\, A)p=>Y <ej, d>e; (4.138)

A <A

Eciu npocrpanctso H ects L?(D , dx), To cuekTpaibHas DyKIusd ecTh HH-
TerpaJibHBIH oIlepaTop ¢ daApoM

O, y, N = ¢(@)ev).

A5 <A

2. Ilycrs omeparop A -0mepaTop yMHOKEHHsI HA HE3ABHCHMYIO IEPEMEHHYIO
x B runnbeprosoM npocrpancrse L2([0, 1], dr):

Torga mosmmaOM OT omeparopa A -3TO OMepaTop yMHOYKEHHUS HA MOJTUHOM OT
HE3aBHCHMOM IIepeMeHHOH T, W CIeKTpaJibHas (byHKIus omeparopa A -3T0
onepaTop YMHOKEeHHsI Ha XapaKTePUCTHIECKYI0 (DYHKIMIO OTpe3Ka [a, AJ:

E\, A)o(x) =1([a, A)) [ z)o(x).

3. Caemyromuii mpuMep HA3BIBALTCS MOEbI0 PpuIepuxca u 4acTo UCIoJI3y-
eTCd NPU PACCMOTPEHUH 3aJ/1a9 KBAHTOBOH MeXaHUKH. Mbl pacCMOTPHUM 3TOT
NpUMeEpP B YIPOIIEHHON (DOPMYJIMPOBKE U BBIJIEJUM €ro B OTJIeJIbHBIN TTapa-

rpad.

Mogeas ®puaepuxca. B npocrpancrse L2([0, 1], dx) pacemoTpum
oneparop

B : Bo(x) = zp(x) + p (/o a(x)qb(x)dx) a(z), a e CE([0, 1]). (4.139)

O6paruM BHEMaHHe HA TO, 9YTO MBI Tpe/anoiaraeM GbyHKIUO o) aeficTBu-
TeJbHOU, TVIaIKOM U paBHON HYJIO B OKpecTHOCTH Todek © =0, z = 1.
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Bocnonbsyemest nznokennoii B iemme 3.10.3 (em. ¢rp. 246) KOHCTPYKIIH-
eif. B mamewm ciydae

a=A,Ap(z) =x¢(z) ,b=B, (b—a)p(x) =p < a, ¢ > a(z).

Cragasa 6ymem npemnosaratb, 9ro Im A # 0. Tak kak omeparopel A u
B camocomnpsizkeHbl, TO B paccMarpuBaeMoM ciaydae A € res(A)(res(B)
u oneparop T'(\, A, B) onpejesen. Tak Kak B paccMarpuBaeMOM CJIydae
obacTb 3HaYeHni oneparopa (b—a) OTHOMEPHA U HATSHYTA Ha BEKTOD v(T),
obactb 3uavenuit omeparopa T'(\, A, B) takxke Oy/1eT HATSHYTa HA BEKTOD
a(x). CremoBaTesbHO,

T(A, A, B)p(z) = c(N, ¢)a(x). (4.140)

[TogcraBuB 910 BhipaykeHue B ypaphenue (3.114), Mbl HOJIyYdUM ypaBHEHEE
Ist ompesenenus c(\, ¢):

cA,d)=p<a,p>4u<a, RO, A)a>c(A, ¢). (4.141)

losoxxum
1
gA) ==<a, R\, A)a >= / (A —2) ra(z)*dz, Im\ # 0. (4.142)
0

Ec/iu BBIOTHEHBI HAIHA TpenoaoxKenus o byuknun o(x), To byurmus g(A)
anasuTrasa B obsacru A € [0, 1], crpemurest K HYJIO IpE A — OO U IPH
A € (0, 1) cymecrByer mpejies

g(A —i0) — g(A +i0) = 2mia(N)?.
B pasbheiiiem mMbl OyjieM 1mpejoiararb, 4To
11— pug(A£i0)| >0. X eR! (4.143)

OueBHUIHO, 9TO ITO HEPABEHCTBO OYET BBITIOJHEHO W B HEKOTOPOHl OKpecT-
HOCTH JeficrBuresibHOf ocu. Ecin Beimosaeno yeaosue (4.143), To
p<a,p>
C()\7 ¢) = 1 )\ Y
— ng(A)

u sieBag dacthb (4.144) amanurnana B okpectnoctd unrepsasa (0, 1).
113 (4.140) cremyer, 9To B HAIIEM CIy9ae omepieaeHubil B emme 3.10.3
oreparop () BuramCIIsieTCs 110 (PopMy.Jie

Q()‘v A, B)gb(l’) =

o) + (1 — pg(\)~" ( [- x>-1a<x>¢<x>dx) ale), A& [0, 1]
(4.145)

(4.144)
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I3 pasencrsa (3.113) (cm. 191 ) caexyer, aro
R(X, B) =R\, A)Q(N, A, B). (4.146)

Tak kak mnpasasi 9acTh paBeHcTBa (4.146) anamuruana npu A € [0, 1], To
criekTp oneparopa B usexur Ha orpeske [0, 1] : o(B) C [0, 1]. Bamernm,
gro ecain ¢ € C§°([0, 1]), To cymecrBytor npenensr Q(A+i0, A, B, ¢), A €
0, 1).
CupaBe/IuBO PaBEHCTBO

< ¢, (R(oc—ie, B)— R(oc +ie, B))p >=

2ie < ¢, R(c —ie, B)R(0o +ie, B)p >=

2ie < R(o +ie, B)p, R(o +ie, B)p >=

2ie < R(o +1ie, A)Q(o +ie, A, B)p, R(oc +ie, A)Q(o +ie, A, B)p > .

[ToaTromy

V(ipe CyP([0,1]), A€ (0,1): <¢, E(X, B)p >=

.1 . .
6l_1)1}r10%/_00<<b, (R(oc —ie, B) — R(o +ie, B))p > do =

A
lim E/ < R(o +1ie, A)Q(o +ie, A, B)o,

e—+0 7T 00

R(o +ie, A)Q(o +ie, A, B)p > do =

lim < /A (/01((1; —0)? + ) HQ(o +ie, A, B)¢(x)|2dac) do =

i 17, (¢)(0)|do, (4.147)

rie
Z.(8)(0) = Qo £i0, A, B)p(c). (4.148)

Takum o6pa3om, B paccMaTpuUBaeMoOil HAMH MOJIETN CHeKTpaabHas QPyHKIUs
3a/1€TCs KBaJIpaTUIHONH (hopMoit

W6, e (0, 1)) <, B\, B >= / 2,(6)(0) Z4 (1) (0)do,
(4.149)

Boramcsisist mpaByio 9acThb (4.148), Mbl mostydaeM:

V(¢ € C57([0, 1)) = Z1(¢)(N) =
A(A) + (1 — pg(A +40))~! </0 (A+140 — x)loz(x)qﬁ(:z:)dx) a(N). (4.150)
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113 (4.149) caenayer paBeHCTBO

V(g € ([0, 1)) - / 6(2) P = / ZAGNPAN. (4151)

CrenoBarenbio, mepBoHavdanbuo onpeetennoe na C§([0, 1]) npeobpasosa-
HUE

Zy i 8(2) = Zo (@) (4152)
paciupseTcd 0 yHUTapHOro npeobpasosanus npocrpancrsa L2([0, 1]) B ce-

Os1. D10 npeobpaszoBaHue JIHArOHAIU3YET omeparop B, a obparHoe npeobpa-
30BaHue naeTcs (popMmytoit

Zi ¢(@) = Zid(N) ot
i (/0 (1 — pg(X —i0)) "1 (A —i0 — :C)la(A)Z+(¢)(>\)d)\) a(x).  (4.153)

Dta dopmy/ia mnoaydaercd Tak. B mpaBoii yacTH paBeHCTBa

/O (e)* dla)d = / Z(6) (N Z(8)(\)dA (4.154)

B hopmyiie jist Z () (A)* unrerpuposanue dbyukuuu ()" no dr craBum 1o-
CJIETHUM U TIPHPABHUBAEM MHOKUTEJb Hepes ¢ (x)* B 1eBoii u mpaBoit gacTu
pasencTsa (4.154).

[Ipusenem BoiBox opmyast 1jist R(A, B), kKotopslit He ucnoib3yer dhop-
MaJu3M 1-MaTpHUIbI.

13 Broporo pe3oJibBEHTHOIO YPABHEHUS] UMEM:

V(g e X0, 1) - RO\, B — RO\, A = R(\, A)(B — AR\, B)Y.
(B— AR\, BYW = u < a, R\, Bl > a,
<a,R\N,BY>—<a, RN, A)p >=p<a, R\, B ><a, R\, A)a >,
<a,R\,BY>=(1—-pu<a, R\, Aa>)"<a, R\, Ay >,

(4.155)
RN, By =R\, A+ (1—p<a, R, A)a>)"t<a, R\, Ay > a.

®opwmyaa (4.155) npu ¢ = o anasbiBaercs domysioit Kpeitna- A ponmaiina.

K Mmonesn @puiepuxca cBOAATCS MHOTHE 3a1a9l KBAHTOBOM MeXaHHKHU. B
KadecTBe IpuMepa pacCMOTPUM IIPOCTEHINUN caydail MOJAeAd CUJILHONA CBA3U.
B sr1oit Mozean ruab6epToBO TPOCTPAHCTBO COCTOSHUNE €CTh TPOCTPAHCTBO
HOCJIEe0BATEIBHOCTENR

Pe{fiy: > IfGF <oe

—oo<j<0o0
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Omneparopsr A u B 3agatorcs dopmyiamu

AfG)=2f(G) = fG+1) = f(G—1), VI(j) = udf(0) , B=A+V.

[IpeobpazoBanue

U:P>— L*0, 1)), Zf exp(2mij)

YHATAPHO W 00pa3 omepaTopa A IIpu 3TOM IpeoOPa30BaHUK €CTh OIEePATOpP
YMHOKEeHHST Ha (PYHKIIHIO:

U(Af)(x) = 2(1 = cos(2mx))U(f) (),

a obpa3 oneparopa V' ecTb HHTEIPAJLHBINA OTIEPATOP C BHIPOKACHHBIM $I/IPOM:

UV ) =p / U(f)(x)dz.

flcHo, 9TO 3aMeHO TepeMeHHOM & 3a1a9a O BEIUYUCICHUN CIEeKTPaAJIbHON PYHK-
UK oreparopa B cBoAUTCS K LPeAbIAyIIeil 3aa4e.

4.6 ChoekTpaJjbHOe pa3JioKeHne YHUTaAPHBIX Olle-
PaTOPOB.

OueBuana

JIemma 4.6.1. Onepamop U € L(H +— H) -ynumaprwiii onepamop, ecau
U'U=UU"=id.

IIpumep ynuTapnoro omeparopa B npocrpanctse L2([0, 1]) - omeparop
ymuozkenust Ha Gyuxmo exp(iw(x)), rae w(zx) -aeficTBATebHAS H3MEPUMAsT
dyuxmus. Huzxke Mbl yBUIIM, 9TO B HEKOTOPOM CMBIC/IE BCe YHUTAPHBIE OTe-
paTopbl MOX0XkKHU Ha 10T oneparop. OCHOBHON pe3ysbrar 5Toro naparpada
-reopema 4.6.2. JlokazaTebCTBY TEOPEMBI MbI ITPEIOINTIEM HECKOJIBKO JIEMM.
O6paruM BHUMaHHe Ha TO, YTO HAIIH TOCTPOEHHSA BO MHOIOM AHAJTOTHIHBI
TPeTbLIY IIHM.

Huzke civBostom C([0, 27]) Met Oyaem 0603HAYATH MHOKECTBO BCEX HEIpe-
poiBHBIX Ha oTpeske [0, 27| nepuoduveckur dyHKIMIi:

v(f € ([0, 2n])) : f(0) = f(2m).
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[lycts A -MHo)kecTBO (DYyHKIUN BUIA

fexp(ib)) € A - f(exp(if)) =
Z (o, exp(ikl) + By exp(—ik0)) , oy, B € C'.

0<k<m

MuozkecTBo dynkimii A ecth mogaaredbpa aare6per C([0, 27]) oTHOCHTEIBHO
orepanuii TOTOYEIHOTO CJIOZKEHUsI U YMHOXKeHus (DYHKIHA. 3aMeTuM, ITO
asrebpa A 3aMKHYTa OTHOCHTE/IBLHO OI€PANNH KOMILJIEKCHOIO COPIIPSIZKEHIS:

(feAd) = (freA.

Aunre6pa A conepxkutr nogaire6bpy {P,,} TPUTOHOMETPUYECKUX HOJUHOMOB:

P, (exp(if)) = ag/2 + Z (ay cos(k@) + by sin(k0)) , ax, by € R™.

1<k<m
Caenyiomas JieMMa HasbiBaeTcs Jiemmoit Deiiepa.
JlemMma 4.6.2. Ecau mpuz2onomempuueckutss NOAUHOM HEOMPUUGMENEH.!
V(0 € [0, 21]) : P, (exp(if)) > 0, (4.156)
mo ox npedcmasum 6 sude
P, (exp(if)) = Q(exp(if))* - Q(exp(ih)) , Q € A. (4.157)
Jokazareanctso. [lycts Gyuknus F(z), z € C! oupejenena us yciopust:
F(z) = Py(exp(if)) , z = exp(if), 0 < 0 < 2.
Oynknust F(z) nepiacraBuma B Bu/jie
V(0 < |z] <00) : F(z) = 27 "pam(2),
re o, (2) -anrebpandeckuii moauHOM crenenu 2m. OyHKIUs
F(z) = F((1/2)")"

aHasmmTH4Ha B obsacru 0 < |z| < oo.
Tak Kak TPUTOHOMETPUIECKIH TOJTMHOM ITPHHUMAET JeHCTBUTETbHBIE 3HA-
YeHHs HA eJUHIIHOM KPYyTe, TO CLHPABE/JIMBO PABEHCTBO

V(0 €0, 2m)) : F(exp(if) = F(exp(if)). (4.158)
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Orcroga ciemyer, 9To

CremoBaTebHO, €CIN TOTKA
Z = CL]‘

€CTb HOJTb HOJIMHOMA Do, (Z), TO TOUKA

z = (1/a;)"

TaKyKe HOJIb MOJHHOMA Py, (2). Ecau mepasencrso B (4.154) crporoe, T0 oT-
CIOfIa CJeJlyeT 9TO HYJIH TIOJUHOMA Doy, (2) He JieKar Ha OKpyzKHOCTH |z| = 1
n

F(z) =z"c H ((z = a;)(z = (1/ay)")) = ¢ H ((z = a;)(z"" = qj))

(4.159)

dcHo, uTo KoHCTaHTa ¢ 102KHA OBITH HeoTpuIaTeabHOl. [Ipeacrasienue (4.159)
JIOKA3BIBAET JIEMMY B CJIydae cTPoOro HepapeHcTBa B (4.154). O6muii cayvaii
oJIy4aeTCd O4eBHU/JHBbIM 1IDEAC/IbHBIM II€PEXOJ0M.

Qukcupyem yuurapubiii oneparop U. [lo yuurapuomy oneparopy U mno-
CTPOUM OTOOpaKeHUe

Opy : A— L(H — H)
coryiacHo hopmyJie

Opu( Y (apexp(ikd) + Brexp(—ik0))) = (> (axU* + BU)).

0<k<m 0<k<m

(4.160)

Jlemma 4.6.3. Omobpasicenue Opy ecmv 2omomoppusm arzebpo, A 6 an-
eebpy L(H — H), xomopul ydosiemsopaem ycaosui:

Opu(f*) = Opu(f)", (4.161)

2de f* -ynxyua, komnaexcro conpascennan gynryuu f, Opy(f)* -onepamop,
2uavbepmoso conpascennwili onepamopy Opy(f).

JlokazareabcTBO. YTBEpXKaeHHe 0 TOM, 4T0o oTobpazkeHne Opy €cTh ro-
MOMOPMU3M 03HAYAET, ITO

Opu(afi + Bf2) = aOpy(f1) + BOpy(fa),
OpU(fl fo) = OPU(fl) : OPU(fz)

W MpOBepsieTcst psiMbiM Bhrancaennem. Popmysta (4.161) ecthb ciepcTre pa-
BEHCTBA

U-t=u"
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Jlemma 4.6.4. 1. Ecau P, -mpuzonomempuueruti nosurnom, mo Opy(P,)
-CAMOCONPANCEHHBLT ONEPATNOP.
2. Ecau P, -neompuyamesvhoili mpuzoHoMempuseckutl nosuHoM:

V0 : P (exp(if) > 0,
mo Opy(P,,) -Heompuyamenvrod onepamop:
Vipe H): <¢, Opy(Pn)p >>0. (4.162)
3. s #106020 MPUZOHOMEMPUUECKO20 NOAUHOMG CNPABEOAUBE OUEHKA
| < ¢, Opu(Pn)¢ >< sup{|Pu(exp(i6))| | 0 € [0, 2a]}lo]*.  (4.163)

Hokazarenbcrso. Eciu P, -TpuroHoMeTpuveckKuil moJiIntHOM, TO 110 OIIpe-
JICJICHUIO OH IIPUHUMAET JIEHCTBUTE/IHLHbIE 3HAYCHHUSA W TIEPBOE YTBEPZKICHUE
gemmbl caenyer u3 (4.161). Ecan tpuronomerpudeckuii nosmsoM Py, HEOT-
puniatesieH, To B cusy JeMMbl Deiiepa cpaBe/JIuBO Mpe/ICTaBIeHHE

P (exp(if)) = Q(exp(if))" - Q(exp(if)) , Q € A,

U UCTIOJIb3yst paBeHcTBo (4.161) MBI mostydaeM:

< ¢7 OpU( )¢ >=< ¢7 OPU(Q Q)¢ >=
< ¢, Opu(Q")O0py(Q)p >=< ¢, Opy(Q) Opy(Q)¢ >=
< Opy(Q)¢, Opy(Q)o >=> 0.

Tperbe yTBepzK/JIeHIE JIEMMBI €CTh OYEBHJIHOE CJIEJCTBUE BTOPOTO.
JlemMa, JoKa3aHa.

Onpenenenne 4.6.1. /g kaxiaoro ¢ € H na ajrebpe TPUTOHOMETPH-
geckux noguHoMoB { P, } nuneiinbiit dbyukmuonan ly(¢ | -) onpemensiercs
PABEHCTBOM

Io(¢ | ) = Pu(exp(if)) — Io(¢ | Pn) =< ¢, Opu(En)¢ > . (4.164)

Jlemma 4.6.5. Onpedesernuii dopmyaot (4.164) aunetnodd pyrnkyuonan
Io(¢ | -) no menpepwienocmu npodossicaemcs na npocmpancmeo C([0, 27])
u npodoadicenue (Mol 0603HAUAEM €20 MEM JICE CUMBOAOM) HYNKUUOHANG
Iy(¢ | -) ydosaemsopaem oyenram:

L(f(#) € C([0, 27]) , f(0) = 0) = (Lo(¢ | f) = 0). (4.165)
2.Y(f(0) € C(]0, 2x))) :
[To(l¢ | ) < sup{[f(O)] | 0 € [0, 2a]} ][ (4.166)
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Hokazarenscreo. Eciun f € C([0, 27]), To mo teopeme Beiiprrpacca
CYIIECTBYET TaKad MOCIeI0BATEIHHOCTh TPUTOHOMETPUICCKIX MHOTOYICHOB

{Pm(n)}, qT0
nh—>nolo sup{|f(0) — P (exp(if))| | 0 € [0, 21} = 0. (4.167)

Onpenenenne 4.6.2. Ha upocrpancrse C([0, 27]) dyuxmuonan Io(¢p | -)
ONpeJIeJisieTCsl PABEHCTBOM

L(¢| f):= lim < ¢, Op(Fnem)od >, (4.168)

eC/IN TIOCTIeIOBATENBHOCTD Py () YAOBAETBOPsIET ycaoBmio (4.167).

B cuny onenku (4.163) 9r0 onpejeseHre KOPPEKTHO U ONpPeIeJIeHHBII
pasencrBoM (4.168) dyuximonan Io(¢ | ) ecrb NPoOJOIKEHNE 110 HEIPEPbIB-
noctu dbynknnonana (4.164). Ecian

(0 € [0, 27]) : f(6) >0,

TO MBI MOZKEM BBIODATH MOCIEI0BATEILHOCTH MHOTOWIEHOB B (4.167) Tak, uro
OyJeT BBIIOJHEHO HepaBeHCTBO

V(n>0,0¢(0,2n]) : Pyw(exp(id)) >0,

a orcona caeayer HepapeHCTBO (4.165). Bropoe yTBepiK/ieHue JeMMbI €CTh
OYEeBUHOE CJIeACTBHE TepBoro. JleMMa jgokasaHa.

Hamm panpaeiimme pacyzKaeHus HOJHOCTHIO COBIIAIAIOT ¢ TEMH, KOTOPBIE
ObLIM MPOBEJCHBI /IS CIydas CAMOCONPSZKEHHBIX OIepaTopoB. PaccMoTpum
npoctpanctBo C([0, 27]) KaK TPOCTPAHCTBO AEMEHTAPHBIX (DYHKIUH Tpn
nocrpoeHnn nHTerpaaa Jlanuans, a Gyuiuonart [o(¢ | -) Kak ajeMeHTapHbIT
HUHTErpal.

Onpenenenne 4.6.3. [Tycrs [(¢ | -) -pacimmpenne no JlaHussiio saemeHTap-
Horo unTerpasa Io(¢ | -), a u(¢ | df) -mepa Ha orpeske [0, 27|, TOpoXK AeHHAsS
unrerpasiom (¢ | ).

[TpocTpancTBO WHTErpUpyembix Mo Mepe (¢ | df) dbynkumit comepxkut
anre6py Bor([0, 27]) Bcex orpaHUYeHHBIX H3MEPUMbIX 10 Bopesto dbyHKIumit
ua orpeske [0, 27]. Pukcupyem aeiicrBurenpuyio bynkmnuio [ € Bor([0, 27])
u uycrb B(¢, ¢ | f) -Ouinneiinas dopma, Koropasi B CUJLy HOJISPU3AIMOH-
HOTO TOXKJIECTBA COOTBETCTBYeT KBapaTudHoit ¢popme ¢ — (4 | f).

Hwuke MBI mocTpouM oTOOparkeHue

Opy : Bor([0, 27]) — L(H — H), (4.169)

KOTOpOE CJIYYKHUT TPOoJzKeHneM orobpazkenust (4.160).
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Onpenenenne 4.6.4. Ecu [ € Bor([0, 27]), To oneparop Opy(f) -s10
onepaTop, KOTOPBI ompeessercs bumuneiinoit dopmoit B(¢, ¥ | f):

def

Ha xommiekcnosnaunsie dyukimun f € Bor([0, 27]) onpenenenue 4.6.4
pacupocrpansercs 1o jguHeiinocrn. OdeBnHa

Teopema 4.6.1. 1. Omobpascenue Opy ecmov 2omomopduam anzebpo, Bor ([0, 27))
6 aneebpy L(H — H), xomopwi ydosaemsopaem ycaoguio:

ede f* -gpynryus, Komnaexcro conpascennan gynkyuy f, Op(f)* -onepamop,
euavbepmoso conpascennwil onepamopy Op(f).

2. Omobpascenue Opy nepesodum HeompuuamesvHve GYHKUUL 6 Heom-
PULUATNEABHBLE ONEPAMOPDL.

Ounpenenenne 4.6.5. Ilycts F,, (0, U) -o6pa3 xapakTepucTuIeckoii ¢hyHk-
nuu orpeska [0, 0] npu orobpaxenun Opy:

Eun(ea U) = OpU(H([Ov ‘9] | ))v (4'172)

9TO 9KBUBAJIEHTHO PABEHCTBY

VoeH : <¢, El(d, U)o >:/0W11([o,9] | 2)ule | de).  (4.173)

CupaseinBa

Teopema 4.6.2. Kaswcdomy ynumapromy onepamopy U € L(H — H) co-
enacro onpedeseruto 4.6.4 coomeememeyem dynryus (0, U), xomopas
obaadaem caedYrowUMU C8OTLCMEAMA.
1. Jlas mobozo 0 € [0, 27| onepamop E,, (0, U) -camoconpasncenmvii npo-
exmop:
V(O €0,27]): Ew(f,U)? = E.(0, U). (4.174)

2. Onepamopnaa dynryus 0 — F, (0, U) monomonno neybusaem:
(02 >0,) = (EWU, 6) > E(U, 0))
u 6 Kaotcdoti mouke O HENPEPLIBHA CNPABA 6 TOM CMBLCAE, UMO

V(pe H,0e€[02n)):
<), Epn(@+0,0)p >=<¢, En(0,U)p >, E,(2m, U) =id.
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3. Cnpasedauso pasencmeso
V01, 0,€[0,27]): Eun(0, U)Ey,(0, U) = Eyp(min(6y , 0), U). (4.175)

4. Ecau
(61, 62] ()(s, 64] =0

(Eun(QQ ) U) - Eun(el ) U)) ’ (Eun(eéla U) - Eun(e?n U)) = 0.
5. Ecau f(exp(if)) € C([0, 27]), mo cnpasedauso pasencmeso

27
Ve H): <, f(U)h>= / F(exp(i0))dy < 6, Eun(0, U)é >,

(4.176)
20e urmezpans NoHUMAEMCA wak UHIMezpan Jlebeza-Cmuavmbpeca no Mepe

(¢ | do).

HokazarebcTBo TeopeMbl 4.6.2 JIOCJOBHO HOBTOPIET JOKA3ATEbCTBO T€0-
pembr 4.5.2.

4.7 TI'mabbepToBO compsizKeHNe HEOTPAHMYIEHHBIX
OmnepaToOpOB.

Mpb1 6ynem paccMaTpUBaTh TOJIBKO TaKHe JIMHEHHBIE ONepaTOpBI, KOTODPBIE
UMEIOT II0THYI0 B H obmacts onpenenenus. [Iycts Dom(A) miorHoe B ruib-
OeproBom npocTpancTse H juHeiiHoe MHOTOOOpa3ue:

Cl(Dom(A)) = H, (4.177)

U IyCTh

A :Dom(A)— H

-nuHeiiHoe oTobpazkenne MHOroo6pasus Dom(A) B ruibbepTroBo MpocTpaH-
cTtBO H.

Tunuuustii upumep: nycrs H = L*(R' | dx) , P(x) -nosunom ¢ aeiicrsu-
TeJIbHBIME KO3 dunuenramu u

Y(f € Co(RY) € H) : Af(z) = P(z)f(z).

Onpenenenne 4.7.1. Daement y € Dom(A*), eciin 3a1aHHBIH HA TIOTHOM
B H nuneitnoM MHOrooOpasun Dom(A) muneiinblit dyHKIHOHAT

Dom(A) 3z —< vy, Az > (4.178)
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IPOIOZKAETCS TI0 HEPEPBIBHOCTU HA BCe TPOCTPAHCTBO H, 1 B 3TOM caydae
MBI TIOJIaraeM

Aty =z,
rJe z -TOT 3JEMEHT, KOTOPbIii mo Teopeme Pucca (em. 280) 3amaer dbyHKIHO-
uaJ (4.178):

V(z € Dom(A)): <z,z>=< A"y, z>=<y, Az >. (4.179)

Omnucanuprii 3TUM onpejeseHnem orneparop A* HazbIBaeTCs OMEpPaToOpPOM,
rHIHOEPTOBO COMPSIZKEHHBIM OllepaTopy A.

Eciu onepatop A orpanuveH, TO 9TO OIPEEJICHHE COBIAIACT C paHee
JIAHHBIM OTpeieIeHHeM TUILOePTOBO COMPSYKEHHOTO OMEePaTopa.

Ecsu oneparop orpanuden, To 06J1acTh ONPE/E/IeHUs COIPHAZKEHHOTO Ole-
paropa ecTh BCe IPOCTPAHCTBO. KcCjM omeparop HEOrPAHUYEH, TO MOXKET
CAYYUTbCA TaK, YTO O0JACTHb ONpeJeeHHs COMPIKEHHOTO OIlepaTopa Co-
CTOWUT JUIb W3 HyJA. lIpuBesmem coorBeTcTBytOmuil npumep. llyere H =
L3R, dx) , {e,(x)} -nommasa opronopmuposannas cucrema B L2(R! | dx),

Dom(A) = CF(R') , V(f € Dom(A)) : Af(x) = > f(n)ea(x).
e (4.180)
QO yHKIHOHAT

CPRY) > fro<g, Af>= > f(n)<g,e,>

1<n<oo

IIPOJIOJIZKAETCS JI0 JUHEHHOro HempepbiBHOTO dyHKnuonana na L*(R!, dz)
TOJBKO B TOM CJIy4dae, ecau

Vn: <g,e, >=0.

Orcrona caeayer, auro Dom(A*) = 0.

Ormrum, gro oneparop (4.180) ecTb mpuMmep omeparopa, He HMEOIe-
ro 3aMbIKaHust: 3aMbiKauue rpaduka oneparopa (4.180) ecth TpPOCTPAHCTBO
L*(R!' | dr) ® L*(R', dx), koropoe He ecTh rpaduK omeparopa.

MokHO JaTh SKBHBAJEHTHOE ONpEJeIeHNE T'MIbOEPTOBO COMPSIIKEHHOTO
orepaTopa.

B npsamoit cymme ruinbepToBbix ipocTpancTs H ¢ H omnpenennm ornepa-
TOP

V:HeH—-H®H , V(fdg)=(—g) & f. (4.181)

Omneparop V yHHTapeH U yJIOBJIETBOPSET PABEHCTBY



Teopema 4.7.1. Cnpasedauso pasercmso
Gr(A*) = (VGr(A))* . (4.182)
JokazaresbcTBO. Mbl nMeeM:

Gr(A) ={z® Az | 2 € Dom(A)},

V(Gr(A)) ={(—Az) @z | 2 € Dom(A)},
(V(Gr(A4)" ={y® 2| (y, Av) = (2, 2)
(V(Gr(A)) (oo H) ={0® 2] (2, z)

, € Dom(A)}, (4.183)
=0,z € Dom(A)} (4.184)

Tax kax muoxkectBo Dom(A) mrorno B H, To u3 (4.184) crenyet, uro
(V(Gr(A)*(Y0® H) =0,

nosromy muozxkectBo (V(Gr(A)))* ecrs rpaduk oneparopa, u3 (4.183) cie-
JIyeT, 9To TO rpacduk omeparopa A*.

PaperctBo (4.182) MOXKeT CJIY:KUTH ONpeIeJeHneM TIIbOepTOBO COTpS-
JKEHHOT'O olepaTopa. Tak Kak OpPTOrOHAJbHOE JOIO/IHeHHe K JI000MY MHO-
KEeCTBY 3aMKHYTO, TO U3 TeopeMbl 4.7.1 BBITEKaeT

CanencrBue 4.7.1. [uavbepmoso conpascennviti onepamop A* samrrym.
Ecau onepamop A samrnym, mo cnpasedisuso pasercmeo

H = V(Gr(A)) @ Gr(A"). (4.185)

W3 TeopeMbl 0 3aMKHYTOM TpadHKe W 3aMKHYTOCTH omeparopa A* cie-
JIyeT TeopeMa XeJiiuHrepa- lerura.

Teopema 4.7.2. Ecau onepamop A onpedeaen 6o 6cem npocmpancmee: Dom(A) =
H u camocopascen: A = A*, mo onepamop A oepanuven: A € L(H — H).

HanomuuMm, 9T0 3aMKHYTBIH OLIEpaTOp -3TO TaKoil onepaTop, 2pagur Ko-
TOPOro 3aMKHYT. I3 3aMKHYTOCTH ollepaTopa e CJaeayeT HU 3aMKHYTOCTh
ero obJIacTH ONpeJieIeHns, HI 3aMKHYTOCTh ero objactu 3uadenuit. Hamowm-
HUM, 9TO 3aMbIKaHUE oreparopa A CyIecTByeT TOJBKO B TOM CJIy4ae, eI

(CI(Gr(A))) (0@ H) =0.
Jlemma 4.7.1. Ecau samvikanue onepamopa A cyuecmeyem, mo

(CI(A))* = A*.
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HoxkazarenbcrBo. CrrpaBe/IuBbl paBEHCTBA,
Gr(CI(4))") = (V(Gr(CI(A))* =
(V(CHGr(A))))" = (CUV((Gr(A))))" =
(V(Gr(A4)))" = Gr(4").

JlemMa, mokazaHa.

Omnpenenenne 4.7.2. Oneparop B ecrb pacimpenue oneparopa A (uin
onepatop A ecth gacTh oneparopa B), ecin

Gr(A) c Gr(B), (4.186)
4TO O3HAYAET:
Dom(A) C Dom(B) , V(z € Dom(A)) : Az = Bx.

Cootnorrenne (4.186) 3amuchiBaeTcs Tak:

ACB.
Jlemma 4.7.2. Ecau

Cl(Dom(A")) = H,
AC (A"

HoxkazarenbctBo. B cuny yemoust memmbr omepatop (A*)* cymectsyer.
Nmeem:

V(z € Dom(A), y € Dom(A")): <z, A'y >=< A%y, x >"
=<y, Ax >"=< Az, y >=< (A")'z,y > .

CrietoBaTesibHO,

V(z € Dom(A)) : Ax = (A")"x.
JlemMa mokazaHa.

Omupenenenne 4.7.3. Omeparop A cuMMeTpUYEH, €CIIH
AcC A (4.187)

YTO O3HavdaeT:

V(z,y € Dom(A4)): <z, Ay >=< Az, y>.
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Onpenenenune 4.7.4. Oneparop A caMOCONpPsIzKEH, €CJIH
A=A (4.188)

HanomuuwMm, uto omeparop U € L(H; — Hs) Ha3biBaeTcsl YHUTAPHBIM,
ec OH oOpaTuM u

Vixe Hy,y€e Hy): <Uzx,Uy>y=<uz,y>.

Onpegenenune 4.7.5. Oueparop

Ay i Hy D Dom(As) 3 x — Asx € Hy
YHUTApHO dKBHBAJIEHTEH omepaTopy Aj:

Ay : Hy D Dom(A;) 22— Ajx € Hy
ecsin

Dom(A4,) = U(Dom(A4,)), ¥(z € Dom(A4y)) : Apx = UAU ',

rae U € L(Hy — Hs) -yHUTApHBIN omepaTop.

Jlemma 4.7.3. Ecau onepamop Ay camoconpasicen u onepamop As ynumap-
HO aKeusaseHmen onepamopy A1, mo onepamop As camoconpastcen.

HoxkazarenabcTpo. Meewm:

V(r € Dom(Ay), y € Dom(Ay)) : <, Ay >9=<x, UA Uty >o=
<U 2z, AU Yy >1=< AU 'z, Uty >1=< Asz, y > .

DTO PaBeHCTBO JIOKA3BIBAET, 9TO oneparop Ay cummerpuyen Ha cBoeit 06/1a-
ctu onpejesienus. M3 3Toit xKe BBIKJIAJIKA U CAMOCOIPIZKEHHOCTH OlepaTopa
Ay crnemyer, 9T0 DYyHKITHOHA

y—<x, Ay >

IPOJIOJIZKAETCS JI0 HEITPEPBIBHOIO (PYHKIIMOHAJIA B TOM M TOJBKO TOM CJIyvae,
ecan

U 'z € Dom(4,),

T.C.

z € U(Dom(A,)) = Dom(Ay),

a 9TO W O3HAYAET, YTO OIepaTop A CAMOCONPSIZKEH.
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Jlemma 4.7.4. Ecau
ACB,

B* C A,
HoxkazaTenbcTBo. [IycTh
r € Dom(B*), y € Dom(A).

Torma
<x,Ay >=<zx, By>=<B'r,y>.

CremnoBaTeabHO,
x € Dom(A"), B'x = A™z.

JlemMa nokasana.

Jlemma 4.7.5. Eeau

HokazarenbcTBo. MMeem:
A C B, nostomy B* C A*=A C B.

CretoBaTesibHO,

B*=B=A.

JlemMa mokazaHa.

113 3T0it JIeMMBI cIeayer, 9TO eCJIH OIepaTop A caMoCcolpsizKeH, TO JT1060e
€ro CAMMETPUYHOE PACIIUPEHNe COBIAJAET ¢ HUM, T.e. CPeJI CUMMETPUIHBIX
OTIEPATOPOB CAMOCOTPAYKEHHBII OMepaTop €CTh CUMMETPHUYHBIN OmepaTop ¢

MaKCHMaJbHOI 00J1aCThIO ONpe/IeSIeH S .

HanoMHuuM, uTo JUHeRHBIH oneparop A™! ompejeseH B TOM H TOJLKO B
toMm caydae, ecan Ker(A) = 0, u B 9TOM cIydae M0 ONPEIeIeHUIO OIepaTop

A~! ectn oneparop ¢ rpaduxom
Gr(A™) ={Az® x|z € Dom(A)}.
Jlemma 4.7.6. Ecau
Ker(A) =0, Cl(Im(A4)) = H,

(A—l)* — (A*)_l.
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JTokazareanbeTso. 113 mepBoro yeaoBHs JJeMME CIeAyeT, 9To onepaTop AL
CYIIECTBYET, U3 BTOPOTO yCJIOBUS JIeMMBI cjiejyet, uto omneparop (A™1)* cy-
mecTByeT. lamee nmeem:

Gr(A™) ={Az @z | v € Dom(A)},

V(Gr(A™) ={(—2) ® Az | » € Dom(A)},
V(Gr(A™)* =
{lydz|—<y,z>+<z,Ar>=0, z € Dom(4)},
V(Gr(A ) = {A*2 @ 2 | 2 € Dom(A")}.

Cpasuusas noceguee pasenctso ¢ (4.182) Mol mosrygaem:
Gr((A") ™) = Gr((A7)").
JlemMa, mokazana.

Jlemma 4.7.7. Ecau
A=A" Ker(A) =0,
Cl(Im(A)) = H.
HoxkazarenbcTBo. [IycTh
y L Cl(Im(A)).

Torma
V(z € Dom(A)): <y, Az >=0.

CaenoBaTebHO,
y € Dom(A*), A"y = Ay =0, y € Ker(A).
13 BTOpOTO yCJIOBUS JIEMMBI CJIEIyeT, 9TO
y=0.
Jlemma mokaszana.

Jlemma 4.7.8. Ecau onepamop A camoconpastcen:
A=A"
u onepamop A™' cywecmeyem, mo onepamop A~ camoconpasicen:

(A1) = A1,
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HokazarenbcTBo. MMeem:

a. (3A™') = (Ker(A) =0),

b. ((A=A") A (Ker(A) =0)) = (Cl(Im(A)) = H),

c¢. ((Ker(A)=0)A(Cl(Im(A)) = H)) = (A1) = (471,

d. (A7) =AY HA(A=4))= (A7) =)
3nech:

a -He00X0IMMOe YCJIOBUE CYIIECTBOBAHUS 0OPATHOrO OLEpPaTOpa,
b -yTBepKaeHue JeMMbI 4.7.7,

¢ -yTBepzKaeHne JeMMbl 4.7.6,

d -O4eBHUIHO.

Jlemma mokaszana.

Jlemma 4.7.9. Feau

AC A", Cl(Im(A)) = H,

Ker(A) = 0.
HoxkazaTenbcTBo. [IycTh
y € Ker(A).
Torna u3 mepBoro ycjaoBus JIEMMBI CJIeyeT, 9TO
V(z € Dom(A)): <z, Ay >=< Az, y >=0.

[TosTomy
y L Im(A).

3 BTOPOro ycaoBust AeMMBI CJIEIYET, 9TO
y = 0.
JlemmMa nokasana.

Jlemma 4.7.10. Ecau



Jokazarenbcreo. U3 memmbr 4.7.9 caenyer, uro Ker(A) = 0, mosro-
My omepaTop A~ cymecrsyer. Jokazxkem, aTo omeparop A~ cuMmmerpudew.
[Iycthb @, y -mpoussosbHbIe 31eMenThl u3 Dom(A™1) = H. Toraa cymecrsy-
0T TaKhe JIeMeHTH w , 2z, 910 * = Aw , y = Az. [losTomy

<z, Ay >=< Aw, z2>=<w, Az >=< A7z y>.

Tax xax omepatop A~! cuymerpuden u 00IaCTh €0 ONPEIETCHAS €CTh BCE
HPOCTPAHCTBO, TO olleparop A~! caMoconpszKeH U Mo3ToMy 3aMKHYT. I1o Teo-
peme o 3aMKHyTOM rpaduke (em. 169) oneparop A~! orpannuen. Jamee nmve-
eM:

o
*
I
—~
—~
N
|
—
~—
L
~—
*
I
—~
—~
BN
|
—
~—
*
~—
L
I
—~
—~
N
|
—
S~—
L
I

A.

Jlemma mokasana.
Jlemma 4.7.11. Ecau onepamop A cummempuren, mo
Ker(A +iid) = 0.

JlokazarenabcrBo. Ecan omeparop A cuMmmerpudeH, TO CIpaBeIJIMBO pa-
BEHCTBO

V(z € Dom(A)) : ||(A £iid)z|]? = || Az|]* + ||z|?, (4.189)
OTKYyJda U cjaeayeT yTBepzKIeHue JIEMMEIL.

JIemma 4.7.12. Ker(A* +iid) = 0 6 mom u moavko mom cayuae, ecau
Cl(Im(A F:id)) = H.

JokazarenbcrBo. JlokazaTeabcTBO poBeeM Jijid 3Haka +. [lycTh
y L Cl(Im(A — iid)).

Torma
V(z € Dom(A)): <y, (A—iid)z >=0.

CaiejtoBaTe/ibHO,
y € Dom(A* +iid), (A" +iid)y =0, y € Ker(A" + iid).

[TosTomy u3 ycaoBus
Ker(A* +iid) =0
cJeyeT paBeHCTBO

Cl(Im(A — iid)) = H.
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[Iyctn
y € Ker(A* +iid), y # 0.

Torna

V(z € Dom(A)): < (A" +iid)y, x >=<y, (A —iid)x >=0,

y L Cl(Im(A — iid)).

CrietoBaTesibHO,

Cl(Im(A —iid)) # H.
JlemmMa mokasana.

Jlemma 4.7.13. Ecau onepamop A cumMmempuyer u 3aMEHYM, MO MHOIICE-
cmea Im(A £ iid) samrxnymu. Ecau onepamop A cummempuyen u xoms 6ol
0dno uz muoscecms Im(A £ iid) samrnymo, mo onepamop A zamxrym.

JoxkazarenncTBo. [IpoBenem mokazaTenbecTBO g 3HaKa +. Onpeaeanm
oneparop

T:Gr(A) — Im(A+iid), T(x® Az) = (A +iid)z.

flcuo, aTo
Im(7T) = Im(A + iid).

3 (4.189) caenyer, uro Ker(T) = 0, nosromy oueparop T~ cymecrsy-
er. 3 (4.189) cienyer, aro omeparop T’ n30MeTpUYeH, MOITOMY MHOMKECTBA
Gr(A) , Im(A + iid) 3aMKHYTBl WK HET OJHOBpeMeHHO. PaccyKueHnst st
3HaKa — aHAJOTUYHBI. JIeMMa JoKa3aHa.

Cuenyiolias TeopeMa MHOIIA HA3hIBACTCH OCHOBHBIM KPUTEPUEM CAMOCO-
IPAKEHHOCTH.

Teopema 4.7.3. Ilycmwv onepamop A umeem naiommyo obaacmo onpedene-
HUA U CUMMEMPULEH!

Cl(Dom(A))=H, AC A"

Tozda
1. Ecau onepamop A camoconpasrcen:

A= A%
mo onepamop A 3AMKEHYM U 6bINOAHEHDBL IJCAOBUMA

Ker(A* + iid) = 0. (4.190)
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2. Ecau onepamop A samrnym u cnpasedausv, pasencmea (4.190), mo cnpa-
8€0AUBVL PABEHCNEA,
Im(A+iid) = H (4.191)

u pesosveenmu, R(Li, A) cywecmeyrom.
3. Ecau Im(A +iid) = H, mo onepamop A camoconpasicen.

HokazaTeabcTBo.

1 = 2. CamMOCOUpsZKEeHHBIH OllepaTop 3aMKHYT, a paBeHcTso (4.190) ecthb
caeacrsue pasencrsa (4.189).

2 = 3. U3 semmnbl 4.7.12 ciemyet, 9T0

Cl(Im(A + iid)) = H.

BaMKHYTOCTh onepaTopa A 03HadaeT 3aMKHYTOCTh MHO:kecTBa Gr(A), 1mo-
sromy MHOkecTBO Im(A + did) 3amMKHyTO Ha OCcHOBe JemMbl 4.7.13 u

C1(Im(A + iid)) = Im(A + iid) = H.

Tak Kak

Ker(A £iid) =0,

TO MHOZKECTBO

{(Atiid)z®z |z € Dom(A)}

ecTh rpaduK onepaTropa, 9TO IKBHBAJECHTHO CYIIECTBOBAHUIO PE30JIbBEHT.
3 = 1. IIposesiem paccyzkiaennst jiast 3Haka +. [lycts

z € Dom(A").
Torpa u3 yenosus (4.191) caempyer, aro
d(y € Dom(A) C DomA*) : (A +iid)y = (A" +iid)x

[TosTomy
(A" +id)(x — y) = 0.

Cormacuo semme 4.7.12 u3 yenosusg Im(A —iid) = H caenyer,ato Ker(A* +
iid) = 0.

CiietoBaTesibHO,
(r —y=0)= (xr € Dom(A)) = (Dom(A*) = Dom(A)).
Teopema, mokazana.
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Bamenanue 4.7.1. Tak kak mathbf Ker(A+iid) = 0, To yciaoBue 3 sBuBaIenT-
HO CYIECTBOBAHUIO onepatopos (A + iid) ™!, o6macTh onpaeserns KOTOPBIX
yaossiersopsier yeaosuio: Dom(A +iid)™t = H.. JIna nposepku ycjosus 3
JIOCTATOYHO J0Ka3aTh, 4TO

V(z € H), I(y+ € Dom(A)) : (A+iid)ys = x.

[Iyctn
A=a+ib, b#0.

Torma
(ANid — A) = b(iid — (—aid + A)/b)

OmepaTop A caMOCOIPSIZKeH TOTIa W TOJIBKO TOrJIA, KOraa oneparop (—aid +
A) /b camoconpsizker. Ilostomy n3 Teopemst 4.7.3 BbITEKaeT

CaeacrBue 4.7.2. Cnexmp 2106020 COMOCONPAHCEHHO20 ONEPATNOPA AEHCUT,
na deticmeumenvroti ocu.

[Iycrb A -camoconpsizkeHHbI# oneparop, B cuMMeTpU4HbIi oleparop u
Dom(B) D Dom(A).

Omnpepenenune 4.7.6. Oneparop B HazbiBaeTcsi A-orpaHudeHHbIM (KK Orpa-
HUYEHHBIM OIepaTopoM A), eciu

I(a, b), V(z € Dom(A)) : ||Bz| < ajz|| + b Az]. (4.192)

Bxogsmas B (4.192) xoncranTta b masbiBaeTcs BepxHeil A-TpanHbio ore-
patopa B (uim BepxHell TpaHbIO omeparopa B Mo OTHONIEHHIO OMepaTopa
A). OrMeTuM, 9TO TOYHON HUYKHEH IPAHU BCeX BepXHUX A-rpaHeil MOXKeT u
HE CYIIECTBOBATH (UUCI0 @ B oneHke (4.192) MOXKeT cTpeMHUTHCS K 400 MpH
yMeHbIeHuu b).

Crenyromas TeopeMa HasbiBaeTcst Teopemoii Karo-Pesumnxa (nin Peninxa-
Karo)

Teopema 4.7.4. Ecau onepamop A camoconpastcen, onepamop B cummem-
pusern, Dom(B) D Dom(A) u onepamop B A-oepanuuenn ¢ A-epanvio
b < 1, mo onepamop A+ B ¢ obaacmoio onpedeaenus Dom(A) camoconps-
DHCEN.

JokazarenncTBo. Tak Kak
Ve : 2ab < (a/e)* + (be)?,
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to u3 (4.192) ciaegyer HepaBeHCTBO

¥(z € Dom(A)) : || Bx|* < (a® +e7)||z]* + (b + )| Az|* =
(B2 + )|[(—i((a® + € 2) /(0 + ) — A)a||. (4.193)

BribepeMm € Tak, 4TOOBI BLITIOJIHAIOCH HEPABEHCTBO
Y=+ <1

Iomoxum
a=(a*+e )/ +é).

[l moKazaTe/bCTBa CAMOCONPKEHHOCTH onepaTopa A+ B HaM J0CTaTOIHO
JI0Ka3aTh, 9TO

Im(A +V + ioid) = H,
R(—ia, A+ B) € L(H — H).

[Tyctn
r € Dom(A), (A+ B +iaid)z =y. (4.194)

Tak kak omepatop A camoconpsizken, oneparop R(—ia, A) cymecrByer un
R(—ia, A) € L(H — H), Im(R(—ia, A)) C Dom(A).

Bamenus B (4.194)
r — (A+iaid)z,

MbI ITOJIYyYHM:

(id — BR(—ia, A))(A + iaid)z = y. (4.195)

CrenaB 3aMeny
r+— —R(—ia, A)x (4.196)

B (4.193), ™Mbl 1OJTy9HM:
Vi | BR(—ia, A] < ],

CrenoBaTe/bHO,
IBR(—iar, A)|| <7 < 1, (4.197)

(id — BR(—ia, A))™' € L(H — H),
Im(id — BR(—ia, A))™' = H.
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Teneps u3 (4.195) caenyer, uro B pasencrse (4.194):

Vye H):
v = —R(—ia, A)(id — BR(—ia, A))"'y € Dom(A).
B cuty mpeapiaymeil TeopeMbl OTCIOIa CJIeyer, 9To onepaTop A + B camMo-

compsizkeHn. Teopema JloKa3aHa.
Paccmorpum nipumepsr.

Ipumep 4.7.1. Tlyere H = L?(R?, dx). Ha mornoit 8 L*(R?, dz) obmactu

Dom(4) = {f | f € L*(®". do), [ |af'|f(a)de < o0}
PacCMOTPUM OIEPATOP
Af(x) = 2* f(2).
DTOT OEepaTOp CUMMETPHUYEH HA CBOEH obstacTu onpeaesenus. O01acTh ompe-

JIeJIeHHS COIPSIZKEHHOTO o1epaTopa A* cocTouT u3 Tex sjaeMenToB g € H, nia
KOTOPBIX (PYHKITHOHAT

Dom(A) 3 f < g, Af >= / g (@) |2 (2)da

IPOJIOJIZKAETCA JI0 JIMHEHHOTO HeIpepbIBHOIO (PYHKIMOHAJA HA BCEM IIPO-
crpanctse H. 910 pyHKIHOHAT HEIPEpbIBEH B TOM M TOJBKO TOM CJIydvae,
€CJIM OH OTPaHWYeH, T. €. eCJu

sup{| < g. Af > | | IIf] < 1} = sup{] / g @) @)l | ] < 1) =

([1ellotorpar) " oo

Orciona ciejyer, 9ro 06J1aCTh OLpPEJIe/eHIsT COLPSIZKEeHHOro oneparopa A*
coBnaiaeT ¢ 06JIACTHIO Ompe/ieenns oneparopa A u modromy omneparop A
CaMOCOTPSIZKEH.

Hpumep 4.7.2. Ilycrs H = L*(R?, dw). Ha mpocrpanctse Hlpapma S(R?)
PACCMOTPHM ONEPATOP

Az S(RY) > f(2) = Af(2) = —=Af (),

riae A -oneparop Jlamtaca. Haiizem sambikanue oneparopa A. Ilyers {f,} €
S(R%) u B merpuke L*(R?, dr)

fn—foe H, Af, g€ H, n— oo.
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[Tepexoas k npeobpazoBanusim Oypbe, HAXOAUM:

7€) = Jo(©), 1€ Ful€) = G(€) , n — oo

(Cxommmocts B Merpuxe L2(RY . d€)). CrnenosarenbHo,

3(6) = [P R(e). / 11T (©)Pde < 0.

Orcrona BBITEKaeT, 9TO 00JACTh OIpeIe/leHnds] 3aMBbIKaHHSA omeparopa —A
cocTouT U3 ByHKIHMiL, npuHaIeKamux npocrpanctsy Cobonesa H?2(R?):

Dom(Cl(—A)) = H*(R?),

1 Ha 3TO# 00JACTH OIIpele/IeHns] 3aMbIKaHHEe OIepaTopa —/A BBITHCJIAETCS
110 gpopmyJie

~Af(z) < (2m)7" lim exp(i(x, )|EPF(§)dE, f e H (R?). (4.198)

R—o0
|§I<R

Omupeenennsiit hopmystoii (4.198) omeparop caMoconpsizkeH, TaK Kak OH yHI-
TapHO SKBUBATCHTEH OTlepaTopy yMHoxkenus Ha [£|? B mpoctpancTse L2(R? | df).

Ecin 3ambikanme oneparopa ecTh CAMOCOIPSAYKEHHBIH OnepaTrop, TO WHO-
[Ja TOBODAT, Y4TO OMEPATOP CAMOCOIPSAKEH B CyIeCTeHHOM (Ha CBOeil mmep-
BOHAYATBHOU 061acTH onpeaenenns). Mbl Jokaszaiu, 4To onepatop Jlamnaca
CaMOCOTIPSIZKEH B CYIEeCTBEHHOM Ha mpocTpancTse IlIBapra.

Ipumep 4.7.3. lycrs H = L*(R? | dz). Ha npoctpanctse H?(RY) C L?(R?, dx)
PACCMOTPUM OlIepaTop

B:Bf(x)=1-Df(z)+q(z)f(x), (4.199)

e | € R npoussosnas nonnmaercst B 06001menHoM cMbice (em.crp. 453),q(x)
orpanudeHHas uaMepuMas Qyukiusd. Jlokaxkem, 4To oneparop B orpanuyden
omnepaTropoM —A €O CKOJIb YIOIHO MAJOH BepXHEH IPaHbIO.
[TIycth
Vo |q(z)| < goo-
Torna
IBAI < JHINDSI + asollf1I

Janee nmeem:

IIDSII2 < (27)~ / EPIF(E) e <

(2m)~ / (72 + e[| e e =
FIP + AL,
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TO3TOMY

DI < M IFI+ ellAFI.

CrenoBaTesibHO,
V(e>0): [ BSfI| < (lgoo + € IDIIfII + €l AS]].

Mg 1oKa3a/m, 9T0 onepaTop B orpanndeH omepaTropoM —A €O CKOJIb YIOIHO
MaJIOU BepXHEH T'paHbIo.

13 Teopembl Karo-Pesutnxa cirepyer, 4ro npu cpopMyJIHPOBAHHBIX HAMHI
yeaosugax onepatop lpeamarepa

H*RY) 3 f > =Af +1-Df(z) + q(2) f ()

camoconpsazen B npocrpancrse L2(R?, dx)
113 reopemsr 4.7.3 u Teopembl Xusne-Pununca-Mocuasr (em. 249) Bhite-
KaeT Teopema CToyHA .

Teopema 4.7.5. 1. Ecau
t— T(t)

-noayepynna xaacca Cy 6 z2uavbepmocom npocmpancmee u npu ecexr t >
0 onepamopw, T(t) camoconpascenv, Mo UHGUHUMEZUMANLHBT ONEPAMOP
noayepynno T(t) camoconpasicen.

2. Ecau

t— U(t)

-noayepynna xaacca Cy, npu ecex t € RY onepamopw U(t) ynumapror u
A -~undunumesumanrvrud onepamop noayepynnoe U(t), mo onepamop —iA
-CAMOCONPANCEN.

HokazarenbctBo. Ecam onepartopsr T'(t) camoconpsizkenbl, T0 WHDHHN-
Te3UMAJIBHBI omeparop nosyrpymmsl 1'(t) cumverpuden. B cuity Teopembr
Xute-Ournunca-Mocuapl OH 3aMKHYT, IMeeT IJIOTHYIO 00J1acTh olIpeesie-
HUs U €ro pe30oJbBeHTa onpeenena npu Re A > 1. Ciure1oBaTeIbHO, YCIOBUE
3 Teopembl 4.7.3 BblIO/IHEHO. Ec/in HOJIyrpyIiiia COCTOUT U3 YHUTAPHBIX Olle-
pPaTopoB, TO €€ MH(PUHUTE3UMAJIBHBIN OMepaTOpP OYEeBUIHO KOCOCUMMETHYECH.
OcraibHbIe PACCYKIEHUSI AaHAJOTHIHBI U UX MPOBEJIEHNE MPEeI0CTABIISIETCS
YUTATEN0 B KAYeCTBe YIMpaXKHeHUs (CJIELYeT BOCIOJNb30BATHCs CMEKTPAb-
HOM TeopeMoil sl YHUTAPHBIX OTEPATOPOB).

Teopema jokazana.
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4.8 OcHamienne ruab0epToOBa IIPOCTPAHCTBA N
OunanHeitHbIe POPMBI.

4.8.1 OcnammeHne rTHJIbLOEPTOBA MPOCTPAHCTBA.

[Tycts H runnbepToOBO MPOCTAHCBO CO CKAJSIPHBIM MPOU3BEJIeHUEM < , > U
HOPMOU

LFIP =< f. f>.

[Tycts H, C H -nuneitnoe Mmuoroobpasue B H, KOTOpoe yJI0BIETBOPSAET YCJI0-
BUAM:
1. H, mrorao B H no meTpuke H:

H+ C H, CI(H+) - H

(Bambikanue Gepercs mo MeTpuke npocTpancTsa H).
2. H, ectb ruipbepToBO HPOCTPAHCTBO CO CKAIAPHBIM MPOU3BEICHICM
[, |+ u HOpMOI

V(f € 1) fIE=1f, fl+

3. BeImoytTHEHO HEPABEHCTBO

v(fe ) Il = NA-

[IpuBenem npumep.
[Tycrn

H= IR, dr), Hy = {/| / @)1+ 22)de < oo},
V(fEHy, g Hy): [f s gl = / £ (@)g(@)(1 + 22)dz.

Herpyano npoBeputh, 9T0 B 3TOM IIPUMEPE BBITIOJTHEHDBI BCE C/IeJIaHHBIE BHITIIE
MIPEIOIOKEHUSI.

g moboro g € H na npoctpancTBe H . onpeeneH JuHeHHBIH (DYHKIIN-
OHAJIL:

H, > fr<g,f>. (4.200)

Bagannslii Ha npocrpancrse H, dopmysoit (4.200) dbyHKIHOHAT HENpepbI-
BeH B METPUKe MpocTpaHcTBa Hy, Tak Kak

[ <g, F>1<lgll- 1A < lgll - A1+
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JIeJIOBATEIBHO, 110 T Me Pu M BH/JIE JITHEHHOrO HeIIPePhIBHOT
CaenoBaresbHo, 110 TeopeMe Pucca 06 obie e effHOro Hempe oro
dyHKIIMOHATA B TIJIEOEPTOBOM ITPOCTPAHCTBE B MpOCTPaHcTBe H . CyIecTBy-
er Takoit BekTop Jg, 4To

WgeH, feH,): [Jg, fl. ©<g, f>. (4.201)

@opmyaa (4.201) ompenensier TUHEHHBIH onepaTop
J : H — H+ C H

st paccMaTpuBaeMoro Hamu TpuMepa paBeHcTBo (4.201) mpuHUMAaeT BUI:

[ 1 @@ tyis = [ 4@
[O3TOMY B PACCMATPUBAEMOM HAMU MPUMEPE
Jg(x) = (L +2%)g(2).
3yuanm cBoiictBa onpesesennoro dgpopmysioii (4.201) omeparopa J.
Jlemma 4.8.1. Cnpasedausvl nepasencmaa

1| L(H — H)| < 1. (4.202)
IJ | £L(H — H)|| < 1. (4.203)

HokazarenbcTBo. MMeem:

Vige H): [|7g | I+ =sup{[[Jg, [l [ [[fll+ <1} =
sup{| < g, f>[|[[fll+ <1} <supf{[ <g, f> ][]/l <1} =llgll-

[lepBoe HepaBeHCTBO J0Ka3ano. Bropoe ecTh 0UeBU/HOE CAEICTBHE TIEPBOTO.
Jlemma 4.8.2. Onepamop J ydosaemeopaem cooOmmoweHUAM:
Ker(J) = 0. (4.204)
Cl(Im(J)) = Hy. (4.205)
Bamvkanue e (4.205) bepemes 6 mempure npocmparcmea H ., .
HoxkazarensctBo. Eciu f € Ker(J), o
Vige Hy): [Jf, gl =<f,g>=0.

Tak kak H, nnorno B H, 1o orcioga ciaeayer, aro f = 0.
Ecmu g € Hy , gLIm(J), 10

V(feH):[Jf,gls =<f,g>=0)=(9=0).

Jlemma nokazana. 113 jemmbl 4.8.2 BoITekaeT
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Caencrsue 4.8.1. Onepamop J~! onpedenen na naommom 6 npocmparcmee
H mnoscecmese

Im(J) C Hy C H.

Jlemma 4.8.3. Onepamop J ' cummempuuen na npocmpancee Im(J) om-
HOCUMEALHO CKAAAPHO20 Npoussedenus < , >.

HoxkazarenabcTpo. meem:

V(feIm(J), geIm(J): <J'f,g>=1[f, gls =
lg, fls=<J g, f>"=<f,J g>.

Jlemma nokasana.

Jlemma 4.8.4. Onepamop J camoconpastcer u Heompuyamenret Ha npocmpat-
cmee H.

JoxkazarenbcTBo. Jlokazkem, 9To onmepaTop J cUMMETpUYeH Ha TPOCTPAH-
crBe H. Nmeem:

VifeIm(J),geIm(J)): <J 'f,g>=<f,J 'g>.
3aMeHsIsT B 9TOM PaBeHCTBE
f—=Jf, 9—Jg,
MBI TIOJIY 4HM:
Y(feH,geH): <f,Jg>=<Jf,g>.

Omneparop J ompejesien Ha BCeM MPOCTpaHCTBe H, OrpaHuveH u CUMMeTPH-
qen. CremoBaresbHO, OH camoconpsizkeH. HeorpunareabHOCTh oneparopa J
cJTe/iyeT U3 PaBEHCTBA

<g,Jg>=[Jg, Jgl+ = 0.
N3 camoconpskeHHOCTH onepaTopa J B cuy JeMMbl 4.7.8 BbITeKaeT

Caencrsue 4.8.2. Onepamop J~' ¢ obaacmuwio onpedeserusa
Dom(J ') =Im(J)C H
camoconpasicer, 8 npocmparcmee H.
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B paccmaTpuBaeMoM HaMU puUMepe

Im(J) = {f | f(z) = (1+2%)"g(x), g(x) € L*(R", dx)} =
{f 1 (142 f(x) € L*(R', da)}

T (@) = (1+2%) f(=).
Ha nmpoctpanctse H ompenennm cKaJagpHOe TPOU3BeIeHUE:
def
W(feH, geH):[f, g Y [Ir, Jgl;. (4.206)
9TO CKaJsIpHOe IIPOU3BeIeHNe Ha TpocTpaHcTBe H MOpoXKIaeT HOPMY:

A2 = [f, fl- (4.207)

Jlemma 4.8.5. Cnpasedauso nepasencmaeo
v(feH): [IFl- < (4.208)
HHoxkazarenncTBo. Nmeem:
V(f e ) IFIZ = ITFIE < IfI™
[lycrs H_ -rujibbepToBO IPOCTPAHCTBO, HOJLY YeHHOE IOIIOJIHEHUEM [IPOCTPaH-
crBa H no mopwme || |- co cxamapubiv npoussegenueM |, |—. ITo nocrpoenuto

npocrpancrBo H miorao B H_ 1o HOpMme || || .
B paccmaTrpuBaeMoM HaMH IpHMeEpe

12 = / (L4 22) 2 f (@)1 + 2?)de = / (1+ %) | (o) d.

Teopema 4.8.1. Onpedesennwiii pasercmeom (4.201) onepamop J npodoa-
HCALNCA NO HENPEPLIBHOCTIU Ha npocmpancmeo H_ do onepamopa

JeLH — Hy), Y(feH): J(f)=J(f)
Onepamop J YA0BAEMBOPAEM, YCAOBUAM.:

Dom(J) = H_,Im(J) = H, , Ker(J) =0, ||J | L(H_ — H.)| = 1.
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JokazarenbcrBo. [1o onpeeniennio, mmeem:
V(feH): [IfIZ=JfI (4.209)

Tak kak npocrpancTBo H mwioTHo B H_, TO CyIIEeCTBYET U €JJUHCTBEHHO TAKOEe
HEIpEepPbIBHOE 0TOOpaKeHHe

J e L(H- w— H.),

KOTOPOE TIPOJIOIZKAET ITO PABEHCTBO Ha Bce nmpocTpancTBo H_. /leficTBuTe/b-
HO, IIYCTh
fEH_, Hf—fn||_—>07n—>00, fneH

13 (4.209) caemyer, 9TO MOCJIEI0BATEIBHOCTD J f, dyHIAMEHTATIBHA B MPO-
CTpaHCTBe H+ U Mbl MO2KEM 110 OlIpeJeJ/ICHUIO 110JI0O2KUTb
Jf:= lim Jf,.
n—oo

Jokazxkewm, aro muoxecrso Im(J) samknyro B H, . Ilycrs
Jfn—g,n — 0.

Torma u3 (4.209) caemyer, 9T0 MOCAEAOBATENBHOCTE f, dDyHIAMEHTAIbHA B
npoctpancTBe H_ u mosromy

foc Ho): fo= lim fmg=J(fo)

Ecou Im(J) # H,, o cymectsyer g € H, , gL Im(.J), Ho TOTIA

\V/(fEH) <fvg>:[‘]f7g]+:0

CnenoBarensno, g = 0 u Im(J) = H,. OcrajbHble yTBEPXKIEHHS JTEMMbI
TPUBHUAJBHEL.

CaenctBue 4.8.3. Onepamop J obpamum u
[J7 | L(Hs = HO)|| = 1.

Teopemy 4.8.1 MOKHO U3JTOKUTH B HEMHOT'O JAPYToil pelaKIini.
CkansipHOe IpoW3BeJeHne Ha TpocTpaHcTBe H MBI MOXKeM paccMaTpH-
BaTh KaK OuJiMHEHHYIO POpMY, 33/ JaHHYIO Ha JIeKapTOBOM Ipou3sejaeHun H X
H,:
HxH.>fxg—<f,g>eC. (4.210)
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Teopema 4.8.2. Buaunetinas gopma (4.210) npodoasicaemes no nenpepwie-
Hocmu Ha dexapmoso npoussedenue npocmparneme H_ X H, u ee npodoa-
JHCEHUE:

[ o Hox Ho—CY Y(fxge Hx H.): [f, glo @< f,g> (4.211)

npusodum npocmparcmea H_ w H, 6 deotlicmseennocmo: 410600 Aumetinsiil
HENPEPBIBHBLT PYHKUUOHAL Ha npocmparcmee H . moocem bvimov npedemas-
AEH 6 sude:

Hesg—I[f gl feH, (4.212)

u 110001 AunetHoil HenpePueHult dynkuuonas wa npocmpancmee H_ mo-
otcem bvims npedcmasaen 8 suode:

H > f—|[f,9gl5,9€ H,. (4.213)

oxkazarenbcTBo. HanmomHuM, 4TO /1€KapTOBO NPOU3BE/IeHNE TPOCTPAHCTB
H_ x H, Mbl MOXKeM pacCMaTPUBATh KaK METPUIECKOe MPOCTPAHCTBO C MeT-
+
puKoi

dif xg, ' xg)=If=fl-+1lg—dl+

Nnmeem:

V(fxgeHxHy): [ <f,g>[=IJf, gl <[Jfl+lgll+ =
1A 1=llgll+ (4.214)

Orcioza caeyer, uro 6unuueitnas dopma (4.210) npogoszkaercs mo Henpe-
PBIBHOCTH Ha JIEKAPTOBO MPOU3BEeHne NpocTpancTs H_ X H | Tak Kak ecan
OCJIeIOBATETLHOCTD f, X g, € H X H, dyHmaMmenTa bHa B METPUKE TTPO-
crpactBa H_ X H, m

fnxgnﬁf0X90€H7XH+7n_>oo7
TO MOCJIEIOBATETHLHOCTD < [y, ¢ > dyHIaMEHTAJbHA U 0TOOPAKEHUs

H+9g|—>[f,g]0,fEH,,H,EfH[f,g]S,QEHJF

3a/1aI0T JINHEHHbIE HEPEPbIBHBIE (DYHKIIMOHAIBI HA COOTBETCTBYIONINX TIPO-
crpancrBax. Jlokaxkem, 9To J11000#1 JIMHEITHBIHT HeTPEPHIBHBIH (DYHKITNOHAJT HA
npocrpancree H, MoxkeT ObiTh npejcTaBies B uje (4.212). Ilyers [ -takoit
dyuximonas. Ilo Treopeme Pucca 06 obimem Buje JUHEHHOrO HENPEePbIBHO-
ro (pyHKIHOHAIA HA THALOEPTOBOM IIPOCTPAHCTBE CYIIECTBYET TAaKOH BEKTOD
go € Hy, uto

V(g€ Hy): U(g) =90, 9+
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Torma MBI UMeEeM: B
1(9) =90, 91+ = [T "0, glo-

AHaornYHO MOKA3bIBAETCS, UTO JO0OH JIMHEHHBIN HEMPEPBIBHBIN (DYHKIHO-
HaJl Ha mpocTpaHcTBe H_ MoxKeT ObITh mpejicrasied B Buje (4.213). Teopema
JIOKa3aHa.

[pocrpancrea H, , H_ w Oununeiinas dopma [, |o HA3BIBAIOTCS OCHA-
menneM rujibbeproBa npocrpancTBa H, a camo npoctpanctBo H BMmecTe c
npoctpancTBamu H ., H_ -oCHAIEHHBIM THJILOEPTOBBIM ITPOCTPAHCTBOM.

4.8.2 llonyorpaHmdeHHbIE 3pMUTOBBI (DOPMBI U PaCIIU-
peHue oriepaTopoB o Ppugpuxcy.

[Tycrs Dom(B) -wiorHoe B ruibbeproBom npocrpancrse H jiuneiinoe MHO-
roobpasue.
QyHKIHIS

B: Dom(B) x Dom(B) 3z xy — B(x, y) € C'

Ha3bIBACTCA TOJIYOTPAHUYEHHONH 3pMUTOBOH (hOpMOil ¢ 001aCTbIO Ompeese-
wust Dom(B), ecin
1. @yuxmus B(x, y) AuHeiiHa M0 BTOPOMY arpyMeHTY:

V(z € Dom(B), y € Dom(B)) : B(x, ay1+0y2) = aB(x, y1)+LB(x, y2).
2. BeimosiHEHO yC/I0BHE:
V(z € Dom(B), y € Dom(B)): B(z,y)= By, z)".
3. CymecrByer Takas KOHCTaHTa —00 < M < 00, 4T0
V(z € Dom(B)) : mubo B(z, x) < M||z|*, mabo B(z, x) > M| z|>.

Ecyin spmurosa dopma B(x, y) orpanuyena, 1o B cujy Teopembl Jlakca-
Mubrpama-Bumnuka cyiecrByer Takoil OrpaHUYeHBINl CAMOCONPSIKEHHbIH
omeparop A, 4to

Vee H,ye H): B(zv,y) =<z, Ay > . (4.215)

Eciu cipase o paBerctso (4.215), To roopst, uro dhopma B(z , y) upes-
crapiena omeparopom A. Fcim dopma meorpanmvena, To, BoobIne roBopsi,
OHA He MOXKeT OBITh MpeJICTABIeHA OMePATOPOM (COOTBETCTBYIONIMA MpUMep
Oyzner npuBejien Huzke). Hac Gyer mHTEpecoBaTh BOIPOC O TOM, TIPH KAKUX
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YCJIOBUSAX HOJIyOrPaHUICHHAA (POPMa MOZKET OBITH MPEJCTABICHA CAMOCOIPS-
JKEHHBIM OIEePATOPOM.
Ecau dopma B(z, y) npeacrasiena oneparopom A, To npu 3ameHe

B(z,y)—£B(x,y)+a<z,y>,ackR. (4.216)
LpEeACTAJAIONUI ee omepaTop A 3aMEHUTCd Ha OLEepaTop
A — +A+ aid.

dcHo, uro ¢ moMompio 3aMeHbl (4.216) MOXKHO TOMYYATH GOPMY, KOTOpAast
OyIeT yIOBIeTBOPSITH HEPABEHCTBY

VY(z € Dom(B)) : Bz, ) > |z|* (4.217)

B npasnpreiiniem Mbl OyJieM cauTaTh, 9T0 HepaBeHCTBO (4.217) BHIMOTHEHO.
Yaosaerpopsoiast yeaosuio (4.217) spmuroba dopma B(z, y) Ha mpo-
crpanctee Dom(B) omnpesesser CKaJsipHOe TPOU3BEICHIE U HOPMY

V(z € Dom(B)) : ||z | B|* ¥ B(x, ). (4.218)

Ounpenenenune 4.8.1. dpmurosa hopma B(z, y) 3aMKHYTa, €CJIH TPOCTPAH-
crBo Dom(B) ecTh rusib6epToBO MPOCTPAHCTBO (T. €. TOJHO) OTHOCUTEbHO
HOpMBI (4.218).

[Iycts Hp -nomosnnenue npocrpanctsa Dom(B) mo nopme (4.218).
Ecau {z,} C Dom(B) -cxoagmasicsi mo MeTpuke npocrpancrsa Hp mo-
CJI6/10BATETBHOCTb:

||£L'n — X | BH — O, To € HB, (4219)

TO B cuiay Hepasencrsa (4.217) mocaemosarensuocts {z,} C Dom(B) cxo-
JUTCS ¥ B IpocTpancTBe H, m0TOoMy ¢ HOMOUIBIO0 (4.219) KOPPEKTHO ompe-
JIeJIeHO OTODpaKeHue

I:Hg— H,I(x) = lim x,. (4.220)

n—oo
[Ipenen B npasoii yactu (4.220) BEIYHCAsIETCS B MeTpHKe TTpocTpaHcTBa H.

Ounpenesnenne 4.8.2. dpmurosa popma B(x , y) 3aMbikaeMa, €Ciu Olpe/ie-
senHoe dopmyloii (4.220) orobparkeHne UMeeT HyJIeBOe sSIpo:

Ker(I) =0.
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[IpuBesem npumephbI.
[TycTn

H = L[*(R', dr) , Dom(B) = S(R"),
BU L 9) = / (" (@)g(x) + Do (&) Dagla))dx = (4:221)
(27)" / 1+ €2) f*(€)g(€)de. (4.222)

B sTom ciyaae

Hy={f | / (1+ €)[F(€)de < oo}, Ker(1) = 0

u opma (4.222) 3aMbikaema.
ITIycth

H = L*(R', , Dom(B) = S(R'),
B(f. g) /f v)dz + f*(0)g(0). (4223
B 910M CIydae
Hp = L*(R', dr)®C', Ker(I) =0& C' #£0

u dopma (4.223) ne 3amblkaeMa (I He MOXKET OLITH IPEICTABICHA ACHCTBY-
tomum B ipocrpanctee L2 (R dz) oneparopowm).

Ecau spmutoBa dopma B 3aMbikaeMa, TO TpocTpancTBo Hp (momosiHe-
Hue npocrparcTea Dom(B) mo wopme | | BJ|) ¢ momourso onpejeseH-
HOro pasencrsoM (4.220) orobpazkenust [ MOKHO BJIOKUTH B IIPOCTPAHCTBO
H rak, 4o ByiokeHue Oy/ieT B3aMMHO OJIHO3HAYHO Ha 0oOpase MpoCTPaHCTBA
Hpg, mno3TOMy MOXKHO CYATATH, 9TO MPOCTPAHCTBO H g ecTh noMHOro0Opasue
mpocTpaHcTBa H:

Hp C H,

a spmuToBa (popma B 10 HEIpepbIBHOCTU IpOA0/KeHa Ha Hp.
Teopema 4.8.3. Ecau B -3amknymas naomuo 0Onpedesettasns nosyo2pat-
YEHHAA IPMUMOBA POPMG, MO CYWECMEBYEM MaKOT CaMOCONPANCEHHBT One-

pamop A, HMo 6bNOAHEHDL YCAOBUA!

1.06aacmo onpedeaenus onepamopa A codeparcumes ¢ Dom(B) u naom-
na 6 Dom(B):

Dom(A) € Dom(B), Cl(Dom(A)) D Dom(B), (4.224)
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2. Cnpasedauso pasencmaso:
V(z € Dom(B),y € Dom(A)): B(x,y) =<z Ay > . (4.225)
Yodosearemsoparowuti yeaosuam 1-2 camoconpascernutl onepamop edum-
CMBEHEH U HA3VIBAEMCHA ONEPAMOPOM, Komopwuil npedcmasasem gopmy B.

HokazarenbcTso. [lokazkem cymecrBoBanue oneparopa A. Samenoit (4.216)
nepeiinem kK dbopme, KOTopas yaoBiaeTBopsieT HepasencTry (4.217). Tanee nc-
0JIb3yeM KOHCTPYKIIHIO, OMHCAHHYIO B IpeIbIAyIIeM Haparpade: mycrb

DOII’I(B):H+, B(iL’, y): [.I', y]+7 A:tjila

rae J ! -BBegennniii B caencreun (4.8.2) oneparop. Kax gokasano B npepl-
Jyiem naparpade, ycaous 1-2 BoinosiHenbl. /JlokazkeM eJIMHCTBEHHOCTD Olie-
paropa A. Ilycrs omeparop Ag ymosaerBopsier ycaopusm 1-2. Tak kak

¥(z € Dom(Ay)), B(z, 7) = [z, Aga]; > o],
TO
Ker(A4;) =0
u oneparop Agy' cymectsyer. lasee umeewm:
V(z € Dom(B), y € Dom(A4)) :

<Ay, x>=[y, z]ly = [JAow, z]+ = [Ay, Jo]y = [y, AoJx]y,
< y,x >= {Aaly7 'T]Jr = [‘]yv l’]+.

Tak kax muoxkectso Dom(Aj) mrorao B8 Dom(B), To oTciofa cieayer, ITo
onepatop Ag HenpepbiBen Kak oneparop L(H, — H) u coBnagaer Ha moT-
HoM B H, MHOXKeCTBe ¢ OpaHWYeHHHIM omepatopoMm .J 1, a omeparop Aj’
cosnagaer Ha Dom(B) ¢ oneparopom J. Teopema nokasaHa.

[Iycte Dom(A) -mioTHOe B rusibGepToBoM TpocTpaHcTBe H uHeiiHoe
MHOTOOOpasmne, u A -ompenennsiii Hta Dom(A) cuMMeTpuaHbIi TTOTyOrpaHE-
YEHHBIH O1eparop:

V(z € Dom(A), y € Dom(A)): <z, Ay >=< Az, y >,
V(r € Dom(A)): <z, Az >> M|jz||* wmm < 2, Av >< M||z|*. (4.226)

Teopema 4.8.4. Ecau A -onpedernniti na niomuom 6 H aunetinom mmozo-
o6pasuu Dom(A) cummempuunul nosyoeparusertvil onepamop, mo gopma

V(z € Dom(A), y € Dom(A)): B(x,y) =<z, Ay >

IPMUIMO6a, NOAYOZPAHUYEHA U 3AMBIKGEMA.
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JlokazareabecTBo. B HEM HyXK/1aeTcs TOJNBKO NOC/ie/iHee yTBepKaeHue. bes
opaHWYeHUsI OOMIHOCTH Gy/IeM CUUTATh, YTO BHITNOJHEHO HepaBeHCTBO (4.217).
HaM HY>KHO JI0Ka3aTh, 4TO €CJIH IIOCJIEI0BATEILHOCTD {2, } C Dom(A)) yuao-
BJIETBOPSIET YCJIOBUSIM:

1. ocnenoBarenbrocTs {x,} dyHIaAMEHTATBHA IO HOPME

lz | BII* = B(x, x).
2. IlocnenoBareabHOCTD {X,} CXOMUTCS K HYJIIO B IIpOCTpancTBe H:
|zn]| — 0, n — oo,
TO
B(z,, x,) — 0, n — oo.

[Iycts mpocrparctBo Hp ectb momnoHerue pocrpancrsa H o Hopme |||
B|| u zyp € Hp -npeaen nocaenoBaTesbHocT {x, }. Vmeem:

V(z € Dom(A))): |B(z, xo)| = nll_{rolo |B(z, x,)| =

lim | <z, Az, > | = lim | < Az, x, > | < lim ||Az]| - ||z.] = 0.
n—oo n—oo

n—oo

Tak kak muO)kecTBO Dom(A) mwiorHo B Hp, To orciofa caeayer, 9to xo = 0.
Teopema mokazana.

[IycTh A -onpemeHHBIH Ha JIOTHOM B IIJIbOEPTOBOM IIPOCTpaHcTBe H Ju-
HeitHoM MHOT00Opasun Dom(A) cuMMeTpUIHBIN TOTyOTPAHUYEHHBIH Oepa-

TOD.
3ameHoit
A: A— +A+aid (4.227)
MOKHO CJIEJIATh TaK, 9TO HOpokKAeHHas oneparopom AA spumurosa dopma
V(z € Dom(A), y € Dom(A)): B(z, y) =<z, AAy > (4.228)

OyIeT yJIOBJIETBOPITH HEPABEHCTBY:
V(r € Dom(A)): B(x, z) > ||z|*
CrietaeM TaKylo 3aMeHy W MycTh B -sambikanue dopybl (4.228), a AA -
oneparop, KOTopbiil mpejcrasiser ¢popmy B:
V(r € Dom(B), ,y € Dom(AA)): B(z,y) =<z, Ay > .

Omnepatop B o
A:=ATAA (4.229)

CaMOCOIIPAZKEH U YAOBJIETBOPACT YCJIOBHUAM:

Dom(A) C Dom(A) C Dom(B), V(z € Dom(A)) : Az = A(x).

Omneparop A Ha3piBaeTcsa pacwuperuem no @Ppudpuxcy omeparopa A. DTo
pacIIupeHne 9acTo UCHOJb3YeTCs B MAaTeMaTHIeCKO# (pu3mKe.
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4.9 IIpeobpazoBanue Kejm u crieKTpajibHOE Pa3-
JIOJKEeHIe€ HEOTPAHMYE€HHbIX ONEePaTOPOB.

JIpobuo-nHeiiHoe peobpa3oBaHme
2 (2= i)/(z +1)
nepeBoauT TpaMyio RY B OKpyKHOCTE
z=-exp(if) , 0 <0 < 2.

CrexTp J1I0OOT0 CAMOCOTIPSIZKEHHOTO OTIepaTOpPa JIEXKUAT HA JAeHCTBUTETHHOM
ocu. CienoBaTenbHO, €Cid A -OrpaHUYeHHBI CaMOCOIPSIKEHHBIH OlIepaTop,
TO IO TeopeMe 00 0TOOparKeHUH CIIEKTPa CIEKTP Olleparopa

Ca(A) ¥ (A —iid) - (A + did) ! (4.230)

JIeZKUT HA eJIMHUYHOl OKpyzKHOCTH U oneparop Ca(A) yaurapen. Mbi jgoka-
xkeM, 9o omeparop Ca(A) yHuTapeH jijist 0600 CaMOCONPSIKEHHOTO Olle-
parTopa A.

Jlemma 4.9.1. Ecau A -npoussoavnwiti camoconpascenuwili onepamop, mo
dopmyaa (4.230) xoppexmuo onpedeasem onepamop Ca(A).

JokazareabcTBo. Ecin A -caMoconpsizKeHHBIIT onepaTop, TO B CHITY Teo-
pemsbl 4.7.3

Dom(A +iid) ™' = H , Im((A +4id)™") € Dom(A — iid),

[OITOMY TpOH3BesieHne oneparopoB B (4.230) KOPPEKTHO ONPeeeHo i
Dom(Ca(A)) = H.

Omnpenenenne 4.9.1. Oupenenennbiii popmymnoit (4.230) oneparop Ca(A)
Ha3pIBaeTCA npeobpasopanmeM Kemmn omeparopa A.

[IpsiMoe BhIYMC/IEHNE TTOKA3bIBAET, 4TO CIIPaBeIJINBa
Jlemma 4.9.2. I'pagur onepamopa Ca(A) ecmv mmosrcecmso
Gr(Ca(A)) ={(A+iid)h & (A —iid)h | h € Dom(A)}. (4.231)
13 310it IeMMBI BBITEKAET
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Jlemma 4.9.3. Ilpeobpasosanue Keanu camoconpasrcennoz2o onepamopa yoo-
BAEMBOPAEM, YCAOBUAM.:

Dom(Ca(A)) = H , Im(Ca(A)) = H,

Ker(Ca(A)) =0, Ca(A)™" = Ca(A)* (4.232)

U YHUMaPHO.

JlokazareabcrBo. Tak Kak omeparop A caMOCOUpPSIzKeH, TO B CHJIY TeOpe-
MBI 4.7.3
Im(A +iid) = H.

Orcrofa caeayioT nepBbie IBa yTBEPXKIEHUS JIEeMMBI. BTOpoe yTBepsKIeHne
JeMMBbI cieyer u3 paBeHcTsa (4.189). M3 5T0ro ke paBeHCTBA CJIe/Iyer, 4To
MHOXKECTBO

Gr(Ca(A)™) = {(A —iid)h & (A +iid)h | h € Dom(A)}

ectb rpaduk omeparopa. OdueBuHO, 9YTO 3TO rpadhuk omeparopa, 0OPATHOTO
k Ca(A).

13 pasenctsa (4.189) u stemmbr 4.231 caenyer, aro oneparop Ca(A) u3o-
MEeTPUYEH:

V(¢ € H) - [|Ca(A)o]l = ¢l

Tak kak oneparop Ca(A) usomerpuder u oOpaTum, TO OH yHUTApeH. JlemMma
JIOKA3aHA.

[Tycts A -orpanuvenubiii camoconpsizkenubiii oneparop. Torma ciekTp ero
npeobpazosamns Kewmn Ca(A) mexkur na gyre

z=exp(if), 0<0; <O <0, <27

u Touka z = 1 He npunaexkut cnekrpy oneparopa Ca(A). CaenoBarensbno,
omeparop (Ca(A) —id)~! cymecrsyer un

A= —i(Ca(A) +id)(Ca(A) —id)~". (4.233)
[Toaromy corsiacuo Teopeme 4.6.2 cupaBe/JInBO PaBEHCTBO
Vo e H, [ eBor(RY): <, f(A)p>=

| (SR ) do < 61 Eunle, Cata)o =

/0 ’ f(=ctg(0/2))ds < ¢, Eun(0, Ca(A))g > . (4.234)
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Unrerpan B (4.234) myzxuo momnMarh Kak unterpat JleGera-Cibrheca.
[MoxcraBus B dhopmyay (4.234) Bmecto dyHKINE f XapaKTePUCTHYECKY IO
dbyukmo moaynHTepBaia (00, A|, MBI TIOJIYdHM:

Vipe H, A= —ctg(0/2)): <¢, E(\, A)p >=< ¢, En(0, Ca(A))p > .

Ecau oneparop A HeorpanwdeH, TO TOUKa 2z = | MPUHAJIEIKAT CIEKTPY OIe-
paropa Ca(A) u oneparop (Ca(A)—id)~! ne cymecrsyer, 103ToMy 1pejibLiy-
e PacCyKAeHHs JIIsi HEOTPAHUIEeHHOTO onepaTopa ue mpoxoasat. Ho orpa-
HUYIEHHYIO (PYHKINIO OT HEOTPAHUIEHHOTO OMepPaTopa MOYKHO ITPOCTO OMpe-
neanth paseHcTBoM (4.234). [lokazkeM, Kak 9TO MOKHO CICJIATh.

HamomuauMm, 410 3ajaHHast Ha JIeHCTBUTEIbHON MpAMOil (hpyHKIMS n3Me-
puma o Bopestio, ecsin ee cykeHue Ha JIF000€ KOMIIAKTHOE MHOYKECTBO H3Me-
puMo 1o Bopeio.

[IpeobpazoBanue

Ca: Ca(f)(0) = f(—ctg(6/2)

HepeBOIUT alrebpy BCex OrpaHuYeHHBIX H3MEPUMBIX 110 Bopemo dbyuknuii na
neficreurensnoit ocu Bor(R') B anre6py Bor ([0, 27]). [lycts A -mpom3BostbHbII
(orpaHuueHHBI WM HET) caMOcoUpsizKeHHbI oneparop. Huzke oy orobpa-
xernneM OPcq(a) HaM OyeT ya00HO IOHIMATEL ero PeryIsapU3aInio, KOTOpast
crouTcs Tak. JJIs HeOTPUIATENBHBIX OIPAHUYEHHBIX H3MEePUMbIX OyHKINT
f € Bor(]0, 27]) Mbl oJaraem

Vige H): <¢, Opcaa)(f)p >=
lim < &, Opcacn(I(le. 27 — € [ 1) > (4.235)

rie B npaBoil dactH Opcq(a) -3a0aHHOe onpenetenuem 4.5.2 (cm. crp. 316)
orobpaxenue. CyimectBoBanue upejena B (4.235) o4eBHHO, TaK Kak Ipa-
Bast 4acTh (4.235) orpanndena u ze yobiBaer kak GyHkuug €. Ha ocranbHbie
dbynkmmn f € Bor([0, 27]) orobpaxkenne Opcq(a)y PACTIPOCTPAHSIETCS IO JIH-
neitnoctu. 113 Teopemsr 4.6.1 u dbopmyssr (4.234) BeITEKAET

Teopema 4.9.1. Omobpasicenue
Opba : Bor(R") 3 f — Caf — Opcaay € L(H — H) (4.236)

nepecodum anzebpy Bor(RY) 6 kommymamusnyro nodarzebpy anzebpo, L(H —
H) u ydosaemsopaem ycaosuam meopemus 4.5.1, a ecau onepamop A ozpa-
Huver, mo omobpastcenue (4.236) cosnadaem ¢ onucarnnvim 6 meopeme 4.5.1
omobpastcenuem Opby.
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N3 Teopemsr 4.9.1 cieayer 9T0 /11T OTPAHUYEHHBIX 0mepaTopoB A hyHK-
nus

R' 5 —ctg(0/2) — E(—ctg(0/2), A) = E,(0, Ca(A)) (4.237)

COBIIAJAET C BBEJEHHON B onpeaenenun 4.5.3 crnekrpaabnoil pyukmnmeii, mjis
HEOTDAHUYEHHBIX OTEPATOPOB A MBI ONpEIETUM CHEeKTPATbHYIO (DYHKIHIO
pasercTBoM (4.237).

Teopema 4.9.2. Bexmop ¢ npuradaeorcum obaacmu onpedesets onepamopa
A 8 mom u MOALKEO MOM CAYUaAE, eCAl CTOOUMCA NOHUMAEMbBLT KAk Hecob-
cmeennvil unmeezpan Pumana-Cmusvmoveca 6 npasot wacmu (4.238) u 6
IMoMm cayvae

2
A0l = [ s 0/2)Pds < b Bunlo, Calao > (4239
0
Hokazaresabcrso. [lycrb
b € Dom(A), ¢ = (A —iid), Ca(A)é = (A +iid)y.

Torma
(¢ — Ca(A)9)
21

(6-+ Ca(A)0)

V= 9

CanenoBaTe/bHO,

<, Ey(a, Ca(A))) >=

, Ay =

3= (i) < 0, B, Cata))o >

/Oa(sin(H/Q))2d9 < ¢, BEwm(d, Ca(A))d >, (4.239)
[P le/oa 11+ exp(i0)[?dy < ¢, Eun(0, Ca(A))d >=

/0 W(COS(@/Q))2d9 <¢, En@, Ca(A))p > . (4.240)

Bamernwm, uto mpasas 4acthb (4.239), Boobie roBops, He auddepeHnupyema
o «. OgHako ecan
01,05 € [e,2mr — €], e>0,

TO B cusy paseHcrsa (4.239):

< ¢a (Eun<92 ) CCL(A)) - Elm(91 ) CCL<A))¢ >=
(sin(0/2))"2(1 +0(1)) < ¥, (Bun(s, Ca(A)) — Eun(6y, Ca(A)) >,
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e
o(l) = 0,10, —6:] - 0,0€6,0s] Cle,2mr—¢],e>0.

Benomunast onpenenenne narerpasita Puvana-Cruabrbeca (M. c¢Tp. 57), Mbl
OJIydaeM:

2m—e
| Ay[* = 1133/ (cos(0/2))*dy < ¢, Eun(0, Ca(A))p >=

lim /QW_E(ctg(G/Q))ng <1, Eun(0, Ca(A))) > .

CymecTBoBaHMe TIpejieia cjelyeT U3 Toro hakTa, YTO IMpaBas YacTh BHIITHU-
CAHHOTO PABEHCTBA OPAHUYECHA CBEPXY M He YOBIBAET KaK (PYHKIIUS €.

MpbrI joka3zaJjiu, 9TO €Cjiu Y NPUHAJJIECZKUAT 00JaCTH ONPE/Ie/ICHS OIePaTOpa
A, 1o unrerpan B (4.238) cxoaurcs. Tenephb mMpenooKnM, 9T0 HHTErpas B
(4.238) cxomuTest U TOKazKeM, 9TO 1) HPUHAJIEKUT OOJACTH OIpeIe/IeHUsT
omneparopa A.

[Iyctn

Up = (Euyn(2m — 1/n, Ca(A)) — Eu(1/n, Ca(A))).

Torma

a n3 cxonumocTn nHTerpasa (4.238) ciemyer, 94To CyIMECTBYeT Mpee
A, — y, n — 0.
I3 3aMKHYTOCTH omepaTropa A claemyer, ITo

1 € Dom(A), Ay = lim Ay,

TeopeMma mokazana.
13 dopmyanr (4.238) caempyer, 910

Y(f € Bor(RY), ¢ € H):

1F( A8 = / " 1F (= cte(6/2)u(s|d6), (4.241)

rIe

p(oldd) = do < ¢, Eun(0, Ca(A))g > .

B nasnpreriem Ham Gyzer yao6Ho mepeiitu K Mepe (em. (4.237) wa crp. 362)

v(pld\) =dy < ¢, E(A, A)p > . (4.242)

363



OdeBuHO, 9TO TOPOKICHHAST (DYHKIHEN pacipe e/ IeHust
A=< o, B\, A)p >, —00 < A < 0 (4.243)

GopesieBckast Mepa v(¢|d\) HOpMEpOBaHa:

|1 vtelin) = Jol?

o0

u B cuiy (4.241) cupaseniusa dhopmyna:

V(f € Bor(RY) , ¢ € H) :

o0

el = [ 1FOPvolan), (4244

— 00

®opwmyia (4.244) n03BOJISET JaTh OMUCAHUE TPOU3BOJIBHOIO CAMOCOIPSZKEH-
HOT'O OIlepaTopa B TEPMHUHAX OIEPATOpa YMHOXKEHUs HA HE3aBUCHMYIO Iepe-
Mennyto B npocrpancrse L2(X).

Teopema 4.9.3. Ilycmv A camoconpascenmnvili onepamop 6 cenapabesvrom
2unvbemposom npocmpancmee H. Tozda cywecmsyrom caedyrousue 00sek-
mot:
1. nopmuposarmvie na eduruyy bopeaescrue mepvy {p;(dN) | 1 < j < oo},
2. pasaoscenue euavbepmosa npocmparncmsea H 6 npamyro cymmy

3. ynumaprvie 0mobpatcenus,
Ty Hy o IR, 1y(dN))

Komopuie 004a0a10M CAEIYOUUMUY CEOTCTNEAMU
1. npoecmparcmea H; npueodam a106y10 o2paruyenyio bopeaesckyro dyrix-
yuro om onepamopa A:

V(j, f € BorR') : f(A)H; C Hj,

2. 6 npocmpancmee H; onepamop f(A) ynumapro skeusarernmen onepa-
mopy ymmosicenus na Pynryuro f(N) 6 npocmparncmee L*(RY | p1;(dN)):

V(z € Hy): Tjf(A)x = f(N) Tz € L*(RY, p;(dN)). (4.245)
V(z € Hy): ||f(A)z|* = /_ [Tz (V) 15(dA) (4.246)
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HokazatenbcTBo. PUKCHPyeM TPOU3BOJIBHO HOPMUAPOBAHHBIN BEKTOD €1 €
H. Ilyctn

,ul(d)\) =dy) < e, E()\, A)61 >,
— CU{f(A)ex | FO) € L2(RY, pn(an)}

13 (4.244) crenyer, uro mpocTpancTBo Hy yHUTAPHO H30MOPGhHO MPOCTPaH-
crBy L*(RY | p11(d))), m 3TOT m30MOPMU3M OCYINECTBAACTCA YHATAPHBIM OTle-
paTopoMm

Ty : Hy 3 f(A)er — f(A\) € L*(RY, py(dN)),

opHryeM
V(g € Bor(R")) : Ti(g(A)er) = g(A\)Ti(er) = g(N).

Ecmu Hy # H, To B npoctpancrse Hi- MBI BO3bMeM HOPMHPOBAHHBIH BEKTOD
ey ¥ MOBTOPHUM Harle mocrpoerne. Tak Mbl MOy IUM (Jasiee Mbl DACCY K IaeM
TaKzKe, KaK Ha cTp. 171, BeKTOpoB e; MOKeT ObITb He OoJiee deM cdeTHoe
YUCJI0) PA3I0KeHUe POCTPAaHCTBa H B IIPSAMYIO CYMMY TPOCTPAHCTB

HZ@ZHm

B KazKJIOM U3 KOTOPBIX omeparop H yHUTApHO SKBUBAJEHTEH OIEPATOPY
ymuoxkennst B npocrparctee L (R, y;(d)\)). Onncannas Bbime KOHCTPYK-
K SIBJASeTCHI OJHUM U3 BapUaHTOB “00IIe#l cruekTpasbHOil Teopembl’. Ecin
onepaTop A caMOCONpsKeH U KOMIIAKTEH, TO B Ka4eCTBe BEKTOPOB € MOXKHO
OpaTh cOOCTBEHHBIE BEKTOPHI omeparopa A, W TOrma MBI MOIYIUM YIOOHOE
omnmcanue oneparopa. B obiiem ciydae Jijist HOJydeHus yA00HOTO OIUCAHUS
orepaTopa MPUXOJAUTCS CyKATh KIACC PACCMATPHUBAEMBIX OMEPATOPOB U MPHU-
GeraTh K JOMOJHUTEIHHBIM TIpHeMaM (BBOJAMTH HAK HA3hIBAEMOE OCHAIIEHWe
HCXOJIHOTO TUJIB0EPTOBA MPOCTPAHCTBA).

BeraucenM cuekTpaabHyIo (DYHKIUIO OmepaTopa —
nenenus H2(R') € LA2(R!, dx).

[To ompeiesiennio umeeMm:

d ¢ 00JIacThIO OIpe-

d? o0 ~
V(€ HRY): - J5fa) = 5 [ exnlise)leRe)ds
Otciona ciaeayer, 9To
2
YAZ[0, 00), f € IR, dr)): RO\, —o)fla) =

% 7OO|( — 1€]?) " exp(ix€) f(€)dE = / (@, y, AN f(y)dy,



rie
e = 5 [ 1016 explite — )it =
_/ — JEP)" cos((z — y)E)dE = 5~ /OOO(A—M)lcOS((g:_y)\/ﬁ)du.

2 Vi
[TosTomy
1 _ d? _ d?
V()\ € (07 OO)) . 2_m(R<)‘ — e, _@) - R<)‘+Z€> _E»)f(x) =
| Haovon s
re

€

ke, X0 =55 [ (= +)

1608(\33\;;\\/;7) "

CanenoBaTebHO,
d2
1 P s
elgg)[% . (R(p — e, —@) — R(p + ie, T ——))dulf(z) =

() gy ) = [

o)) = o [ o) ( [t i) g )dA

Uuorma (0COGEHHO B TEOPUH DACCesHusi) OBIBACT TOJE3HA CJIeYOMast
koHcTpykiust. [lycrs A -camoconpsizkennniit oneparop u C((o(A) — h) -
MHOKECTBO HenpepbiBHBIX Ha 0(A) dbyHKImil co 3HAYEHUSIME BO BCIIOMOTa-
TeJbHOM T'HJIBOEPTOBOM IIPOCTPAHCTBE h.

B naabHeiine Mbl 6y1eM cauraTh, 9to h = L*(Q, dw), rae § -koMmakTHOe
TOIIOJIOTHYECKOe IPOCTPAHCTBO, a dw -MOMoTHeHHe OOpeIeBCKOil Mephl Ha ).

B ciyyae HeorpaHwdeHHOrO MHTEPBAJA MPEIILIATACTCS, YTO HOCHTE/b
Kako0it yukiun xomnakren. Beegem B C((0(A) — h) cramxaproe mpo-
H3Be/IeHNE:

V() € C((0(A) > ), g(A) € C(o(A) > b))
<f g>im / < FO), 9N > (),
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rae p(d\) -Gopenescas mepa Ha o(A). Ilycrs npocrpanctso L2 (o(A) — h)
ectpb nonosHenue npocrpauctsa C((o(A) — h) 1o HOpME

1 | L2 (o (A) o B = /

a(

£ ) [ AlPp(dN).
A)

Onpenenenne 4.9.2. YHUTApHOE OTOOPaKEeHHE
U: Hw— L*(c(A) — h),

HA3BIBACTCS TUATOHAJTH3UPYEITUM ITPeo0pa30OBaHueM, eCJId IIPH 3TOM 0TOOpa-
JKEHWH 0o1eparop A mepexonnT B oneparop yMHOKEHUs:

V(f € Dom(A)): UAf(N) = UF(N).

B npocrpancree L?(0(A) +— h) dbyuxuus or oneparopa A aeficreyer
KaK OMepaTop YMHOYXKeHWS Ha (PYHKIINIO, U ITO YaCTO YIPOIIAET M3yUeHUe
omeparopa A.

[IpuBeneM mpuMepHI.

[IycTs onepaTop A KoMIOaKTeH U MyCTh A; , 1j -eT'0 COOCTBeHHbIC 3HAYEHUS
u cobcrennbie pyuknuu. Torja:

o(A) ={N;} . AU;(-, Aj) = N+, Ag)-
B sTom ciydae MOXKHO TOJIOKHUTh:
h=C', L*(c(A) — h) =1, Uf(N) =< 0(-, \j), f>.

Eciu nocrpancreo H = L*(R™ | dx), a upeobpazoanue U Mbl UIIEM B BHJIe

Uf(A, w) = /e(x, A, w) f(x)dx, (4.247)

TO TOTJA HHTerpaJibHoe sSapo mpeobpaszoBanus U TOMKHO YIOBIETBOPSTD
ypaBHEHUTO

p(dA) X dw s, @ Age(x, A, w) = de(z, A, w). (4.248)

Boo6re roops, pernenus ypasaenusi (4.248) MoryT He mpHHa/IeKaTh IPO-
crpanctBy L*(R™ | dr) (npobiema HeHOpMEPYeMBbIX “cOOCTBeHHBIX (DyHKIMiT
HempepbiBHOrO crekTpa”’). B sTom ciaydae npeoGpasosanue U He moocem
ObITh 3aman0 dopmyoit (4.247) na ecer dbynkuuax uz L*(R", dx): o6braso
yaaeTcsa 3a1aTh ero 3Toil dopmynoit ma miaoraom B L2(R? | dr) MHOMKecTBe.
Ceitaac st HanboJIee 9aCTO BCTPEUAIONINXCS CIydaeB pa3padorana d¢hpdek-
TUBHAST TEXHUKA, PEINTeHUsI ITON MPOOTeMbI.

367



[To 3TOMY TOBOIY MOXKHO 3aMETUTH CJIEIYIOIIEe.

1. /Ilnaronayim3upyeiee mpeodpa3oBaHre MOXKHO W HE UCKaTh B (opme
(4.247). Ha mpumepe momesn Ppujepuxca Mbl MOKA3aJd, KAK MOKHO HANTH
JHaroHaIu3upyeriee npeobpasoBanue, He obpamiasch K dopmyre (4.247).

2. O06bIYHO OBIBaeT HY:KHA He (hopMyaa s IHATOHAJIUIUPYEIEro Ipe-
obpa3oBaHus, a 3HAHUE €r0 CBOWCTB. DTU CBONCTBA YaCTO MPOIIE MOJIYUIUTh
JIPYTUMH METOJaMU, He OCHOBAHHBIMHU Ha (popMyJiax s JuaroHaJIU3upye-
1ero mpeodbpa3oBaHus.

PacemoTrpuM HEeKOTOpPBIE TPUMEPHI.

[TIyctn

d2
H = L*(R', dr), Dom(A) = H*(R'), A= ——.
dx?
(ITpousponHas 37ech HOHUMAETCST B OOOOIIEHHOM CMBICTIE CM. ¢Tp. 453.)
Nmeem:

<foaf>=o [ @f©Pas = 1 [ A (IFVAP +1FVRE) A

N3 1npuBejieHHON BBIKJIQJIKH CJIEJIyeT, 4T0 Ipeodpa3oBaHue

U: L*(R', dx) — L*((0, c0) — R?),

F=VX) F(VA)
U = (" i)

2
JMATOHAJIM3YeET OnepaTop — -+ B npocrpancrse L2(R', dx).
AHajornuHas BBIKJIAIKA MOKA3BIBAET, YTO MPEoOPa30BaHme

U : LQ(Rd’ dz) — L2((0, 00) — L2(S, , dw)),
Uf(X, w) = (2m)~ Y227 1/2\@2=0/2 55/ ),

rie S, -equnnunas chepa B R? co cranmaprroit mMepoit dw(B TpexmeproM
cayqae dw = sin 0dfde), muaronanusyer onepatop —A B mpoctpanctse L2(RY | dx).

368



4.10 KomeHTapum 1 JuTepaTypHble YKa3aHUS.

N3 no:xxeHHbie B 9TOM IJ1aBe CBEAEHUS U3 TEOPUHU I'HIBOEPTOBBIX TTPOCTPAHCTB
€CTh BO MHOTUX yueOHUKAX (DYHKIIMOHATHLHOTO aHan3a. C TOUKHN 3peHns aB-
TOpa, /s CIeIUAJINCTA 10 MATeMAaTHIecKOi (DU3UKN MHTEPECeHbl yIeOHHKN
|34, 31, 42|. TIpu u3a0KeHUH CHEKTPATBHOM TEOPUH MBI UCTIOJIB30BAIT TEOPe-
My Beiipmirpacca n asBHYI0 KOHCTPYKIIHIO roMoMOpdu3Ma aaredbpbl (pyHKITHIA
B anrebpy omeparopoB. MOKHO CyIIECTBEHHO YIPOCTUTH 0KA3aTEIbCTBA,
€CJIM OIMPATHCS HA HEKOTOPBIE TEOPEMbI M KOHCTYKIMH 00IIeil aare6psr (1o-
HATHSA KOJIbIA W uiaeana). [Ipocroe m3aozkeHue CIEKTPAIbHON TEOPHH, KO-
TOPOe UCTOJIB3YeT ajrebpandeckKue KOHCTPYIHH, ecTh B [41] | [44]. UuTepec-
HBIH MMOAXOI K IMOHSTHIO MOJOXKHUTEIbHBIX 3JeMEHTOB Pa3BUT B maparpade
2.2.2 xkuurn [37]. dusa dusnka Gyger uHTEpECEHA TPAKTOBKA CIIEKTPAJBHOIL
TEOPEMbI C TOYKH 3PEHHsI TeOpHH OCHaIeHHbIX (rigged) ruabbepToBBIX Mpo-
crpacTB. C 9TUM HaIpaBIeHHEM MOYKHO TMO3HAKOMUTHCs 10 paboram [47]
, [48] , [49]. B mocienree Bpemsi crajd MOMyJIspeH MOAXOJA K HOCTPOEHHUIO
CHEKTPaJIbHON (DYHKIIUH, KOTOPBIH ONMUpaeTcss Ha aHAJUTUYECKHE CBOHCTBA
PE30JIbBEHTHI OIepaTopa U METO/bl TeOPUH (PYHKIUN KOMILIEKCHOTO IIepe-
MeHHOrO. JoCTyIHOe H3JI0KeHHe STOr0 MOAX0/a eCTh B JeKIusax [43|.mpoko
HCTIOJ

Mogenp @puyepuxca obcyxaaercs B paborax [50, 51].

MpI omucaan TOJIBKO OJUH U3 BO3MOXKHBIX IOIXOIOB K IHOCTPOEHHUIO Pac-
HIUPHUS O1epaTopos: paciupenue 10 Ppuapuxcy. 10 paciiupeHue IacTo
UCIOJb3yeTcd B MaTeMarndeckoii ¢puszuke. Paciuupenue mo @pugapuxcy MOxK-
HO TIOCTPOWTDH HA OCHOBE BaPHUAIMOHHON MPOIEIYPHI, KOTOpPAs ONUCAHA, Ha-
npumep, B KHure [42]. B Teopuu pacmmperus CHMMETPUIHBIX OMEPATOPOB
OOJIBIIYIO POJIb UI'PAIOT uHdekco, deexma CUMMETPUIHOTO omepaTropa A:

ny = dim(Ker(iid F AY)).

Teopusi pacimupenuii guddepeHnnajIbHBIX OIePATOPOB ¢ OOBIKHOBEHHBIMHU
POU3BOJIHBIMU U3M0XKeHa B KHUTe [45]. C Teopueil pacimperust /LIHITHYIe-
ckux auddepeHnuanbabIX OIePATOPB B YACTHBIX IPOU3BOIHBIX MOXKHO II0-
3HAKOMUTRCS 110 MUTHPOBAaHHON B 46| smreparype. V3noxkenune obieii Teo-
pUHU pacIidpeHuit Teopun ecTh B KHUrax [31, 42].

Kuura [38] moHecer 1o qurareisi CBexKeCThb TEPBOUCTOUHUKA. JLjist mojro-
TOBJIEHHOTO YuTaTesist Oyaer uHTepecHa Kuura [35]. CTanaapThiM HCTOYHH-
KOM CCBLIOK Ha MareMaTHdecKue MpobjeMbl KBAHTOBONW (DU3UKU SBILIOTCSI

kuuru [23]-[26].
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I'taBa 5

DJIeMeHTbl MaTeMaTIieCcKOIi
TEOPUN PACCESTHUSI.

5.1 AOGCOJI0THO HENPEPHIBHBIN M CUHTYJISPHBIII
CHEKTp omepaTopa.

[lycts H -cemapabesibHOE THIILOEPTOBO MIPOCTPAHCTBO, A -CAMOCOTIPSIZKEHHBII
onepatop B H, E(\, A) -cuekrpanbras dbyukius oneparopa A. Mbr 6ynem
cuutarh, 9To byHKImsa F(A\, A) moomnpe/eneHa HyleM Ha MHOKeCTBO {\ <
info(A)} u moompeesieHa Kak eJMHUYHBIA OlepaTop Ha MHOXKECTBO {A >
supo(A)} (ecnm 3T MHOXKecTBa He MycThl).B nanbHeiineM Mo yMOTYaHHIO
BCe MHTerajibl 063 yKa3aHus MPEJeI0B HHTErPUPOBAHUS OEPYTCs OT —00 10
0.

I[Iycrs [a, b] C R -upomssobubiii orpesok, Bor([a, b)) anre6pa Bee Gope-
JIEBCKUX MOJMHOYKECTB oTpeska |a , b]. Kaxgomy muoxkectBy m € Bor(|a, b))
[IOCTaBUM B COOTBETCTBUE 33J@aBaeMblil KBaApaTu4dHoil (popMoil mpoekTop:

V(¢ € H) : Bor([a, b)) >m—< ¢, P(m)p >=
/]I(m | N)dy < 6, E(\, A > . (5.1)
Kazx oMy ssementy ¢ € H coorBercTByer GopeieBcKasi Mepa Ha OTDe3Ke

[a, b]:
p(@ | -): Bor(a, b]) = (¢ | m) =< ¢, P(m)o > . (5.2)

Ecan A -kKOMTakTHBIH omepaTop, TO

(e [ m) = Z|¢j|2

AjEM
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rie \; -coOCTBeHHbIe 3HaUYeHHs onepaTopa A, ¢; -koaddunuentsr Pypoe 1o
cOOCTBEHHBIM (PYHKITHUSIM oreparopa A.
Ecm A = —A, to

u( | m) = (2m) / Fo(€)Pde.

&2em
Teopema 5.1.1. IIpocmparcmeo H ecmo npaman cymma 08Yx npocmparcme:
H=H,oH,. (5.3)

Ecau ¢ € H,., mo onpedeaennan pasencmeom (5.2) mepa pu(o | -) na arobom
ompesxe [a, b] abcorrommo nenpepwuiera ommuocumenvro mepw, Jlebeza na R,
Ecau ¢ € Hg, mo onpedesennan paserncmeom (5.2) mepa (¢ | +) na aobom
ompesxe [a, b] cuneyaaprna omnocumenvno mepw Jebeaa na R, Pasaoorce-
nue (5.3) npusodum onepamop A: ecau f -a106a4 oepanurernnas 60peescras
dynryua na R, mo

f(A)H,. C Hy , f(A)H, C H,. (5.4)

Jokazarenscrso. O6o3naunm cumBoiaoMm |m| mepy Jlebera muoxkecrsa
m € Bor(la, b]). Hanomuanwm, aro mepa p(¢ | ) abcooTHO HempepbiBHA
OTHOCUTEIBHO MepHl JleGera, ecin

(Im| = 0) = (u(¢ | m) = 0).

Onpegenum muoxectsBo Hye C H @ ¢ € Hye, eciin V[a, b] C R na orpeske
la, b] Mmepa (¢ | -) abcoaOTHO HempepbIBHA OTHOCHUTEIBHO Mepbl Jlebera.
MuozxkectBo H,. €CTh JUHIHOE TPOCTPAHCTBO, TaK Kak ecan ¢ € H , ¢ € H,
TO

<(¢+), P(m)(¢d+ 1) >=< ¢, P(m)p >+ <3, P(m)p >
+2Re <, P(m)¢p >=0,

npu
< ¢, P(m)p>=0, <, P(m) >=0.

B cuy venpepsiBaocTu npoektopa P(m) muoxecrso H,. 3amkuyTo. [To Teo-
peme JleBu o npoeknuu

H=H,®H:.

Huxke MBI JOKazKeM, 9TO
H, = HE. (5.5)
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[Tosyaum apyroe onucanue npoctpancts H,. m Hy. Tak kKak

H=&Y (E(n, A)— E(n—1, A))H,

TO JOCTATOYHO PACCMOTPETh CJydaii, Koraa

Paccmorpum cyzenue Mepbl (¢ | -) na orpesok [a, b] C R!. Tlo Teopeme
Jlebera o pa3jioKeHuu Mepbl CIPABEJINBO PABEHCTBO

V(m e B([a, 0])) : p(¢ | m) = prac(@ | m) + ps(¢ | m), (5.6)
rje Mepa flae(¢ | ) abcomoTHO HenpepbIBHA OTHOCHTEIBHO Mepbl Jlebera:
V(m € B(la, 0])) : ((Im] = 0)) = (tac(¢ | m) = 0), (5.7)
a Mepa fs(¢ | -) CHHTYJISpHA OTHOCHTEIBHO Mephbl JleGera:
(lmol =0), V(m € B(la, b)) : pa(6 | m) = pus(@ [ m[ Vo). (5.8)

Bamernm, uro Bxoggiiee B (5.8) MHOXKECTBO Mg 3aBHCHT OT (.U KOLJA 3TO
CYIIECTBEHHO, MBI OYIeM THCATH

mo = mo(@).

[IycTh MHOXKECTBO Mg ya0BJIeTBOpsieT yeaosuto (5.8). Tlomoxum

boc = [ UCma) [ NLE, 4)s (5.9)
by = / I(mo | NdrE(L, A)o. (5.10)
Tak kak
I(C(mo) | A) +1(mo [ A) =1,

V(¢ € H): ¢=dact+ ¢s. (5.11)

Hokazkem, 910 Mepa [i(Pqe | -) aBCOMOTHO HEIPEPHIBHA OTHOCHTEIBHO Meph
JleGera, a mepa u(¢s | -) cHHTYJISIpHA OTHOCHTENBHO Meph JleGera.
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Vmeem:
(00| ) = [ 1 | Ay < G, BN, A)e =
[ 1m N ma)as < 6. B, 4)6 5= (o | m[ | Clomo)) =
| () Cloma)) + (6 | Clom) = o | m () Clomo))
o6 | () Clome)) = o6 | () Clomo) Yrmo) =0
Amnasrmano,us (5.10) cieyer, 4To
s | m) = (¢ [ m [ mo),

nosromy Mepa pi(¢s | ) cunryaspra. [lycrb

¢=¢ac+¢s

-pazJ/ioKeHue POU3BOJILHOIO djieMenTa P € H.
Nmeem:

| < Gacs s > P = I/]I C(mo(9))L(mo(¥))dx < &, E(X, A)p > [* <

|/‘ mo())ds < &, E(x, A)p > [[[9]> =
uM¢MM)MWW—O

Urak, mbl mokazaau paserctso (5.5) 3 (5.9) caeayer, aro
u(f(A)ac [ m) < sup{|f (X"}l bac | m),

MIO3TOMY

(1(@ac | m) = 0) = (u(f(A)¢ac | m)) = 0),

f(A>Hac - Hac-

13 (5.10) caenyer, 9To

u(f (A, | m) = u(f(A)es | m[)mo),
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TO3TOMY

f(A)H, C H.
Teopema mokazana.

Omnpenenenne 5.1.1. Cuekrp cyx)enus oneparopa A #a npocrpanctso H,,
HA3bIBAETCS ADCOTIOTHO HEMTPEPBIBHBIM CIIeKTPoM orteparopa A. CriekTp cyke-
HHUg onepaTropa A Ha IpocTpancTBO Hy HA3BIBAETCS CUHTYISAPHBIM CHEKTPOM
omneparopa A.

Teopema 5.1.2. Ecau aubo ¢ € H,., aubo ) € H,., mo dynxyus
A=< o, B, A)Y >

abconommo nenpepviera 1a aobom ompesxe [a, b C R u

A

(X, 6, ¥) € LNRY) : <6, B, Ay >= / W€, b P)E. (5.12)

[e.9]

Onpedenennasn pasencmeom (5.12) dynkuyusw(X, ¢, ) ydosaemsopaem cae-
OYOUUM YCAOBUAM.:

1.Y(¢ € Hy) : ns. w(X, ¢, ¢) >0, (5.13)

2. [w(A, ¢, PP Sw(A, ¢, PJw(A, (5.14)

3.V(f € L°RY)): < Ay >= /f V)d. (5.15)
4. Mnootcecmeo

M(A) = {6 ] ¢ € Hae , sup{w(\, ¢, ¢) | A € R'} < o0} (5.16)

naomuo 6 Hye u dpynxuus

¢ — |l¢ | M(A)]| = sup{w(X, 6, ¢) | A € RI}/? (5.17)
onpedessem Ha IMOM MHONHCECTNEE HOPMY.

JlokazarenbcTBO. Bo-nIepBBIX, 3aMeTHM, 4TO ecan Jubo ¢ € H,., 1ubo
Y € Hye, TO

< ¢7 E()\, A)dj >=< ¢CLC7 E<)‘7 A>wac >
Tamee 3aMeTHM, 4TO ecaH ¢ € H,., To Ha mobom orpeske [a, b] C R dbynk-

g

A=< ¢, BN, A)p >
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He yObiBaeT u Mepa (¢ | ) abCOSIOTHO HENPEPHIBHA OTHOCHTEIHHO MEpPhI
Jlebera. CaemnoBare/ibHO,

J(w(X, ¢, ¢) € L'([a, b]), mB. w(X, ¢, ¢) >0) :
V(m € B(la, b)) : (6 | m) = /wu, 6. B)dA.

Tak Kak

b
v(a,b): / w(X, ¢, @)dr = ||(E(a, A) — E(b, A)o* < o]

wX, ¢, ¢) € L*RY).

Yreepxaenue (5.12) Tenephb ciaepyer u3 MOJISAPU3AINUOHHOIO TOKIECTBA.
N3 teopemsr 1.2.19 caeayer, 4To PpyHKITUSA

A
do [ we 60w =< 0, B A0 >
o mepe Jlebera nouru Bcioay auddepeniupyema n

mh <6, B A >=w(h, 6, 6)

Tak xak
(EON+ AN, A) —E(\, A))?=E\+ AN, A) — B\, A), (5.18)
TO W3 HepaBeHCTBa Komu-ByHAKOBCKOTO cieayeT, 9To

<o, (EN+AN, A)—E\, A))p > > <
<¢, (EON+AXN, A)—E\, A))p > x <tp, (E(A+ AN, A) — B\, A) > .

Jesst obe wacT 3Toro HepasencTsa Ha AN2 n mepexons k npeaery AN — 0,
MBI HOJIy9HM HepaBeHcTBO (5.14).

Pagencrso (5.15) ectb cirencrsue pasenctsa (5.12) u onpeenenns GyHK-
UK OT OLEPaTopa.

HHonoxum

V(¢ € Hoe) s 7(6, n) = {X|w(X, ¢, ¢) <n’}([-n, n].
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[Iyctb 1(¢, n) -GopesieBCKoe MHOZKECTBO, KOTOPOE YIOBJIETBOPSIET YCIOBUSIM:

Tb(¢7 Tl) C T(¢7 n) ) ‘7"(¢7 n) \Tb(¢, n)(¢, n)’ < 27",

[Iyctn
P(¢, n) = Opba(I(ry(¢, n) | -))-

OdeBuaHO, 9TO

V(¢ € Hae), w(A, P(¢, n)o, P(¢, n)o) =
]I<rb(¢a n) | )‘)w()‘a o, ¢) < 7’L2,

I6— P(é. n)o|> = /<1 L, n) | Nw(X, 6, B)dA — 0, n — oo,

Teopema j0ka3aHa.
SamMeTuM, 9TO MHOYKECTBO

My(A) = | {o]¢ =P, n)} (5.19)

1<n<oo

VJIOBJIETBOPSIET YCJIOBHSIM:
My(A) € M(A) [\ Dom(4) , CUM,(A)) = Hae(A).
13 pagenctra (5.18) caesyer, uro ecan npousBoaHas GyHKIUT
A= E(\ A)

CyIIeCTBYET, TO OHa PaBHA HYJIIO.

5.2 BoJjaHoBbIe onepaTophl I OollepaTop pacces-
HUS.

[Tyctb Poe(A) npoexTop Ha abCOMOTHO HENPEPBIBHOE MOANPOCTPAHCTBO Olle-
patopa A:
P..(A)H = H,,.

[Iycth B -camocopsizKennblii onepatop B H.

Onpenenenne 5.2.1. Eciu cyecTByior npejesibl

V(ipe H): Wy (B, A)p = tginoo exp(it B) exp(—itA) Pu.(A)o, (5.20)

Ve H): W_(B, A)¢p = tLi{noo exp(it B) exp(—itA) Pu.(A)o, (5.21)

TO 9THU NIpedesibl Ha3blBalOTCA BOJIHOBBIMU OII€paTOPaMMU.
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Jlaee caeayioT paBeHCTBa, B KOTOPHIX €CTh MHIEKCH 1. DTH paBeHCTBA
MBI OyIeM MOHHMATh KaK He3aBHCHMBIE PABEHCTBA, B 00EHX TACTAX KOTOPHIX
OepyTcs MO0 BEepPXHHE UHJIEKCHI, TU0O HUZKHHUE.

OrnpeiesieHre BOJTHOBBIX OIEPATOPOB MOKHO ¢(POPMY/JIUPOBATH TaK:

Vo: lim [[Wi(B, A)¢ — exp(itB) exp(—itA)Poc(A)g] = 0. (5.22)

VcioBuS CyIECTBOBAHUS BOJTHOBBIX ONEPATOPB MbI OOCY/IUM I1032Ke, a ceffuac
MBI OYJIEM TMPEJII0/IaraTh, YTO 3TH OMEPATOPHI CYIIECTBYIOT U YCTAHOBUM WX
NPOCTEHIE CBOUCTBA.

Teopema 5.2.1. Ecau soanoswie onepamopwu Wi (B, A) cywecmeyrom, mo
moezda

LV(¢pe H): [[W(B, A)oll = || Pacol|- (5.23)
2. E(\, B)W.(B, A) =Wy(B, A)E(\, A). (5.24)
3. Im(Wx(B, A)) C P..(B)H. (5.25)

ITposeiem mokazaresbCTBO 14 3Haka +. Mmeem:
W (B, )] = lim || exp(itB) exp(—itA) Poc(A)]| =
lim [ exp(—itA) Poc(A)]) = | Prc(A)6]).

[lepBoe yTBepzKIeHIE TEOPEeMbI JOKA3AHO.
HaJjiee umeem:

V(r € RY) : W (B, A)exp(—iTA)p =
tlim exp(it B) exp(—itA) exp(—iTA)P,.(A)p =

exp(—iTB) tlirgo exp(itB) exp(—itA))Py.(A)p = exp(—itB)W (B, A)¢,
CJIe/I0BATEIBHO,

exp(—iTB)W (B, A) =W, (B, A)exp(—iTA).
[Tosromy

V(g,¥): < ¢, exp(—iTB)WL(B, Ajpp >=
< ¢, Wi (B, A)exp(—iTA)Yp >=< W, (B, A)* ¢, exp(—iTA) >,

/e><p(—m)czA < W.(B, AY'é, E(\, A)p >=

/eXp(—iT/\)d,\ < ¢, E(\, BW. (B, Ay >,
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1 U3 eJIMHCTBeHHOCTHU IpeobpasoBanusd Pypbe ciieLyeT paBecTBO
<¢,E\, BW(B, A)Y >=<W (B, A)*¢, E(\, A >,
TO3TOMY

V(g,¥): <o, Wi(B, A)EX, A)¢ >=< ¢, E(\, B)W,(B, A)¢ >

Bropoe yTBepzKeHne TeoOpeMbl J0KA3aHO.
13 sroro yrBepxKaeHus ciaeayer, 4To

[E, B)WL(B, A)¢| = [Wi(Bl,, A)EX, A)Fuc(A)oll =
IE(A, A)Poc(A)o].
[IpaBas 4acTh 9TOr0 PaBEHCTBA €CTh aDCOJIIOTHO HellpepbiBHAS (DYHKIIUS l1a-
pamerpa A. Ciegosarensno, W, (B, A)¢ € P,.(B)H.
Teopema jgokazaHa.
CoorHortenne (5.24) Ha3BIBAETCS CILIETAIONIAM CBORCTBOM BOJHOBBIX OIle-
DPaTOpOB.

Crenytomas TeopeMa Ha3bIBAETCS TeOpeMON 00 YMHOXKEHUH BOJHOBBIX
OTIePaTOPOB.

Teopema 5.2.2. Ecau eoanosvie onepamopo. Wi (B, A) u Wo(C, B) cy-
wecmeyrom, mo eoanosot onepamop Wi (C' | A) cywecmsyem u 8unoaneHo
PAGEHCNE0

Wi(C, A)=WyL(C, B)WL(B, A). (5.26)
Hoxkazaresberso. CHavdana 3aMeTuM, 4ro
||tginooexp(it0) exp(—itB)(Pac(B)—id) lim exp(it B) exp(—itA)P,.(A)¢|| =
(Puc(B) — id) Tim_exp(itB) exp(~itA)P, Aol =
C ydaeToM 3TOro 3aMeYaHNsd, IMEEM:
Wo(C, BWA(B, A)o =
hm exp(itC') exp(—it B) P,.(B ) lim exp(z’tB) exp(—itA)P,.(A)p =

itC') exp(—itB 1m exp(ztB) exp(—itA)P,.(A)p+

( )
(itC) exp(—itB) |
lim exp(itC) exp(—itB)(Pac(B) —id)
(it B) exp(—itA)
(itC) exp(—itA)

t—2o0
1thgtn exp(it B) exp(—itA) Py(A)d
tllrin exp(itC) exp(—itA) Poc(A)p = Wi(C', A).

Teopema j0kazana.
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Onpenenenne 5.2.2. Ecan
Im(Wy(B, A)) = P,.(B)H, (5.27)
TO BOJIHOBOIT onepatop Wi (B, A) Ha3bIBaeTCs MOJTHBIM.

Teopema 5.2.3. Ecau zoms 6w, 00un oanosvz onepamopos W (B, A) noa-
Hoill, MO
1. Omom onepamop obpamum u onepamopv, E(N, B)Py(B) u E(\, A)P,.(A)
YHUMAPHO IKGUBANCHINHDL:
V(6 € Po( BYH) : E(\, B)Po(B)p =
W:I:(Bv A)E<)‘7 A)PQC(A)W:E(Ba A)_1¢ (528)
2. Cywecmeyem soanosot onepamop Wi(A, B).

3. Ecau cywecmeyrom oba soanosvix onepamopa Wi (B, A) u WL(A, B),
Mo OHU NOAHDL.

Hokazaresnbcrso. Eciu Boimoaeno yeaosue (5.27), To K TPOCTPAHCTBAM
P,.(A)H , P,.(B)H w oneparopy

W:I:(Ba A) € 'C(Pac(A)H = Pac(B)H)

MBIl MOZKEM IPUMEHHTh Teopemy Banaxa 06 obparHOoM omnepartope (cM. crp.
168) u mepBOe yTBEDIK/IEHHE TeOPeMbI CJIeayeT u3 paBeHcTBA (5.25).
Ecymn

V(¢ € Pouo(B)H), ¢ € Pac(A)H) : ¥ = Wi (B, A)g,
To

V(Y € Pac(B)H) = 1im |[) — exp(it B) exp(—itA)¢|| =

i [[exp(itA) exp(=it B)y — ¢l = [W(A, B)Y — ]|

Bropoe yTBepkaenune TeopeMbl J0Ka3aHO.
Ecyim cymniecTByoT 00a BOJTHOBBIX OII€pAaTOpPa, TO IO TeopeMe 00 yMHOZKe-
HHUHU BOJHOBBIX OIIEPATOPOB UMeeM:

Pac(A) = W:E(A7 B)W:I:(37 A)7
Pac(B) = Wi<B7 A>Wi(A> B)

OTH paBEHCTBA JIOKA3BIBAIOT, YTO
P,.(A)H =Im(Wx(A, B)), Pw(B)H =Im(Wx(B, A)).

TeopeMma mokazana.
[lycts cymectByior onepatopst Wi (B, A), Wi(A, B).
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Omnpenenenune 5.2.3. Oneparopom paccesnus S(B, A) Ha3biBaeTCsl onepa-
TOp

S(B, A) ¥ W (B, A*W_(B, A). (5.29)

Teopema 5.2.4. Onepamop pacceanua S(B, A) xommymupyem c aobot
oeparudennoti bopesescroti dynkyuetd onepamopa A.

HokazarenbcTBo. MMeem:

F(A)S(B. A) = F(A)W.(B, A)'W_(B, A) =
(W (B, A)f(A)W-(B, A) = (F(BYW.(B, A))W_(B, A) =
W (B, AY F(B)W_(B, A) = W.(B, AYW_(B, A)f(A) =
S(B, A)f(A).

Teopema j0kazana.

5.3 Ilpm3Haku cyIiecTBOBaHNS BOJHOBBIX OIle-
PaTOPOB M IMPUHINII MHBAPUAHTHOCTU BOJI-
HOBBIX OIIEPATOPOB.

CHavaJjia MBI JOKazKeM HECKOJILKO BCIIOMOI'aT€J/IbHDBIX yTBep)I{,ZLeHHIL/i.

Jlemma 5.3.1. Ecau K -xomnaxmuwti onepamop, mo

(¢ € Hoe) : lim || K exp(—itA)g] = 0. (5.30)

Hokazarenscrso. Mcnonssysa pazmoxenne HIvmara (cm. (4.60) ma crp.
296), MBI MOy IaeM:

|5 exp(—itA)g||* =
Z (K ) | < gj, exp(—itA)g > ‘2 + ZSJ | < gj, exp(—itA)¢p > |2

1<j<n j>n

< Y si(K)? < g;, exp(—itA)d > [P+ 5, (K)2[6]1%, sa(K) — 0, n — oc.
1<j<n

Ho

V(¢ € Hye) : < gj, exp(—itA)p >= /exp(—it)\)w(gj, ¢, N)d\ — 0, t — oo,

YTO ¥ JOKA3BIBAET HAIlE YTBEPKICHIHE.
Caeayrommas BayKHas B TEOPUU PACCETHES JeMMa Ha3bIBaeTcs JemMmoii M.
Poszenbiroma.
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JIemma 5.3.2. Ecau T - onepamop Tuavbepma-Illmudoma (cm. onpedenenue
nopmov, Fuavbepma-Illmudma wa cmp. 300)u ¢ € M(A) (onpedeserue smozo
npocmparcmsa cm. wa cmp. 375), mo cnpasedauea ouenka:

/ |7 exp(—it A)p|2dt < 2xl6 | M(A)PIT | NSI. (5.31)

HoxkazarenbcTBo. Vcnonp3ysa paznoxkenue HImuara, MBI oaydaeM:

/HTexp(—itA)ngth: /( S (T < g5, exp(—itA)p > |2> it —

1<j<00

s;(T / / w(gj, ¢, A) exp(—iAt)dA|*dt.

1<]<oo

Wcnonb3yst papercrso IlapceBass mis npeodpasoBanus Pypbe 110 A u Hepa-
BeHcTBO (5.14), MBI HOIyYaeM:

/HTexp(—itA)gb”th _

2 37 (TP [ Lol 0, NP <

1<j<o00
27251 /’ngugju w(o, ¢, AN)|d\ <
1<j<00
2o | MIP Y 5, [[wlay . VX = 2all0 | MIPIT | NS

1<j<o0

JlemMa, 1oKa3aHa.
[Iycts A u B -camoconpsizKeHHBIe OIepPaTOphI ¢ 00IIel 001acThIO Ope/Ie-
JIeHn A

Dom(A) = Dom(B) =D
n ‘R -mwiorHoe B H,. MHOXK€eCTBO:
CI(R) D Hac,
KOTOPOE COIAEPKUTCS B 00J1aCTH ONpeeaeHus omepatopos A u B:

R CD.

MuozkecTBO R ¢ TAKMMHE CBOHCTBAME BCErja CyIIECTBYET: MOKHO TIOJIO0KHUTh

R = My(A), u MHOKECTB ¢ TAKHMH CBOWCTBAME MOYKeT OBITH MHOIO.
Cremyroree poCcToe YTBEPKICHUE OKA3BIBACTCS OUCHD MOIE3HBIM B T€O-

PHH paccestHusi. DTO -pu3HAK KyKa CyIecTBOBAHUS BOJTHOBBIX OIIEPATOPOB.
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Jlemma 5.3.3. Ecau muooicecmeo R ydo6aemseopaAem onucGHHbM SbiuLe mpe-
606aHUAM U

[e.e]

V(peR): / |(B — A) exp(—iAt)p||dt < oo, (5.32)

— 0o
mo eoanosuie onepamopos Wi (B, A) cyuwecmsyrom.

JokazarenbctBo. [looxum
W (t) := exp(it B) exp(—itA). (5.33)
Tak kak
W@l =1,

To B cuity Teopembl banaxa-IIIreiinraysa (cm. crp. 161) st gokazarenbeTBa
cymecrBoBanus npezaesos (5.20)-(5.21) pist Becex ¢ € H,. H0CTATOYHO J10-
Ka3aTh CyIeCTBOBAHHE TUX mpenesoB Jist ¢ € R. Tak kak ¢ € Dom(A),
TO

d d

exp(—iTA)¢p € Dom(B) , 3 EW(T)QS ) EW(T)qb € C((0, o), H).

Hokazkem cymectBoBanue npegesa (5.20). Uveewm:
(W(t)—W(s))p = / %W(T)QSdT = Z/ exp(iTB)(B — A) exp(—iTA)pdr,
Wt > 5> s(e)) V() = W)l < [ 1B = A)exp(-irA)s]dr < e

CymiecrBoBanue mpesea (5.21) 1oka3biBaeTCst aHAJIOIHIHO. JleMMa JoKa3a-
HA.
Paccmorpum npumep.
[IycTn
H:Lz(R?’) , A=—-A, B=—-A+YV,

rae V -omeparop yMHOMKEHHS Ha JeHCTBHTEILHYIO HEIIPEPBIBHYIO (DYHKIINIO
v(x), KoTopast yJ0BJIETBOPSIET OIEHKE

V(z € R?): |u(z)| < C(1+ |z|)~0F9 | e > 0. (5.34)

JlokazkeM CyIecTBOBaHe BOJHOBBIX omneparopoB Wi (B A).
Unmeem:

Ve H): <6, B\, A)p >= (2r) / ().

£2<A

383



Tak Kak npaBag 4acThb 3TOr0 paBEHCTBA €CTh aDCOMIOTHO HenpepbiBHAS (DY HK-
nus mapaMerpa A\ npu Jawdom ¢ € H, To B paccMarpuBaeMoM CJydae

P,.(A)H = H,. = L*(R%)

u y orneparopa A HeT CHHTY/ISIPHOTO CHEKTPA.
B cuny usBectnoii B Teopun npeobpazoanus Pypbe Teopembl Bunepa
MHOYKECTBO (PYyHKIIHT BUIa

= Z ajexp(—(r —a;)?),aq; eR*,n=1,2...

1<j<n

miotao B L2(R?), mosToMy [jia J0OKa3aTeIbCTBa CyNIECTBOBAHESA BOJHOBBIX
oneparopos Wy (B, A) 1ocTtaro4Ho J0Ka3aTh, 4TO

/ T )t < oo, (5.35)

o0

rie
J(t) = [V exp(—itA)toll , 1o = exp(—(z — a)?).
Nmeenm:
exp(—it AYo(z) = P~ (exp(ité?) Flexp(—(- — a))(z) =
o(t)"? exp(—(x — a)?/o(t)) , tme o(t) = 1 + 4it.
B cuny onenkn (5.34)
|V exp(—itA)io(z)| < Cla®)|">2(1+ [a])” " exp(~(|z — al/|o(t)])?).

[IycTh uncao q yIoBIeTBOPSET OleHKe

3 1 1
<qg<=- m —+-=1
2 P q

2(1+¢)

Torma o nepasenctBy ['esibiiepa nmeem:

1/2
310) < Clol ( [+l expl-((a = a)flo(0)ie ) <

et fiv s o)™ (o (-2t )

const.|o(t)| 73/

Tak kak 3/2q > 1, To orcroga ciaenyer ornenka (5.35).
OJHUM 73 OCHOBHBIX MPU3HAKOB CYMIECTBOBAHHS BOJHOBBIX OLEPATOPOB
ABJIACTCA CIeIYIONNA.
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Teopema 5.3.1. Ilycmv A u B -camoconpascennvie onepamopvs, ¢ 0bwieti
obaacmvio onpedeseHus

Dom(A) = Dom(B) =D

u onepamop C' = B — A npodoasicaemesn no Henpepwuisnocmu 00 adeprozo
onepamopa. Tozda soanosvie onepamopu, Wi(B, A) cywecmeyiom u noatol.

JlokazaTebCTBY 9TOH TEOpeMbl MbI MPEIIONLIEM HECKOJIHKO JieMM. Mbr
Oysem nokasbiBaTh cylecTBoBanme orneparopa Wi (B, A), mokazareabcTBO
cymecrBoBanus oneparopa W_ (B, A) aHaJoravxo.

[Iyctn

Z(t, s) = W) (W(t)
t

W(s))
id — exp(itA) exp(—i( e

— s)B)exp(—isA).
[ITpsiMBbIM BBITHCIEHEEM TOKA3BIBAETCSI
Jlemma 5.3.4. Cnpasedauso pasencmso
I(W () = W(s)el> =< ¢, Z(t. s)p >+ < ¢, Z(s, )p >.  (5.36)

B dopmyne (5.37) u B anasoruunbix dopmysiax Huzke cumposoM [D | F]
MBI 0003HaYaeM OIlepaTop, KOTOPHI 3a7aeT KBaApaTudIHyio (bopMy Ha obJ1a-
cru D (1 He 00s13aTeIbHO SIBJISIETCST OMEPATOPOM B mpocTpancTse H):

YipeD): <¢,[D, Flp>=<D*¢, Fp>—<F*¢, Do > .
Jlemma 5.3.5. Cnpasedauso pasencmeso

VipeD,a>0): <o, Z(t, s)p >=
< ¢, exp(iaA)Z(t, s)exp(—iaA)p > +

z/ < &, explila+t)A)[C, exp(—i(t — 5)B)] exp(—i(s + b)A)é > db.
' (5.37)
Jlokasateberso. CIIPaBeTHEO PABCHCTEO
<@, Z(t, s)p>— < ¢, exp(iad)Z(t, s)exp(—iaA)p >=

_ / “% < ¢, exp(ibA)Z(t, 5) exp(—ibA)g > db =
0

— z'/oa < ¢, exp(i(b+t)A)[A, exp(—i(t — s)B)]exp(—i(s + b)A)p > db.
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Ho

(A, exp(—i(t — s)B)| = [A+ C, exp(—i(t — s)B)] — [C', exp(—i(t — s)B)],
[A+C, exp(—i(t —s)B)|] = [B, exp(—i(t —s)B)] =0

JlemMa, moKa3aHa.
Jlemma 5.3.6. Cnpasedauso coomuouweHue:

V(p €D): lim | exp(iaA)Z(t, s) exp(—iaA)s| = 0.

HokazareabcTBo. MMeeM:
bd
Z(t, s)exp(—iaA)p = W*(t)/ p exp(iTB) exp(—i(T + a)A)p > dr =
s dr

iW*(t) / exp(itB)(B — A) exp(—i(T + a)A)pdr.

[Tosromy B cuy jemMmbl 5.3.1

| exp(iaA)Z(t, s)exp(—iadA)g| < / |C exp(—i(T + a)A)o|ldr — 0, a — 0.

Jlemma mokaszana.
TTonmoxum

V(o € M(A): Rlg. 6. 1) = / | < g, exp(—ibA)é > [*db.

CxopmmocTb nnrerpaJa ciaemyer u3 jemMbl M.Pozenbsioma.
[Tycrn

Co= > s(C)<g;, d>¢

1<j<00
-paznoxkenune Imuara oneparopa C. Tak kak omeparop C' siyepHblil (ompe-
JieJIeHHe siJIEPHONO OlepaTopa U sIepHoit HopMbl ¢M. Ha cTp. 305), To
|C'| Nel|| := Z 5;(C) < o0, (5.38)
1<j<00

1 3TO HEPABEHCTBO Mbl HUXKE YIHUTbIBACM.
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Jlemma 5.3.7. Cnpasedausa ouenra
V(p e M(A), a>0):
| / < ¢, exp(i(t + b)A) exp(—i(s — t)B)C exp(—i(s + b)A)p > db| <
0
(2m) 2o | M(A) D s;(C)R(g;, ¢, 9)'%.
1<j<00

JokazarenbcTBo. MMmeem:
| / < ¢, exp(i(t + b)A) exp(—i(s — t)B)C exp(—i(s + b)A)p > db| <
0

Z s;(C)] /Oa < ¢, exp(i(t+b)A) exp(—i(s —t)B)e; > x

1<j<

< gj, exp(—i(s +b)A)p > db| <
1/2

Z s5;(C) (/OO | < ¢, exp(i(t + b)A) exp(—i(s — t)B)e; > |2db) X

1<j<0
0o 1/2
(/ | < gj, exp(—ibA)p > |2db) .

Hastee B cuity ieMMbl M.Pozentsioma umeeM:

/_OO’<¢,€XP< (t+b)A>exp< (S_t)B)ej>|2db:

[e.o]

/OO | < exp(—ibA)¢, exp(—i(s — t)B)e; > [*db <

276 | M(A)|*.

[TojcTaBisisi 3TO HEPAaBEHCTBO B IMPEJBIIYIILYIO OINEHKY, MOJydaeM HYyzKHOe
yTBEpXKJIeHue.

JlemMa, JoKa3aHa.

AHAJTOTMYHO JTOKA3BIBAETCS

Jlemma 5.3.8. Cnpasedausa ouerra
V(p e M(A), a>0):
| / < ¢, exp(i(t + b)A) exp(—i(s — t)B) exp(—i(s + b)A)p > db| <

@m) 2o | M(A) Y s (C)R(e;, 6, 1)1

1<j<o0
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Jlemma 5.3.9. Cnpasedausa ouenka:
V(o € M(A)) : [|(W(t) — W(s))gll* <
(87)26 | MA)| D si(C)(R(g;, 6, )/ + Rley, ¢, )/7).  (5.39)

1<5<00

Jokazarenbcreo. CHadassa ucnosab3yem paseHcTBo (5.36). Sarem mepexo-
quM B (5.37) K IpeJiesly ¢ — 00 B HCIOJIb3YeM OIEHKH jieMM 5.3.7-5.3.8.

U3 onenku (5.39) Jierko ciielyet yrBep:kjieHue TeopeMbl. JleficTBUTeNbHO,
u3 jgeMMbl M.Pozentsioma ciegyer, 9To

(R(g;, ¢, 8)"*+ R(ej, ¢, t)'/?) < const.,
rje const. He 3aBUCUT OT J, U U3 TOIl XKe JIEMMbI CJIE/LYeT, 9TO
Vi: (R(g;, ¢, 8)">+ R(ej, ¢, t)/?) — 0, min(t, s) — oo.
Tak kak psiz (5.38) cxomurest, To u3 (5.39) caemyer, 4To
V(g € M(A)) : [[(W(t) —W(s))oll — 0, min(t, s) — oo.

Msr gokazanu, 9to ecin ¢ € M(A), o bynknus ¢ — W (t)¢ umeer mpe-
nen mpu t — oo. Tak kak mpocrpanctso M(A) mwiotao B H,., TO Teopema
JIOKA3aHA.

Caenyiommee yreep:KaeHne Ha3blBAeTCA TPHHIUIIOM HHBAPUAHTHOCTH BOJI-
HOBBIX ONEPaTOPOB W MO3BOJIAET CYIIECTBEHHO PAaCHIUPUTDH O6ﬂaCTb npume-
HUMOCTHU TeopeMbl H.3.1.

Teopema 5.3.2. Ecau sunosnenv, ycaosus meopemovr 5.5.1 u h(\) -makas
deticmeumenvan nenpepoieHo duddeperuupyemas GyYHKUUL, 4mo

VAL W (N)| >0,
mo eoanoswie onepamopvs Wi (h(B), h(A)) cywecmesyrom, npuem

(VA H(N) > 0) = (Wi(h(B), h(A)) = W.(B, A)),
(VA1 H'(N) < 0) = (We(h(B), h(A)) = We(B, A)).

Hokazaresnbctso. [Honarasg B (5.39) s =0, t — 00, MBI OJIyYaeM:
V(¢ € M(A): [W(B, A)¢ —o|* <
(8)2(l¢ | M(A)| > s;(C)R(gs, ¢, 00)"/* (5.40)

1<j<00
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B JaHHOM HEpaBEHCTBE 3aMEHUM

¢ — exp(—iTh(A))o.

B neBoit wactu nepasenctsa (5.40) moaydnm:

[W. (B, A)exp(—irh(4))¢ — exp(—irh(A))g]* =
| exp(—irh(B)W. (B, A)é — exp(—irh(A))o|?* =
[W, (B, A)p — explirh(B)) exp(—iTh(A))o].

[Tepexoss K mpaBoii yactu HepaBeHCTBa (5.40), BO-IEPBBIX, 3aMETUM, UTO
| exp(—iTh(A))¢ | M(A)[ = [l¢ | M(A)]|.

ajiee 3aMevaeM, ITO CIPaBeJIMBA OICHKA:
il : P
/ | < g;, exp(—ibA) exp(—iTh(A))¢ > |*db <
0

/OO | < gj, exp(—ibA) exp(—iTh(A))p > 1db =

—00

/OO |/OO w(gj, exp(—iTh(A))®) exp(—ibA)d\|*db =

27?/ lw(g;, exp(—iTh(A))p, N)|*d\ = 27?/ lw(g;, ¢, N)|?d\ < const.,

—0o0

rJle KOHCTAaHTa He 3aBUCUT OT j u 7. Kcan pynknus

)‘Hw(gj7¢7)‘)

CTyHeH“IaTaHZ
1, A€ a, f],
O ) A ¢ {a7 ﬁ:l’

TO ¢ ydeToMm HepasecTBa h'(A) > 0 MBI HMeeM OIEHKY:

w(gja¢7)‘):{

[ exp(-imh() — Al 6. A =
) B
const.| / exp(—ibA — iTh(\))dA|? < const’.(T +b) 2,

U3 KOTODOH CJIeJlyer, YTO B PAcCMaTPUBAEMOM CJIydae MpaBas 4acTh HEpa-
BercTBa (5.40) cTpemuTes K HyI10 ipu T — 00. OOmumil crydail mosygaercs
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U3 PacCMOTPEHHOTO npuMeHeHneMm Teopembl banaxa-IllTeiinraysa K 3aBucs-
eMy oT mapameTpa T cemeficTBy orobpaskenuii npoctpancrsa L2(RY, d)\) B
npocrpanctso L2((0, co), db)):

W /_ " exp(—ibA — irh(A))w(-, AdA,

TaK KAK MHOYKECTBO JIMHEHHbIX KOMOUHAIUH CTyneHYaThiX DYHKIUA ILIOTHO
B L*(R', d)).

Cosepmas B nepasecTse (5.40) mpeneabHBI Epexox OPH T — 0O, MBI
I10JIy 4aeM PaBEHCTBO

Eciu Boinosnneno nepasenctso h'(A) < 0, To B (5.40) Mbl JiejiaeM 3aMeny

¢ — exp(iTh(A))¢

U Jajee pacyzKaaeM aHaaoruuso. Teopema gokasaHa.

[TpuHIMI MHBAPUAHTHOCTU BOJIHOBBIX OIIEPATOPOB II03BOJISIET JOKA3aTh
CYIIECTBOBAHKS BOJTHOBBIX OLIEPATOPOB /IS TApbl onepaTopoB A u B B ToM
carydae, e yaaeTcs moaobparh raajiKkyo MOHOTOHHYO0 GyHKINO h(\) Tak,
q106bI onepatop h(A) — h(B) 6bL1 Obl siIEePHBIM.

5.4 @opmyJbl IJid MaTPUIlbl paccesasHus

V310:K€eHHBIH BBIIIIE METOJ, UCCIeI0BAHNIS 3aa91 PACCETHNST OCHOBAH Ha HC-
cilejioBaHuu 1pejiesia oueparopa W (t) upu t — 00 U HA3bIBAETCS HECTAIMO-
HAPHBIM MeTOIOM. /Ipyroii moaxo/ K 3a/1a4e paccesiHus OCHOBAH Ha UCCJIEI0-
BAHUU TIPeIeJIOB PE30JIbBEHT 0OnepaTopoB A n B npu cTpeMIeHnn CleKTpab-
HOTO IapaMeTpa K TOYKe HEIPEepPBIBHOIO CIEKTPa. DTOI METOJ TeXHHIECKH
0oJ1ee CJI0XKEH, HO MO3BOJISIET MOJIYIUTh (DOPMYJIBI /I BRIYHUCIECHUS BOJIHO-
BBIX OLIEPATOPOB M OLIEPATOPA PACCESTHUSI.

yCTaHOBI/IM CBA3b MeE2KAY 9THMMN ABYMA METOdaMMU. MbI Ha4YHEeM C JOKa-
3aTeJIbCTBa HECKOJIBKNX BCIIOMOI'aTE€/JIbHBIX yTBep}K,ZLeHI/Iﬁ.

Bo-nepBbix, mokazkeM, KaKk CTpOUTCS 0000IeHHe TeOpUun Ipeodpa3oBaHus
Dypoe-ITnantepesis (0 APYroii TEPMUHOJOIAHT -MHIEGEPTOBA MTPeobpa3oBa-
Hust Dypbe) Ha GYHKIUHE CO 3HAUCHUSMHA B THILOEPTOBOM MPOCTPAHCTBE.

[Mycrs L*([R' — HJ, dt) -MHOKeCTBO TexX HeNpepbiBHLIX (BYHKIUH OT
t € R! co 3naveHnaMn B THJILOEPTOBOM TpoCTpancTBe H, KOTOPHIE YI0BIIe-
TBOPSIIOT YCJIOBUIO:

JNICIRIS
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B upocrpanctse L2([R' — HJ, dt) BBeIIEM CKANAPHOE TIPOU3BEICHHE

Lf g] ::/00 < f(t), g(t) > dt

o0

1 HOPMY
IF 1 LA(RY — H], dt)||* = [f, f]-

HManee tem ke cumposiom L2([R! — H|, dt) mu1 Gyjem o6o3HauaTh MO0/ THE-
HEE 9TOr0 MPOCTPAHCTBA [0 BBEJCHHONH HOPM.

Ha muoxectse dbynkmmii f(t) € L*([R' — HJ|, dt) ¢ xomuakTHbIM 1O ¢
HOCHTEIeM OTpe/ieinM Tipeobpasosanue Dypoe:

FN© = [ f@)expl-ig)i

UnTerpan mo dt 31ech moHNMaeTcst KaK nHTerpaa boxuepa, T. €. KAaK HHTerpaJ
Pumana or dpyHkuu co 3Ha4eHUIMU B I'MJIbOEPTOBOM IIPOCTPAHCTBE.
Cupaseamba dopmyia oOpaIeHnst

0 -5 | R explite)de

:% N

u paencTBo [lapceBajis

1

f. gl = %[F(f)» F(g)].

J1a nokazaTenbcTBa 3THX (DOPMYJT TOCTATOYHO 3aMETUTH, UTO ecid {e;} -
OPTOHOPMUPOBAHHBIN Ha3uC B IMIbOEPTOBOM HIpocTpancTBe H u

f<t>=Z<ej,f<t>>ej

pazsioxkenne PyHKIHH [ 10 3TOMy 6a3ucy, To
F(H©) =Y F(< e, f(1) >)©e; = Y < e FHIE) > e,

1 JTOKa3bIBaeMble (POMYJIBI A (DYHKIMI ¢ KOMIAKTHBIM 10 ¢ HOCHTEIeM CJIe-
JYIOT U3 KJIACCHIeCKHX (hOPMYJI LI CKAJIAPHOTo Ipeobpasosanud Pypne. Ha
dbynknun 3 L?([R! — H], dt) onu pacnpocTpaHSIOTCs TT0 HENPEPHIBHOCTH.

Bropoe 3aMedanune, KOTOpoe HAM MOHAI00MTCH HUZKE, COCTOUT B CJEYIO-

ITEM.
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Ecaun dyukius f(t) Henpepsiaa Ha nosyocu [0, 00) u

lim f(t) = a < oo,

t—o00

TO

a= lime/ooO exp(—et) f(t)dt.

e—0

Tenepb UPeAIONOKIM, 9TO BOJHOBBIE oneparopbl Wi (B, A) cyiecTByor.
Torna

< ¢a W+(Ba A)¢ >= thm < ¢7 W(t)gb >=

tlim < exp(—itB)y, exp(—itA)p >=

lim 26/ exp(—2et) < exp(—itB)y, exp(—itA)¢p > dt =
0

e—0

lim 2¢ /oo exp(—2et)0(t) < exp(—itB)y, exp(—itA)p > dt. (5.41)

—
e—0 o0

Haiiem npeobpazoanme Oyphe pyHKInM

g(t): t— 0(t) exp(—et — it B)y.

Nmeem:

F(g)(§) = /00 O(t) exp(—i&t — et — it B)dt =

o0

/OO [/000 exp(—iét — et — it\)dt|dyE(\, B)Y =

o0

/OO (i€ + i)+ €)"'dyE(\, B)Y = iR(ie — &, B)y.

o0

Bocnonb3oBapiuch pasencrBoM Ilapcesans, u3 (5.41) momyuanm:

<, Wo(B, A)p >= hrfo;/ < R(A+ic, BY, RO\ +ic, A)p > dA.
- (5.42)

AnaJorn4Ho JOKa3bIBaeTCd PaBCHCTBO

<1, W_(B, A)¢ >= lim 5/00 < R\ —ie, B, RO\ —ic, A)p > d\.
e—+0 77 oo
(5.43)
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B obmiem ciayuae Borauciaenne mnpenesos (5.42)-(5.43) -moBoJIbHO TpymHAS
3aJ1aua, OJIHAKO B PACCMOTpEeHHO HaMu (cM. c¢Tp. 323) mozgenu Ppuiepuxca

9TU IIpeaeJibl JIEKO BbI1HCJ/IAIOTCA.
BocnonbsoBasimcs dopmyaamu (4.145)-(4.146), Mbl oy gaem:

™ 00

6/oo < R(\+ie, BY, RO\ +ie, A)¢ > d\ =
E/OO < Q\+ie, B, RO\ +ie, AR\ —ic, A)p > d\ =

o

%/_OO(/O QX +ie, B)Y(z) ((x — )\)2 +€2)71¢(5L’)d1’)d}\ .
/01 Zp(x) p(x)de =< o, Z5dp > .

CJrenoBareIbHO

W:I:(b = Z:*t(b7

e onepaTopsl Z5 omnpegenennl dhopmyioii (4.148) ma crp. 324.
O6paTuM BHUMaHHE Ha CJIeIyiolnee 006cTodaTe/1IbcTBO. OnepaTopbl £ JIHa-

TOHAJIU3YIOT OIlepaTop Bu VAOBJIETBOPAIOT COOTHOHICHHUIO:

Z.B=AZy , BZ: = ZLA,

YTO COIVIACYETCs CO CILIETAIONIUM CBOHCTBOM BOJTHOBBIX OIEPATOPOB.
Tak kax omepaTopbl Z4 YHUTApPHBI, TO ClpaBeanBa (GopMya

We=274=27."

Marpuna paccedHud B AMArOHAJIbHOM NPEJICTABJIEHUN OMEPATO-
pa A. llpeamnosoxum, 9To npocrpanctBo H auaronasusyer omeparop A:

H=1L(a,b)—h), h=L*Q, dw),
Ad(p, w) = po(p, w).

[Ipeamonoxkum, 9To B 3TOM Tpesactasaenunn omeparop 1'(\) mpu Re A > 0
€CTh MHTETrPAJIbHBIN OIepaTop € IVIAJIKUM (HEIPEPBIBHBIM M OIPDAHHYEHHBIM

) O TepeMEHHBIM A, (i, V SIPOM:

VA>0: T(N)d(u, w) = /t()\ +i0 | p,w; v, )o(v, W)dvdy'. (5.44)
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Teopema 5.4.1. [lycmo 6wvinoarens: coesarnvie viuie NPeONOAOHCEHUA U
onepamop B — A adepnwit. Tozda onepamop pacceanus ¢ npocmparcmee H
sadaemcs Gopmyroti:

S(B, A)Y(\, w) =19\, w) — 2m’/t(/\+i0 | A, w, A, DY, Wdw'
(5.45)

JoxkazarenbcTBo. Meewm:

id— S(B, A) =W (B, AW,(B, A) —W:(B, AW_(B, A),
id— S(B, A)=W(B, A)(W,(B, A) - W_(B, A),
< ¢, (id=S(B, A)p >=

+o00o
/ % < ¢, Wi (B, A)exp(iBt) exp(—iAt)y > dt =

i / b W (B, A)expliB)(B — A) exp(—iAt)p > dt —

—00

i/+00 < exp(—iB)W, (B, A)¢, (B — A) exp(—iAt)y > dt =

o0

i/+00 < W, (B, A)exp(—iAt)p, (B — A) exp(—iAt)y > dt =

e}

i/+00 < exp(—iAt)p, W (B, A)"(B — A) exp(—iAt)y > dt.

o0

Temeps yurem, arto cortacuo (5.42) ma crp. 392 u (3.115) ma crp. 191:
< exp(—iAt)p, Wi (B, A)"(B — A) exp(—iAt)y >=

hrfo E/ < R(A+ie, A)exp(—iAt)p, R(\+ie, B)(B — A) exp(—iAt)y >=
e—+0m J_

o0

hrEo < / < RN\ —ie, A)R(A +ie, A)exp(—iAt)p, T(A+ie, A, B)exp(—iAt)y
e—+0m J_

o0

B nmaronasibHOM mpejcraBienun omeparopa A:

SR\ —ie, AR\ +ic, A) =

€
™ ™
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Teopema nkazaHa.
B ciayua momenn @puapuxca ITpocTpaHCcTBO () COCTOMT U3 OJHON TOUKH,

S0 = (1 = {22000
1 —g(A+1i0) — 2mic(N)? 1 —g(A—i0)
1 —g(A+:10) PN =1 g\ + z’())qﬁ(/\)

Mpr moydmnin KiaaccueckKyio (hOpMYyJIy.

5.5 KomMmeHTapum u JuTepaTyTHble YKa3aHUM

Ha pycckom si3bike M3JI0XKEHNE MATEMATHYEeCKOW TEOPUW PACCESTHUS €CTh B
kuure [22]. B 910l KHUTe U3JI02KEeH OYeHb DOJIBIIONH MaTepuas u MoApasyMe-
BAaeTCs, YTO YATATEH MOXKET CaM BOCCTAHOBUTH MHOI'ME TEXHHYECKHE JICTAJIN
paccyKIeHunit.

[Tokarkem, Kak TPAJAUIMOHHBIE 3a/1a91 JU(PPAKIUN U PACCETHUA HA KO-
POTKOAEHCTBYIOIIEM MOTEHINAIE MOYKHO UCCAEI0BATH U3JI0KEHHBIMU BBITITE
Merogamu. Ilycts Ly u L nuddepennuaibubie onepaTopbl, KOTOPbIE OIUCHI-
BAaIOT HEBO3MYIIEHHYIO U BO3MYIIEHHYIO 3a1a4u. s mpocTorsl OyjgaeM cuu-
TaTh, 9T0 Lo u L -muddepeHimaibabie oneparopbl SJAIANITHICCKONO THIIA.
[Iycrs Go(5) n G(B) -dbyuxiun I'puna 3amaa Komu:

95Go(B) = —LoGo(B) , 95G(B) = —LG(B).

Oyuknuu ['puna crposdrcs TPpaJUIMOHHBIMU METOJaMu Teopun Jiuddepen-
MAAJIBHBIX YPABHEHUIT: TOC/1€/I0BATEILHBIME TTPUOIMKEHUSIMU, TOTEHIHAIA-
MH, TPOJI0IZKeHEeM 110 TapameTpy. CooTBETCTBYIONIHE TOCTPOEHUS TOAPOOHO
OMHCaHbl B YUeOHOU uTeTaType. [Ipn MUpPOKNX MpeanoIoKeHnIX OnepaTo-
pot Go(3) u G([3) -unTerpaibubie omepaTops! ¢ “xopormumu’ sipamu. lasee
CaMOCOIPSIZKEHHbIE PACIIUPEHUS OepaTopoB — Lo u — L onpejessgeM Kak uH-
dbunuTE3MMATBHBIE omepaTophl onyrpynn 5 — Go(f) , B +— G(f) u nona-
raeM A = Go(8) , B = G(f). Ecam oneparop L — Ly nogunnen (B cMbice
teopun JuddepeHuaIbHbIX YpaBHeHuil ) oneparopy Lo, To onepatop B— A
OKAa3bIBaeTCs, KAK MPAaBUJIO, F/IEPHBIM U MOYKHO IPUMEHSTH U3JI0KEHHYIO BbI-
e Teopuio. Mmermornine pusnuecknit CMbIC BEJIMYUHBI OOBIYMHO BbIPazKalOTCs
1epe3 coOCTBeHHBIE (DYHKINN HEIPEePBIBHPIO CIIeKTpa onepatopoB A u B, a
9THU cOOCTBEHHBIE (DYHKIIMU COBIAIAIOT ¢ COOCTBEHHBIMH (DYHKIIUSIME Olepa-
TopoB Gy u G.
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I'1aBa 6

Pacnpeneiienns.

Dra 1aBa MOCBSIIEHA YJIEMEHTAPHON TEOPUH PACHPEIEICHII (B PYCCKON Ma-
TeMaTHYeCKO# JiuTepaType paclpeieseHns 4acTo Ha3bIBAIOT 0000IEeHHBIMA
beHKL[I/IHMI/I) n €€ MOXKHO YUTaTh HE3aBUCUMO OT OCTAJIBHBIX TJIaB. KOHG“IHO,
3HAKOMBII € cOjiepKaHueM TJIaBbl 2 Uurare/ib B IPUBEICHHBIX KOHCTPYKIIH-
AX y3HAeT IPUEM IOCTPOCHHS TOIOJOTHU € HMOMOIIBIO 0a3bl OKPECTHOCTEH
HYJI U TOIOJIOTHH, WHAYIHPOBAHHONU CHCTEMONl OTOOpasKeHuii, 3HAKOMBIi ¢
COJIEpZKAHUEM TJIaBbl 3 B JIOKA3aTEAbCTBE TEOPEMbI O TIOJIHOTE IIPOCTPAHCTBA
pacupejie/ieHuil y3HaeT BAPUAHT IIPUHIUIE PABHOMEPHON OIrpaHuYeHHOCTU U
T. 1. OHAKO JIJIsl MOHUMAaHUsI BeeX (32 NCKII0UeHHEM TeOPEMBI O CYIecTBOBa-
Hur PyHIAMEHTAJILHOTO pentennusd JIuddepeHIuaIbHoro ypaBieHusd B 4acT-
HBIX IPOM3BOJHBIX € MIOCTOSHHBIME KO3hDMUIHEHTAMHT ) yTBEPK ICHUN TAHHOMI
[JIaBbI BIIOJIHE JIOCTATOYHO T€X CBEJCHUN U3 MATEMAaTUIECKOI'O AaHAJIN3a U Ha-
JaJi PYHKIIMOHAJIBHOTO aHaJM3a, KOTOPble OOBIYHO COODIMAIOTCS CTYAeHTaM
Ha TIePBOM U BTOPOM Kypcax pusndeckux haKyIbTeTOB YHUBEPCUTETOB. Teo-
eMa O CYIIECTBOBAHHH (DYHIAMEHTAILHOIO PEIIeHHST OIMUPACTCS HA TEOPEMY
Xana-bBanaxa, KOTOpYI0O MOKHO IIPUHATH 0€3 T0KAa3aTeTbCTBA.

6.1 IIpocTpancTBO MPOOHBIX (OYHKITIIA.

B Teopun pacripejiesienuit OCHOBHBIME SBJISIOTCA JIBA 00BEKTA: TPOCTPAHCTBO
npobHBIX (DYHKIUNA M IPOCTPAHCTBO pacupeienenunii. IlpocrpancTBo mpoo-
HBIX (DYHKIH -9TO gale BCero JUHeiHoe TPoCTpaHcTBO L, Ha KOTOPOM 3a-
JTAaHO HEKOTOPOEe MHOXKECTBO HOPM

o €RL , a €l

I lla: Loz +

X
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Hopmoii Ha JuHEHHOM TPOCTPAHCTBe Ha3biBaeTCs Takas QyHKIws || ||, Ko-
TOpas yIAOBICTBOPAET YCJOBHAM:

1Y@ eL):|lz] 20, (2] =0) = (z=0).
2lz +yll < ll=)l + llyll-
3. Az] = [All].

MpubI paccMOTpHM JiBA TPOCTPAHCTBA TPOOHBIX (pyHKIWiT: npocTpancTBo [TIBap-
na S(RY) u npocrpancrso Gynkuuit ¢ KommakraeiMu Hocuteasmu D(R?). Ha-
HOMHHUM, 9TO HOcHTeseM (DYHKIUN ¢(x) HA3BIBAETCS 3aMbIKAHHE MHOMKECTBA
Tex Touek x, rae |¢(z)| > 0:

suppg := Cl({z | |¢(z)| > 0 | x € R"}),

a KOMIIaKTHbIe MHOZKECTBa B ]Rd -9TO OI'PaHUY€HHbIE 3aMKHYTbI€ MHOXKECTBA..

6.1.1 IIpocrpancrBo IIIBapma.

Cuava/a MBI paccMOTpuM TIpocTpancTso IBapna na npamoii S(R'), 0606-
MeHne Ha cIydail mpocTpancTBa RY mosydaercd mepeocMBICTeHIEM 0603Ha-
yennii. [Iycrn

r€RY, D™ = (—id,)™.
Eciu 310 He MOXKeT BBI3BATh HeIOpa3yMeHui, B TabHEHIIeM Mbl OyIeM OILyC-
KaTh YKa3aHHe Ha IIePEeMEHHYIO, II0 KOTOPOil GepeTcss Mpou3BOIHAL:

D™ = D™,

B copemenoii Teopun guddepennuaabHbX YpaBHEHUN MUPOKO ITPUMEHAET-
cs mpeobpasoBanue Pypbe, BBeIeHIE MHOKHUTEIsI —i B olepaTop aucddepen-
UpOBaHus U30aB/IseT OT HEOOXOAMMOCTH TUCATH ITOT MHOKUTE/Ib BO MHOIUX
CBSA3aHHBLIX C rpeobpazoBanueM Pypbe hopMmyiax u cTaIO OOIMETPUHATHIM.

Onpenenenne 6.1.1. Oynknusg ¢(z) npuragrexut npocrpancTBy [1IBapia
S(RY), ecoin ona Geckoneuno JuddepennupyemMa 1 BMECTe ¢ HPOU3BOIHBIME
yObIBaeT Ha GeCKOHETHOCTH GbIcTpee 060 crenenu |z|:

(peS)< (Y(m, p): sup{(1 +:L‘2)p/2|D;”gb(x)] |z € R} <o00). (6.1)

TTosoxkum
lo | (N, S)| == > sup{(1+2*)"*Dy¢(x)| | x € R'}. (6.2)
0<m<N,
0<p<N.

Onpenenenne 6.1.1 SKBUBAJIEHTHO ONPEIETCHIIO
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Onpenenenne 6.1.2. Oyuknuga ¢ npuHaie:KuT npocrpancTsy lllpapia
S(RY), ecnn
YN lg | (N, S)]| < oc. (6.3)

OTMeTHM MOJIe3HOE HEPABEHCTBO
Vm < N, p<N): [Dr(@)] < (1+23) 72| (N, S|
Crenyiomue GyHKInE TpuHaAIeKAT TpocTpancTsy S(R):
exp(—z?) , 1/ch(z) , exp(—(1+2%)%), a > 0.

CsoiictBa dynknmit n3 mpocrpanctsa S(R').

[Tepeunc/iuM HEKOTOPbIE OYeBHHbIE CBOlcTBa npocrpancrsa S(R').
Jlemma 6.1.1. 1. IIpocmpancmeo S(RY) -aunetinoe npocmpancmeo:
V(¢, ¥ € S(RY)): ag + By € S(RY).

2. IIpocmpancmeo S(RY) ecmwv anzebpa ommocumervro nomoueunozo ymo-
otcenus GyHruud:

V(¢(z) € S(RY), ¥(x) € S(RY)) : o(x) - ¢(x) € S(RY).
3. Beau ¢(z) € S(RY), mo D™é(z) € S(RY), npusen
D" | (N, S <o | (N+m, S| (6.4)
J. Beau ¢(x) € S(RY) u P(x)-m060i noaunom, mo P(z)d(x) € S(RY).

DTO CBOHCTBO MOXKHO YyTOYHHUTDL: OdeBHIHO, uTo ecan ¢(z) € S(RY) n
W (x)-mobas Geckorneuno auddepeniupyemast QyHKIMs, KOTOPas BMECTE CO
BCEMHU TPOM3BOJHBIMEI pAacTeT He ObICTpDee CTeneHu |rl:

¥m, 3(C(m), n(m)), Va : [Dyy(z)] < Clm)(1 + |z])"™,

ro Y(2)9(r) € S(RY).

HamoMHunM ompeesenne npeobpasopanus Oypbe B mpocrpancrse RY:

FO)© = [+ [expl-iag)otw)is.
r=(x1,...2q), dx =dxy ...dx,,
x€ =218 + ..+ 2ia,
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dopmysry obpataoro npeobpasobanust Pypbe:

olx) = (%) / - / exp(ix€) () (€)de.

u pasencTBo [lapceBasis:

[ o oz =en [ [Fer©Fo@©d:

Nuorna B popmyste s mpeodbpazosanus Pypbe 6epyT 3HAK IJIIOC B KCIO-
HEHTe ¥ COOTBETCTBEHHO 3HAK MUHYC B 9KCIIOHEHTe B (DOPMYJIe [IJist 0OOPATHOTO
npeobpazoBanusd Pypbe. ITO NPUBOJUT K U3MEHEHUIO 3HAKOB B HEKOTOPBIX
Jpyrux gpopmyJiax.

[Togcuum mosib3y oT BBejenud oneparopa D. [lpumensasa oneparop D k
obenM YacTsaM paBeHCTBa B hopmyJie s odpaTHoro npeobpaszoBaanus Py-
pbe B OJTHOMEPHOM CJIyYae, Mbl MOJTydaeM:

Do) = - / " expliz€)EF(6)(€)de.

21 J_ o

CanenoBaTebHO,
F(D™)(&) =" F(9)(§). (6.5)

Mubi BuuM, 4To omeparop [ MpocTO KOMMYTUPYET € ONEpPaTOpPOM Jud-
depeHNpOBaHNS: HUKAKIAX JIONOJHUTETbHBIX MHOXKHUTETEHl He TOdBIAeTCS.
Hanomanm dbopmyny s npeobpazoannsg Pypbe oT rayccoBoOil IKCIO-

HEHTHI: d/2
/.../exp(_axQ —ixé)dr = <§> ! exp(—£%/4a).

B nanbneitimem nHam 0yaeT yao0HO YHPOCTUTH 0O03HAUEHUs: MBI OyIeM CUu-

/.../(...)dxz/(...)dx.

Jlemma 6.1.2. 1. Ecau ¢ € S(RY), mo F(¢) € S(R') u

TaThb, 9TO

YN, I(C(N), M(N)) , ¥(6 € S) :
1F(¢) | (N, S| < CN)[lo | (M(N), S)|I. (6.6)

2. Ecau F(¢) € S(RY), mo ¢ € S(RY), npuuem
YN, 3(C(N), M(N)),
lo [ (N, 9] < C(N)HF( ) | (M(N), S)].
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JoxkazaTenbcTBO. locTaTOUHO TOKa3aTh HepBoe yTBepxKAeHne. [IycTh x €
R!. Nmeem:

DI E() ()] = \ [ epl-imro).
(142 >p/2DmF<¢>< )| < |(1+ 22D F(g) ()] =

‘/M ((1 = Dy)? exp(—izy))y" o(y)d '

(HHTErpEpyeM 10 Y4acTaM )

+oo
< ‘ JICE ij)py%(y)wy\'

Ho oueBu a0 (Benomuum hopmyJLy st IPOU3BOAHON OT IIPOU3BEACHUST JBYX
dbynkmit), 9ro cymecrByer takas kKoHcranTa C(p, m), 9TO CIpaBeIHBO
HEPABEHCTBO

Yy (1= DyPyey)l < Clp, m)(1+y*) o] (2p+m+2, ).
3 3T0T0 M TPEABIIYINEro HEPABEHCTR CJIEIyeT HEPABEHCTBO
V(m, p) : sup{|[(1 +2°)" D" F(¢)(2)| | v € R'}
<Clp,m)ll¢]2p+m+2, 5,
U3 KOTOPOI'O U CJEIyeT YTBEPKJICHHE JIEMMBbI.
Tak kak mpeobpazoBanue Pypbe CBEPTKHU JBYX (DYHKIHUH ecThb MPOU3-

BejieHue IpeodpasoBannit Pypbe dTuX PYyHKIM, TO U3 JIOKA3aHHON JIEMMBbI
BBITEKAET

Caexncreue 6.1.1. Ecau ¢, ¢ € S(RY), mo uz ceepmza:
+oo

¢ xP(x) = o(y)v(r —y)dy

npunadaesicum npocmpancmey S(RY).

IIpocrpancrso IlIBapna ¢dpysknmii B RY.

YKakeM, KakKue U3MEHEHHS HYKHO CHEeJIaThb B IPEIbIIYIINX PacCyzKJIeHH-
X, 9TOOBI paccMoTpeTh npocTpancTso LlBapna dpynkmuit B RY. [Tosoxum B
IPeIbIIYIIAX PACCY XK IEHUIX

= (11, To, ... T4); (6.7)
m=(my, ma,...mg), |m|=my+ms+---my. (6.8)
D" = (—i0,, )™ (—10,,)™ . .. (—10y, )™, (6.9)
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Jlanee B mpejblAyIinX PacCyzKAEHUAX HYKHO 3aMEHUTb CYMMHPOBAaHUE 110
uagekcam 0 < m < N ua cymmmuposanue no maaekcam 0 < |m| < N,
HHTerpaJj [0 IpaMOil HYKHO 3aMEeHHTh Ha HHTErpaj IO IPOCTPAaHCTBY RY,
orepaTop ij Hy?KHO 3aMeHHTDL Ha omeparop Jlammaca A,. Bee ocranbubre
paccyxKaeHus 1 (popMyJIbl OCTAIOTCS 0e3 U3MeHeHUs.

Dopmy.a (6.5) BepHA B B MHOTOMEDHOM CJIy9ae, eCJIH MOJT0KHUTh [0 Olpe-
JICJICHUIO

V(EEeRY) : ¢m =¢gmere .. e

Hwuxke Mbl OyjieM cYuTaTh, 9TO HAINMH PACCYZKJICHHS OTHOCATCS K IIPO-
crpancTsy IIBapra dynkmumit B RY. TakuM 06pa3oM, B JaJbHeIIeM MBI MO-
Jlaraem

lo [ (N, S) = > sup{(L+2*)*[Dyg()| |« € R} (6.10)

0<|m|<N,
0<p<N.

6.1.2 Cxoaumoctb B poctanctse S(R?).
Beegem nonsrue cxopsineiicss B npocTpaHcTse S (Rd) I1OCJIEI0BATEILHOCTH.

Omnpenenenne 6.1.3. [Tocrenosarenbuocts {¢, } C S(R?) exomures k byHk-
nmn ¢ € S B npocrpanctse S(RY), ecom

VN : (¢ —¢) | (N, S)]| —0,n— oc. (6.11)

Cxoaumocts B npocrpancrse S(RY) (yeiosue (6.11)) mbl Gynem 0603Ha-
4aTh TaK:
O = ¢, n — oo

Iomoxkum

Yo, v €S)ds(d, )= Y

0<N<

(;)N [0 =) [ (N, )l

L+ [[(o =) [ (N, 9
fcHo, aro yenoBue (6.11) SKBUBAJIEHTHO yCJIOBHIO
dS(¢n> (b> _>07 n — oQ.

YuTareaio npepjaraeTcs NPOBEPUTD, YTO CJIEIYIONINE TOCIe/I0BATETbHOCTA
CXOJSATCS K HYJIIO B IPOCTPAHCTBE S

exp(—(nz® +27%)) , (exp(—2?/n) — Do(z) , ¢ € S(RY), (6.12)

a II0CJIe J0BaTEeJIbHOCTD
(1/n)!° exp(—na?)

He CXOJUTCA K HYJI0 B mpoctpanctie S(RY).
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Omnpenenenne 6.1.4. [Tocaesosarensnocts {¢,} C S(RY) dyngamenrainb-
na B npoctpanctse S(RY), ecn

=00 m>0

Teopema 6.1.1. Iocaedosamenvrocmov {¢,} crodumes e npocmpancmse
S(RY) 6 mom u moavko mom cayuae, ecau ona GyHIGMENMarLHa 6 NpPo-
cmpancmee S(RY).

HokazarenbeTBo. HeoBXoMuMOCTh JOKA3BIBAETCS JOCTOBHBIM TTOBTOPEHH-
eM JIOKA3aTeJIbCTBA HeOOXOMUMOCTH yeaoBust Ko st CXOAUMOCTH HOCTe-
JIOBATEJIBHOCTH B METPUUECKOM NPOCTPAHCTBE. JIOKAXKEM JOCTATOYHOCTD, T.
e. mostHOTY npocTpancTsBa [IIBapa orHocuTebHO METPUKH dg.

[lycts By -nononwenne mpocrpanctsa S(RY) mo wopme | | (N, S)].
Eciu nocenoBatensuocts {¢,} dbyngamentanbaa B npoctpanctse S(RY),
TO OHa (bYHJAMEHTAIBHA B KAXKJIOM MPOCTPAHCTBE By, MO3TOMY

VN, El(gb(N) € By): ||én —ng(N)H —0,n — oo.

Tak kak
BN+1 C BN,
TO
o =M i=ge [ By=S[R,
0<N<oo
u

VN : || —0 | (N, 9| —0,n— oo,

a 9TO W O3HAYAET, YTO IOC/IEI0BATELHOCTD { ¢y, } CXOMUTCH B IPOCTPAHCTBEE
S(RY) k dbynkmun ¢. Teopema nokazana.

6.1.3 HenpepoiBHBIE OTIEPATOPHI B MPOCTPAHCTBE OCHOB-
HBIX (DYHKITHIA.

Onpenenenne 6.1.5. Jluneitnbiii oneparop
A S(RY) — S(RY) (6.14)
HelmpepbiBeH B mpocTpaHcTse [lIBapia, ecnn u3 ycaoBus
bn >0, n— 00 (6.15)
caenyer, 4To

Ald,) 20, n— 0. (6.16)
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Teopema 6.1.2. Jlunetinwiii onepamop
A:S— S
Henpepuieer 6 npocmpancmee Illeapua 6 mom u MoOALKO MOM CAYUGE, ECAU

VN, I(C(N), M(N)),Vp € S:
[A(@) [ (N, S)| < C(N)[¢ | (M(N), S)II. (6.17)
JokazarenncTBo. B jokazaTenbcTBe HYKIaeTCsa TOILKO HEOOXOMMMOCTh
yeaosust (6.17). Tlycers onepatop A HenpepbiBeH, HO ycjobue (6.17) He Bbi-

nosaeno. Torpa cymectByer Takoe Ny 1 Takas IOCJEI0BATEILHOCTD ¢ € S,
qT0

[A(¢n) | (No, S)II = 0|6 | (n, S)]-
[Tomoxxum
Un = ¢/ (nllgn | (n, S)|I) -
Tak kax
V(n = M) : b | (M, )] < i | (1, ) = 1/n = 0,0 — oc,
TO
Un 35, 0,n— oo.

Ho
[A(¥n) | (No, S)|| =1 — 00, n— oo,

YTO MPOTHBOPEUNT HempephiBHOCTH oneparopa A. Teopema mokasana.
W3 nokazaHoil TeOpeMbl BHITEKAeT

Teopema 6.1.3. Onepavuu duddepenuuposaru, YMHOHCEHUS HG TOAUHOM,
HEBBPOHCIEHHOT AUHETHOT 3aMEHDBL NEPEMEHHBLL:

o(x) — ¢(Az +0b), detA # 0,

npeobpasosarus Pypve u 0bpamnoz2o npeobpazosarus Pypve HenpepuLeHbL 6
npocmpancmee S(RY).

6.1.4 IIpocrpancTBo npobubix dynknmii D(RY).

Onpegenenune 6.1.6. KoMmakTHOe MHOXKECBO K CTPOr0O COHEPXKHUTCS B
KOMIIaKTHOM MHOXKECTBE KQZ

K, € Ky,
€CJIn CyIIeCTBYEeT TaKO€ OTKPLITOC MHOZKECTBO O, qT0

K, cOCK,.
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Omnpenenenne 6.1.7. Bajannas B npocrpanctse R? bynxuua ¢(z) upu-
HagexuT nmpocrpanctsy D(RY), ecam nocurens GyHKmu ¢(z) KOMIAKTeH

u dbyukus ¢(x) 6eckoneuno guddepeHnupyema.

[onoxum

Y(¢, suppp € K) :
lo | (N, DRY), K)||:= Y sup{|Dy'¢(z)| |z € K}.

0<|m|<N
Onpenenenne 6.1.7 SKBUBAJIEHTHO CJEIYEIIEMY:
(¢ € D(RY)) & (3K, suppp € K, VN : [|¢ | (N, D(R?), K)| < o0),

e K -kommaktnoe B R? MHOKeCTBO.

[Ipu pacmorpennn (yrkmmit 3 mpocrpancrsa D(RY) monesno mmers mpu-
mep dyuknun Trna “mranodka’ (wiaun “rput”). TIpuBegem npumep takoil dyHK-
AU,

[Iycts t € RY. TTonoxxum

solt) = {exp(—(l —2)72)  ecn Jt| < 1,

0, ecan [t| > 1.

Ompenennm kouctauty C' u3 ycjaoBus

+oo
C po(t)dt = 1

—00

1 IMOJIOZKUM

an=c [ e,
sz, 20, R, €) = 1((R* — (z — x0)?)/€%). (6.18)

Oyukuus »#(x, xg, R, €) beckonedno muddepeHiupyeMa u yIoBIeTBOPSIET
YCJIOBUSIM:

Ve : 0<sx(z,z9, R,€) <1,

1, (x—z0)® < R*— €,
%(I’,IO;R7€):{0 (,’L‘—Z’O)2>R2+E2‘

Nuorna ynobHee paccMoTpeThb (DYHKIUIO BUIA

k(z) = Ky(21) .. ka(zq), v = (z1,...14) € R,
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re
ki) = sz, w0, By, ¢), v €R!

Teneps serko npusecTn npumep (yHKmmuE 3 npocrpancrsa D(RY): mocra-
TOYHO B34Th JIFOOYIO OeckoHedHO muddpepeHnpyemMyo (pyHKIUIO U yMHO-
KUTh ee Ha DYHKIWIO (T, To, R, €).

g dbynkuuit u3 npocrpancrsa D(R?) cupaBeyiuBbl YTBEPZK IeHH J1eM-
Mb 6.1.1, HO npeobpazosanue Pypbe Gynkmun u3 npocrpanctsa D(RY) ectnh
nesnas yHKIMSA 0 He npunadiescum npocmpancmey D(R?).

CxoaumocTts B mpoctpanctse D(R?).

Omnpegenenne 6.1.8. 1. [Tocaegosarensuocts ¢, € D(R?) cxomuTes K HyI10
B poctpanctee D(RY), ecm BHIMOMHEHB B YCIOBHS:

1.3dK,Vn: suppo, € K , K — KOMNAKT ¥ He 3aBUCHT OT N, (6.19)
2.YN: ||¢n | (N, DR, K)|| — 0, n — oo. (6.20)
2. Tlocnenosarensuocts ¢, € D(RY) cxomurea x dyukmuu ¢ € D(R?) B

npocrpanctse D(RY), ecim nocaegosarensrocts (¢, — @) € D(RY) cxomures
K Hyao B npocrpanctse D(RY).

Omnpeaenenne 6.1.9. Ilocaenosarensrocts ¢, € D(R?Y) dbyngamenranibua
B pocrpanctse D(RY), ecn BbIMOMHEHB ABA YCI0BHS:

1.3K, Vn : suppo, € K , K KOMIIAKT U He 3aBUCHUT OT 1, (6.21)
29N+ Tim sup énm — én | (N, DY), K| = 0. (6.22)
n—00 11>

JToCJIOBHBIM TIOBTOPEHUEM MPOBEJICHHBIX I TpocTpancTia [1IBapna pac-
CYZKJIeHHUI JIETKO JIOKa3aTh, 4TO II0CIe10BaTe bHoCTh ¢, € D(R?) cxomurcs
B npocrpancre D(R?) k dynkunn ¢ € D(R?) B TOM 1 TOIBKO TOM carydae,
eciu oma (byHIaMenTalbHa B mpocrpancTse D(RY), HO m1s mpocTpancTBa
D(R?) ne cywecmeyem mempuky, KOTOpas 3a1aBaja Obl CXOTUMOCTb.

6.2 Pacnpegenenud.

Te sneMenTapubie haKThl U3 TEOPHH PACIIPEIeIeHIi, KOTOpbIe OYIyT 10Ka3a-
HBI HU2KE, GOPMYIHNPYIOTCH U TOKA3BIBAIOTCS OJMHAKOBO M JIJIsI HPOCTPAHCTBA,
D(R?), u nns npocrpancta S(R?). Jljist ompeesleHHOCTH MBI B OCHOBHOM
paceMoTpuM ciry9ait mpoctpancTsa S(R?), octaBus unTaTento hbopMyIHpPOB-
Ky U IOJIHBbIE JOKa3aTe bCTBa JId clydas npocrpancrsa D(RY) (kax nmpasu-
710, B caydae npocrpancTa D(R?) nokazaTebeTba MOXKHO YHPOCTHTD).
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6.2.1 MeajieHHO pacTyIliue paciipejie/ieHus.

Orobpaxkenue
f:SRY) 3¢ flp)eC

Ha3bIBaeTCs JMHeHHbIM (byHKIHOHaI0M Ha mpocrpancTie S(R?), ecan

V(1. g2 € S(RY)) : flags + Bea) = af(d1) + Bf(¢2).

Jluneiinbiit pynknuonas na npocrpancrse [IBapra f naspiBaercs nenpe-
PBIBHBIM, €CJI1

(V(pn 20,1 — 00)) = (f(¢n) — 0, n — 0.

Onpenenenne 6.2.1. Jluneiinblii HenpepbiBHbINA (DYHKIMOHAJ HA IIPOCTPAH-
cree [Bapma S(RY) naspiBaeTca MeIeHHO PACTYIIHM PACIpPeIeTCHECM.

MHuoXKecTBO BeeX MeJIJIEHHO PACTYIIUX paclpe/ieeHnit 0003HaTaeTCs CUM-
Bosom S(RY)*.

[IpuBeieM npumepsbl.

[ycrs Gyukuus f(z) , z € R, Kycouno-nenpepbiBHa 1 yj0BIeTBOPSIET
OTIeHKE

Va: |f(x)] <O+ [z)" (6.23)
ITosoxxum

W6 s): f(0) = [ fa)o(s (6.24)

CropaBeIuBa OYeBHIHAS OIEHKA:

[f(@) < g | (m+2, )],

U3 KOTODPOii corejyer, 4ro 3aganublii Gopmynoii (6.24) nuueiinbii OyHKIHO-
nas nenpepwisen Ha S(RY). Caenosarennno, bopmyra (6.24) 3a1aeT Me1TeH-
HO pacryiiee pacipe/enenue. Eciu dyukuus f(x) u byHkunonan f ¢ca3aHbl
paseHcTBOM (6.24), To roBOpAT, uTO (byHKIMOHAT [ 3amaercs dyuKueit f(x)
wim uto dbyuknus f(x) 3agaer GyHxmuonan f.

QyHKIMOHAJ W 33JaI0Muil 3TOT (DYHKIHOHAT (PYHKIHMIO Mbl 0003HAYHU-
JIN OJHUM B TEM 2Ke CUMBOJIOM. 9TO HE MOZKET IPpUBECTU K HEAOPA3yMEHUAM,
TaK KaK apryMeHT (bYHKIHH eCTh TOUKa mpocTpancTa RY, a aprymenT GyHk-
IIMOHAJIA €CTh (PYHKIUS U U3 KOHTEKCTa OOBIYHO ObIBaeT SICHO, O YeM HJIeT
peun. Tepmun “MereHno pactymiee’ o0bscHgeTCsT TeM, 910 (yukmms f(x)
B (6.24) pacrer e Obicree crenenu. OnHAKO He J1I060€ MeIJIEHHO DacTyIiee
pacipejiesieHne MOXKHO NpeacTaBuTh B Buje (6.24). OyHKIMOHAT

6(¢) = #(0) (6.25)



JINHEEH W HeNPEPBIBEH, HO OH He MOXKeT OBITHb MPEJCTABIEH KAK HWHTErPas
Pumana ot npousBejieHus KyCOYHO-HENPEPBIBHOW (DYHKIUU U (DYHKIUH U3
npoctpancTsa IIBapia.

Bamasaemblit hopmynoii (6.25) dyHKIHOHAT Ha3biBaeTCsi 0-byHKIIHEH.

[Toz:ke MBI HOKaxKeMm, 4TO JII0DOE MeIIeHHO PacTyIlee paciperaeaeHne
MOZKHO B HEKOTODPOM CMBIC/IE TPEJICTABUTEL KAK npedes PACIpeiesieHnil BU-
na (6.24).

WNHorma, 9T00b MOTIePKHYTH, 9TO (DYHKIIHOHAJ f IPUMeHSeTcsa K (DyHK-
100701

y = oY),

sHavenne (pyuknuonana [ #Ha GyHKIUU ¢ MBI OyaeM 0003HAYATH CUMBOJIOM

fy(0(y))-

Teopema 6.2.1. Jlunetinwii dynxyuonan f na npocmpancmse Ilsapya S(RY)
HENPEPBIBEH 8 TNOM U MOABKO TOM CAYYUGE, ECAU

I(N, C), Y(¢ € SRY): [f(@)l <Cllo| (N, ). (6.26)

Hocrarounocts yeaosust (6.26) odeBUHA U3 ONpEJENEHUs CXOIUMOCTH
K Hy/110 B mpoctpancTse [lIBapna. /lokazarebcTBO HEOOXOIUMOCTH YCJIOBHST
(6.26) anasoruaHo JokazareabcrBy Teopembr 6.1.2. [lycrs yeiaosue (6.26) He
BBITIOJIHEHO. Torma cyIecTByer Takas mocaea0BaTeIbHOCTh ¢, € S, 4T0

[f(@n)] = n*[l6n | (., S)II.

[Tonoxxum
U = ¢/ (nf|dn | (0, S)]) -

Tak kak
V(in>M): ||| (M, S| < [n | (n, S)||=1/n—0,n— oo,

TO
s
Y, — 0, n — oo.

Ho
|f(n)| = n — 00, n — o0,

9TO MPOTUBOPEUNT HenmpepuiBHOCTH dyHKImoHAMa f. Teopema gokasaHa.

Teopema 6.2.2. Ecau f € S(R?)*, mo cywecmeyem maxaa nocaedosament-
HOCTG HENPEPLIEHBIT GYHKUUT € KOMNAKMHLMY Hocumeaamu fn(x), wmo

V(¢ € S(RY)): f(¢) = lim [ fy(2)¢(x)da. (6.27)

n—oo
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,HOKaSaTeﬂbCTBy TeOpEMBI MbI IIpeAlIonljieM HECKOJLKO JIEMM.

Jlemma 6.2.1. Ecau ¢ € S(R?Y) u dynryua (x| 2o, R, €) onpedeaena pa-
sencmeom (6.18), mo

w(z,0, R, Dolz) > ¢(z), R — oo. (6.28)

,ZLJIH A0Ka3aTe/JbCTBa JIEMMbI JOCTATOYHO 3aMETUTDh, YTO

||(%('7 0, Rv 1) - 1)¢ | (Nv S)H
<SCL+R) Mo (N +2,8)].

[onoxum

w(z, a) = <%)d/2 exp(—az?). (6.29)

Jlemma 6.2.2. Ecau ¢ € S(R?), mo

/ (e —y, A)dly)dy > d(z), a — oo. (6.30)

st mokazarebcTBa JIEMMbl HY?KHO BBIYUCIUTDH Hpeodpa3oBanne Pypne
ot npasoii acrtu (6.30), Bocmoap3oBaThCs mpuMepoM (6.12) 1 HempepbIBHO-
cThio Tipeobpazoanus Dyphe.

[Iycth By -6aHax0BO IPOCTPAHCTBO, TOJIYYEHHOE TTOOJIHEHUEM POCTPaH-
crea S(R?) no wopme || | (N, S)||, ¢(y) € D(R?). TIpu pukcuposannom
y € RY bynxmusg w(x — y, a), paccMaTpuBaeMas Kak yHKIHS HepeMeHHOI
x, IPUHAJJICIKAT TTPOCTPAHCTBY By .

Jlemma 6.2.3. Qynrxuyus
RS>y — w(z —y, a) € By,

PACCMAMPUBGEMAS KK PYHKUUL NEPEMEHHOT Y CO BHAYEHUAMU 68 OAHATOB0M
npocmpancmee By, Henpepusto dupdepenyupyema.

Jloka3aTeqbCcTBO 3TOHM JeMMBI IPeIOCTABJAETC YUTATETI0 B KadecTBe
yipazxkHeHus (caeayer pasioxuTh byHKIMO w(r — y, a) B psa Teitropa
MO Y B OKPECTHOCTU TOYKU Y = ¥y, BOCIMOTB30BATHCS UHTETPATHHON (HhOopMYy-
JIOR JIjIs OCTATOYHOrO 4jeHa psgia Teitjopa u ONEHUTH HOPMY OCTATOYHOI'O
wieHa B IpocTpancTBe By ).
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Y106kl HE 3arpOMOXK/IATh U3JIOKEHNE CJIOKHBIMU 0003HAYEHUSAMU, J1aJIb-
Heiiee J0Ka3aTe/JbCTBO MbI MpoBejieM g caydas d = 1. [lyctb

J(x) = / (e —y, )d(y)dy, y €RY,
ly|<R
y(j) =R(2j—n—-1)/(n+1),0<j<n+1,

2(5) = 3w+ +1), 0<i<n

sule) = 2 ST e — ().

Con+1
* 0<j<n

Jlemma 6.2.4. Cnpasedausa ouenka
YN [[(J =) | (N, S)[| < C(N)/n. (6.31)

JlokazarenbcrBo. CrrpaBeinBbl OIEHK:

1(J = su) | (N, S)]| =
y(i+1)
IS Z (/( ' (W@ =y, a)oly) —w(z —2(j), a)d(2(4)))dy)) | (N, S| <

y(i+1)
> H(/ | (W —y, a)oly) —w(z —2(j), a)d(2(4)))dy) | (N, )| <

0<j<n YU

y(j+1)
2 / e =y @00 —wle =20, 60 |V, )y <
comst

n

Mzl BOCIIOJIB30BAINCH BHITEKAIOMeH u3 JeMMbI 6.2.3 omekoit

lw(z =y, a)o(y) —wlz = 2(j), a)é(2(4))) | (N, )| < constaly — 2(j)]-

JlemMa, m1oKa3aHa.
ITonoxkum

br.alz) = / e —y, a)ly, 0, R, 1)o(y)dy.
V(F € SRYY) : f(R, a,y) = folwla—y, @)y, 0, R, 1).

Hanomuum, 9T0o mHIeKC y cuMBOJIa (PyHKIMOHAIA O3HAYAET, 9TO OH MpPHUMe-
HAETCA 110 IIEPEMEHHON T.
N3 gemm 6.2.4 u 6.2.3 cnemnyer
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Jlemma 6.2.5. Cnpasedauso pasencmeo

Fo(bn.alz /fRay()d

Temepnb 10Ka3aTEILCTBO TEOPEMBI TPUBHAIBHO. MeeM:

£(0) = Jim f(on.) = Jim [ (R a, y)ot)dy

a—0o0 a—0Q0

[Iyctb dbyHukmonat § onpeesen papeHcTBoM (6.25), d,, ~-I0CIe0BATETHLHOCTD,
VIIOBJIETBOPSIONIAA YCIOBHIO

(o) = lim [ §,(x)o(z)dz. (6.32)
Banmch nmpapoii yactu papeHcrsa (6.32) MOKHO YHPOCTHTb, IIOJIArasi 1Mo Olpe-
JIeTEHUTO

lim | 6, (z)6(z)dz = / 5(2)6(x)da. (6.33)

n—oo

Cumpon 6(x) B (6.33) me ectb obo3Hadenue bYHKIUE U CHMBOJ HHTETDAJA
B mpaBoii gactu (6.33) He ecTh ofo3HAUEHHe MHTerpasia PuMama: CHMBOJ
d(z) ecrb 0bo3HaUeHME (DYHKIMOHAJA, KOTOPBIA jefcrByer Ha (DYHKIUIO OT
[epeMeHHOl T 1Mo MpaBuILy, 33 aBaeMOMy JIeBOii J4acThio paBeHcTBa (6.33),
a CHMBOJI WHTerpaja B mpapoii gactn pasencTBa (6.33) yka3biBaeT Ha TO,
910 (DYHKIMOHAT MOKeT ObITh BBIYHC/JIEH KaK Hpees HHTerpaioB. Takas
cucreMa 00O3HAYEHUN CJI0KHUIACH UCTOPUIECKU U VIOOHA.

Ciremyst cMbicily 9TUX 0O03HAYEHMIA, JJIsl YIOBAETBOPSIONIEH PA3yMHbBIM
yesroBusaM GyHKIMH h(z) M0 OnpeeseHIIo TOJaraioT

/5(h( ))o(z )dx I Nim O (h(x))p(x)dx, (6.34)

n—oo

re d, -yI0BIeTBOPSIONas yeaosno (6.32) mocaesoBareabHOCTh.

6.2.2 CxoamMOCTh B IPOCTPAHCTBE PACIIPEIeJIEHUIA.

Omnpenenenne 6.2.2. IlociemoBareibHOCTh MEJIJIEHHO PACTYIIMUX pacipe-
nenenuit {f,} C S(RY)* cxonures x pacnpegenenuto f € S(RY)*, ecoin

¥(o € SRY) : lim £,(9) = F(9). (6.3
Cxoamumoctb pacnpezetenuit (yeaosue (6.35)) Mbr Oymem 0603HAYATH TAK:

5
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Onpenenenne 6.2.3. IlocieoBaTeibHOCTh MEJJIEHHO PACTYIIUX pacipe-
nenennit {f,} C S(RY)* dynaamenTanbha, ecam Aas o000 3/eMEHTa ¢ €
S(R?) wuciosas nocaenoBaTesbHOCTD f,,(¢) byHIaMeHTATbHA,

Ecm nocaenoBaTe IbHOCTh MeJIJIEHHO PACTYIIUX paclpeie/IeHuil CXOauT-
cs1, 70 ona pynmamenranbua. Ecim nocienosarensuocts { f,} € S(RY)* dyn-
JaMeHTaabHa, TO mpeea B (6.35) cymecrByer. Huzke Mbl J0KazKeM, 9T0 3TOT
npeJiest 3aJaeT MeJIJIEHHO pacTyliee pacupeenenue. JIunefinocTs npaBoii va-
cru (6.35) 1o ¢ oueBmaHA. JI0KA3aTENBCTBO HENPEPBIBHOCTH 3a/IaBAEMOTO
JIEBOU YacThio paBeHCTBa (6.35) DYHKIHMOHATA OMUPALTCS HA YTBEPKIEHNUE,
KOTOPOE €CTh aHAJIOT MPUHIIAIA PABHOMEPHOM OrPAHUYEHHOCTH B TeOpUn Oa-
HAXOBBIX IIPOCTPAHCTB.

[TycTn

M cC S(RY*.

Ionoxkum

m(¢ | M) = sup{|f(¢)| | f € M}.
Teopema 6.2.3. Ecau

V(¢ € S(RY)) : m(¢ | M) < oo, (6.36)

m(e| M) — 0, ¢ 0. (6.37)

HokazaresnbcTro. [lyers yenosue (6.37) He BeimoHeHo. Toria cymiecrBer
Takoe € > 0 u rakne nocaexosarensnocta {fi1 .} C M, {da )} C S(RY),
q9T0

S
Sa,m = 0 [fa,m(ea,m)l > e
Ompeenium HOMED 1(j) U3 yCIoBUS

0 nGy | (G, S)|| <477

" HOJIOZKUM
fe.n = Tang) s 62,5 =2 éa,ni))-

Shvis IIocjIe 10BaTCJIbHOCTH YAOBJIETBOPAIOT YCJIOBUAM:

S : .
{fent CTM, d@.j) =0, [fenlde i)l >2"e— o0, j— oo,

loe. g | (7, S <27 (6.38)
3ameTnm, 9TO
Yk Y o |k, S)] < oo, (6.39)
1<j<0
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TaK KaK A
V(i >k): oyl (k, S <27
JanpHeiime mocTpoeHns MPoOBeJIeM Mo UHAYKIUU. [Tog0Kum
fe.n=fe,n, ¢c6,1)=%2,1)

[Tycre smementot {f3,p) , P@3,p} » P < J yxe Boibpannl. [Jasee onpeje/mm
HOMEp Jg U3 YCJAOBHUS

V(k > jo) : |fe.m(@e.m)l > Y. mléa. | M)+j+1

1<i<;j

1 ONpeJIeJIUM HOMeD j1 U3 YCJIOBHUSA

V(k > g1, <j): [fe,)(de.mn) < 277

[onoxxum

f(3,j+1) = f(2,n(j)) ) ¢(3,j+1) = Cb(z,n(j)) , n(j) = max(jo, ji)-

b= b

1<j<00

[IycTh

Cxomumocts paja B poctpanctse S(RY) craemyer us omenkn (6.39), Tak kax
1o nocrpoennio {Pe, ;) } C {2, j}. Hanee nmeem:

|f(3,j+1)(7/’)| = |f(3,j+1)(¢(3,j+1))|_
S fen @)l — Y. feien (b0 > i

1<i<j j+l<i<oo

Tak xak ¢ € S(RY), To 310 MpoTHBOPeUnT yeaoBuio (6.36). Teopema moka-
3aHa.
13 j0ka3anHoil TeopeMbl ciejyer

Teopema 6.2.4. Ecau nociedosamesvHocmsd MEOAEHHO PACTNYULUL PACHpe-
deaerutl PyHOaMEHMAALHA, MO OHA CTOOUMCA K MEOAEHHO PACTNYULEMY DAC-
npedeseHur.

Hokazarensctso. [lyers dhyuknuonan f 3agan paserctsoM (6.35). Toka-
JKeM, 4TO OH HempepbiBeH. Tak kax s joboro ¢ € S(R?) nmocremoparenn-
HOCTh f,(¢) dyHIaMeHTaNbHA, TO

(¢ € S(RY)) : sup{|fu(¢)] | n € Z} < c0.

B cuny Tteopemnbr 6.2.3 orcioja ciesiyer:

£(0)] < sup{| fu(@)] [ n € 2} — 0, 6 0.

Teopema j0kazana.

413



6.2.3 Cuayuait mpoctpancrsa D(RY)

VkazkeM, KaKue n3MeHeHUsI HY KHO ¢/IeJ1aTh B (DOPMYJIMPOBKE OCHOBHBIX TEO-
peM s carydad npocrpancTsa D(R?). Teopema o HempepbIBHOCTH ollepaTopa
B IIpocTpancTBe ocHoBHBIX dynknuit D(R?) dbopmyaupyercs Tax:

Teopema 6.2.5. Jlunetinwiii onepamop
A: D(RY) — D(RY)

HENPEPBLEEH 6 TOM U TOADKO TOM CAYUaAe, ecAl A a06020 Komnaxma Ko u
mobvir N cywecmeyrom maxue xonemarnmu, C(Ko, N) , M(Ky), u maxot
xomnaxm K, wmo

V(¢ , suppp € Ky) :
SuppA(b & K ) HA¢ ‘ <N7 D(Rd)7 KO)H <
C(Ko, N)|l¢ | (M(Ky, N), D(RY), K).

JlokazaTesbCTBO TEOPEMbI OCTaeTcd 0e3 U3MEeHeHHil.

Teopema 0 HEOOXOIUMBIX U JOCTATOYHBIX YCJIOBHAX HEIPEPBIBHOCTH JIU-
HeHeitHoro yHKIMOHAMA (POPMYJIHPYETH TaK.

Teopema 6.2.6. /las mozo, wmobv, aunelinoil pynryuonan f Ha npocmpar-
cmee D(R?) 6vua nenpepvicen, 1eobTo0uMo u d0CMATOUHO EHNOAHERUE YCAO-
sua: das 1100020 Komnaxma K cywecmeyrom marxue xoncmanmo, C(K) , N(K),
YIMO BHINOAHEHO HEPABEHCMEO

(¢, suppp € K) : |f(9)] < C(K)|¢ | (N(K), DRY), K)|l.  (6.40)

6.2.4 IIpumepsl BbIYUCIIEHUS PEAETIOB PACITPE/IeJICHIIA.

PacemoTrpum mpuMeph.

1. Haitmem npenes npu € — 0 pyHKIIMOHAIA, 33IaHHOTO (hOPMY.IOi

¢H[Z L g(a)d.

T — 1€
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Unmeem:

:[j =
e T — ZE
1
/ x)dx —|—/ —¢(z)dr =
o<1 T — 26 lz|>1 L — €

T+ 1€

0))dzx 0 —dx
/lxw_ze ) — 6(0)) +¢<>/|$<1$2+€2

/|x>1$ Z,Egzﬁ(x)dac.

CupaBeJI/IUBbI PABEHCTBA,

1 1
lim —(o(x) — (0 d:)::/ —(o(z) — ¢(0))dz,
0 |x\<1$—16( ()=o) <1 1’( o)
1 1
i [ Lo [ Lot
=0 Jlg|>1 T — 1€ @) jz|>1 ¥ )
lim Lt dr =i
e—0 | ‘<1 I +€2 a '
CrenoBaTesibHO,
I _ Z 41
i [~ s —ino+ P (1)@, ()

rIe

P(3) = [ Sew-sops [ Sowa @

Takum 0OpaszoM, MBI IMeeM:

! N <:|:i775(a:)+77 (1>) , € — 0.
T F i€ T

DTO yTBepKACHUE HYKHO HOHUMATD B CJEAYIONIEM CMBIC/IE: PACIpeIeIeHue,
3a/laBaeMOe CTOsIIEN B JIEBOU YacTu paBeHCTBa (DYyHKIMEH, CXOJIUTCH B LPO-
crpanctee S(R?)* x pacupe/esennio, CToOAIEMY B TIPaBOil 4aCTH PaBEHCTBA.
DTO Ke yTBEPIKIEHNEe JaCTO 3alMCHIBAIOT B BUIE:

1
= 44 - 1. A4
pE imé + P (x) (6.43)

®opwmyabr (6.43) wassiBator Gopmyaamu COXOIKOTO.
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2. Haiimem mpesiest ipu n — 00 pacupejeenuii, 3a1aBaeMbiX Oy HKITUAME

n

falz) = (})(1/2 exp(—na?), r € R%

Umeem:

n

V(6 € S(RY)) / (%) exp(—na)(a)dr = (x)2 / exp(—a?)p(x/n)dz =
6(0) + 742 / exp(—22) (@(x/n) — $(0))dz — $(0), 1 — 0.

Sive) pPaBeHCTBO 3allUCbIBaIOT TaK:

*

/2
<E> exp(—na?) S d(z), n — 0.
T

3. Haiigem npejes npu n — oo paclpejiesienuil, 3a/iaBaeMblx (OyHKIUAMEI

sin nx
folz) = ,x e R
T
N3 odeBuiHOrO paBeHcTBa
Y sinwz
o | explist)ds =
2 J_,, T

u dopmyJibl Jjisi obparHoro npeodpaszopanus Pypbe, ciejpyer, 4To

sinwz )1 < w,
F( X >(£)_{0,|§|>w.

[Tostomy B cmiry paBeHcTBa llapceBaisa mmveem:

* sin nx 1

Mg e SR : [ o= 5 | FoEd
o | FO)Ede = 6(0), n — oo
CremgoBaTeabHO, .
SH;Z:E SN d(z), n — 0. (6.44)

[Tpusenem apyroii BeiBoj coorHomenus (6.44). Tycrn

C = (=00, )| J{z | z=cexp(if), 7 < 0 < 27} | J(e, o0).
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Ha ocrmoBanum TeopeMbl 0 BeIUeTaX U JeMMBbl zZKopaana cnpaBednBo paBeH-
CTBO

21 z
C

1 exp(iaz)d 1,a>0
_— —_—az =
0,a<0.

Orcroga caemayer, 9To

11 g 1 .
_/ smazdzz_/smazd2217a>0
c

—00

CupaBeyinBO PaBeHCTBO

e sy [T -

1 sinnzx 1 sinnx
o ORIy | B+

lz|>e L

Janee numeem:

1 sin nx
2L e — oo <

T

sup
n

1 :
—/ Sm?mgzﬁ(x)dx — 0, n — oo,
|z|>€

T

L) —s0l, .
7T/|m|<e—d 0(e).

]

T ™ T

¢(0)%/|| Sindex:(b(O)l/' Sinxd:c—><b(0),n—>oo_

Tenepb HY2KHO BBIOpPATh € TaK, YTOOBI
e—0,en —o00,n— 0.

Yreepxaemnne (6.44) mokaszano.
4. Boraucsimm mpejien pacipe/ie/ieHus

exp(ixt)

— , t — Z£o0.
(x +40)

Ham HY?KHO BbIYUCJIUTH
o

W6 € S®RY): Lim lm [ P

t—tooe—+0 | (z + i€)

¢(x)dx.
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Ha ocuose paBenctBa [lapceBasis nmeem:
S p(aydr = — [ F (TR (O F(0)(€)de.
/OO T+ 1€ ¢(I) v 21 ) T — i€ (5) (¢) (5) §
Jlanee nmeeM:

- (exp(—m)) (€ = /: exp(—iz(t+¢))

(x — i€) (x — ie€)

{27m'exp(e(t+§)), (t+&) <0

0, (t+¢) >0.
CnemoBaTebHO,
, > exp(ixt)
1 - dr =
B i A

. . —2mip(0) , t — —o0
JRCIGE { St

OKoHYaTETHHO TIOJTY 9aeM:

exp(izt) s+ |0, t— 400,
—
(x 4 140) —2mid(x) , t — —oo.

5. PaceMoTpuM (byHKIIMOHATBLHYIO TOCIEI0BATETHHOCTD

fulz) = Z exp(2mikz), —00 < x < 0.

[k|<n

Dra nocjie0BaTeILHOCTh He UMeeT Npejiesa Hu B ojHoil Touke z € RY. JTo-
KaKeM, 9TO HOCIE0BATEILHOCTD PACIIPEICICHH, 3a,1aBAeMbIX (DYHKIIUSME
fnl(z), mmeer mpemen. Umeem:

V(o € SRY) ¢ fu(d) = / " fu@)d(a)de =

Z /m dx_/fn < Z ¢($+m)>dx:
Z (/ exp(2mkx) < Z d)(a:—l—m)> dx >exp( 2miky)| —
|k[<n 0 —co<m<0o y=0
( Z (b(y—{—m)) 4t n — oo
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[locsienHee COOTHOIEHHE BHITEKAET U3 MOTOUEUHOMH cxoauMocT psaa Pypbe
oeckoneuno auddepeHIupyemMoii nepuoandeckoit GyHKIun

T Z o(x +m).

—oo<m<oo

HOJIy"IeHHOG HaMH COOTHOIICHHUE YaCTO 3allUCBIBAIOT B BHUIEC

Z exp(2mikz) = Z x—k

—oco<k<oo —oco<k<oo

Maremarudeckoe cojepkaHue 3TOi KpacuBoil (popMyJibl COCTOUT B yTBEp-
xaeuun, 910 pajg Oypne Geckonedno auddepeHImpyeMoii mepuondecKoi
dyuknun cxoauted B Touke T = (.

6.2.5 JIuddepennupoBanue n npeodbpaszoBanne Pypbe
pacnpeaejieHuin.

Onpenenenne 6.2.4. Jluneitnniii omepaTop
T: S(RY* = S(RH)*
Ha3bIBaCTCA HEIIPEPBIBHBIM, €CJIN
S*

(fo 50, n— 00) = (T(f,) 50, n— ). (6.45)

OxasbIBaercsi, 4TO B MPOCTPAHCTBE PACHPE/EICHUH TOMOI0rUst (IOHsTHE
CXOZMMOCTH) BBEJIEHA TaK, YTO €CTECTBEHHO OIpeJie/eHHble onepanun mud-
depenrupoBanus u npeodopazoBanus Oypbe HENPEPHIBHBI.

JIunddepennupoBanue pacipeaeaeHmii.

HagneMm ¢ onpenenenns onpepamnun audepeHInpoBaHus Ha mpsamoii. [Ipemrmo-
JIOXKUM, ITO pacupejenenue f 3a1aH0 MeIJIeHHO pacTyieil dynkmueit f(x):

v(6 € S(RY) / e

Ecau npoussognast D f(z) cama ecTb MeJjIeHHO pacTyiias (DyHKIHsI, TO 9Ta
IPOM3BOJHAA 3aaeT PACIIpeIeICHIe

Df - qw/ D (s / f(2)Dé(x)dz = — (D).

DTOT MpUMEP MOTHBUPYET CJIEIYIOIIEe
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Onpenenenne 6.2.5. [Iponssozanoii mopsiika m pacnpeenenns f € S(RY)*
HA3BIBAETCSI PACTIPEIEIeHIe, KOTOPOe JAeHCTBYeT MO MPABUITY:

D" f: (g e SRY), D™ f(¢) = (—1)" f(D™ ). (6.46)
Tak Kak 0TOGparKeHHe
S(RY) 3 ¢ — D™p € S(RY)
HELPEPLIBHO, 0TOOPAIKEHHe
S(RY) 3 ¢ = (=)™ f(D"¢) € C!

€CTh KOMIIO3UIMA JIMHEHHBIX HEIPEePBIBHBIX OTOOPAKEHUI M IO3TOMY €CTh
JUHelHoe HempepbiBHOe oToOpaskenue. ClemoBaTeabHO, HAIIE OIMPEIeTCHIe
KOPPEKTHO: MpaBasi 4acTh paBeHcTBa (6.46) meiicTBUTEIHHO 3a1aeT JHHET-
HEI HempephIBHbIH dyHKIuonan Ha mpocrpancTse S(RY).

Teopema 6.2.7. Onepayus duddepenyuposarus HENPEPLLEHA NPOCMPAHCMEE
S(RY)*.
JokazarenbcTBo. Ecan

S*
f'rL_>07n_>OO7

TO
V(¢ € S(RY)) : D™ fu(d) = (=1)!™ fo(D™¢) = 0, n — oo,
IIOITOMY
D™f, 2 0, n— oo.

TeopeMma, moxazana.
Paccmorpm nipumepbr.
1. Tlycro pacupenenenue 6 € S(RY)* zanaerca dyukiueit

H(x):{l’x>07

0, <.

Haitiem npousBojinyio 3roro pacupejesnenus. 1o onpejesienuo umeem:

vwesﬁw:uwwz—WDwz—Aw%wmm:¢@.

CrenoBare/ibHO,



Jlannoe paBeHCTBO HY’KHO IOHHMATL B CJIELYEIIEM CMBICIE: MPOU3BOIHAS
pactpeesienust, 3a1aBaeMoro ¢yukiwmeit 6(x), ects pacupeenenue §(z). Cpe-
Ju pU3UKOB OBITYET CJIEIYIONIas MHTEPHPETAIns TOr0 PaBeHCTBA: MPOU3-
BonHas byukmun 0(r) paBHa HYIIO BCIOIY, KpoMe Toukn = = 0, a B TOUYKe
x = 0 3Ta mpou3BoAHAs paBHA OECKOHEYHOCTH. DTO HECCMBICIEHHOE Ha Hep-
BBIi B3IJI] yTBEPZKICHHE IOy 9aeT MaTeMaTUIeCKE KOPPEKTHYIO HHTEepIIpe-
TAIAIO, €CJIH PACCMOTPETH AIIPOKCUMAINIO PACIPEILTICHUA B 00CUX YaCTIX
JIAHHOI'O PABEHCTBA PACHPEICICHUSIME, 38/1aBAEMbIMU TJIAJKAMU (PYHKIUSA-
MH.

2. IlycTh

—=a< a; <...<Up < Qpty1 = OQ.

[Ipeanonoxum, uro dyukuua f(z), z € R! yrosaersopser onenke
Ve |f(z)] < C(1+ |x])N

HenpepbiBHO puddepeHnupyema Ha Kazx oM uareppaie (a;, a;41) 0 <i<n
U UMeeT mpejieabl B Toukax a;, 1 < ¢ < n. [Tosoxkum

0,z€{a;|1<i<n}

Jioe() = {f’(x) , € (a;, aip1) 0 <@ <,

[Ipennonoxum, ato dynknus f],.(x) yaoBIeTBOPSIET ONEHKE

Vo | floe(@)] < C'(1+ 2™

Haiizem npousBofiHyo pacupenesnenus, 3amapaemoro dbyuxiweii f(x). Mme-

€M:
T ==t == == 3 [ 1@

0<i<n

= 3 (o = 0blases) = flai+ 00600 — [ Flarole)ds) =

0<i<n

S (Flar+0) = fla—0)6(e) + [ fiuloota)ds

1<i<n
[TostyaernHOE paBeHCTBO MOYKHO 3allCaTh B BHUIE

% - Z (f(az + O) - f(az - 0))5(1‘ - ai) + flloc<x)‘

1<i<n

421



DTO PABEHCTBO 03HAYAET CJIEIYIONIee: MPOU3BOIHASA PACIPE/ICICHUS, 33, 1aBa-
emoro dyHknueil f(x), ecth JuHeliHas KoMOHHAIWS 0-DYHKIHUIT, COCPETOTO-
YEeHHBIX B TOYKaX paspbiBa GyHKuuu f(r) U pacrnpelieseHus, 3aJ1aBaeMOro
bynkmmeit fi,(z).

3. Haitnem nepByio 1 BTOPYIO TPOU3BOIHYIO PACTIDEICTICHUS, 33/1aBAEMOT0
dbynknueit |z|. Umeem:

d < d
Vo€ S®): <ol [6() > — [ 1|0 ae
> d 0 dq
—/0 fl(x)d +/OO 3(3: )dx—/sign(x)gb(x)dx,
rme
. 1, x>0,
sign(z) = {—1 < 0.
CremgoBaTebHO, g
e sign(x).

JlaHHO€e PaBEHCTBO HYKHO IHOHUMATh TAK: IPOU3BOJHAS PACIIPE/Ie/IeHusd, 3a-

nqasaemoro dyHKImeil |z|, ecTb pacnpenenenue, 3agaBaeMoe QyHKIHed sign(x) =

20(z) —
I/ICHOIIb3y5{ penienue Hpe,ZLbI,H‘yHleIL/’I 3a/Ja491, HaXOJUM:
d’|z|

3. Haiitem mpon3BoIHYIO pacupe/ieIeHns leiO' CoracHo onpeaeaeHno, nMe-

eM:
<%(_ﬁ)\a@>:—<(_f)|imm>:
— iﬂ¢/< ) / ¢ / ¢
lz|<1 |z[>1
-, : ¢'(z)
¢ (z) 2=0 11—{% x
e<|z|<oo
1
—ir¢'(v) o lm Ed(ﬁﬁ(l’) —¢(0)) =
e<|z|<o0
oy ¢(z) — 6(0) .
— T (x) — lim
Oe<|ac/<oo



CaenoBaTesbHO,

% (x_llo) —ind(x) — P (é) ,

rae pacupeaesierue P (%) 3a1aeTcs hopMyIIoii:
1
P (—2) = lim / ¢
€T e—0
e<|z|<o0

4. Haiinem mpousBonuyio ot d-pyHKmmun. Vmeem:

<D™ | ¢p>=(-1)" < 5| D"p>= (1) D"¢(x)

=0

IIpeobpaszoBanne Pypne MeAJIE€HHO PACTYHINX PACHPEAETeHUIA.

Ecim pacnpenenenne f € S(RY)* zamaerca dynkumeir f(z) € S(RY), To
upeobpazosanue Pypbe dyukiuu f(r) 3amaer pacupejeienue 1o GopmyJie

V(g € SRY) : F(f)(6) = / F(f)(@)é(x)de =

/ ( / eXp(—in)f(y)dy) o(z)dx =
/ I (/ e ”W(x)dw) dy = [(F(9)).

Dta GopMyIa MOTUBUPYET CJIEAYIONee

Onpenenenne 6.2.6. Tpeobpazosannem ypoe pactpenenenns f € S(RY)*
nazbiBaercst pactipenenenne F(f) € S(RY)*, serauncasemoe mo dpopaye

V(¢ € S(RY)) : F(f)(¢) = f(F(9)). (6.47)

Kax u BbIIIIe, JIETKO JTOKA3BIBETCS, 9TO ITO OLpeeeHIne KOPPEKTHO H 9ITO
0TOOparKeHue

SRY)* > f— F(f) € S(RY)”

HEIIPEPBIBHO.
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ITpumepsl BbIuncienuda npeobpa3oBanuii Pypbe MeaJIeHHO PACTy-
X pacupeaejaeHuii.

Paccmorpum nipumephr.
1. Haitnem npeobpazoBanme @ypbe pacupejieseHns, 3a/1aBaeMoro QyHK-
nueit f(x) = 1. Umeem:

— (2m)"6(0).

=0

e (2m [ estie)roerde)

CiretoBaTe/ibHO,
F(1)(€) = (2m)?8(¢).

Nuorna dppasa “npeodpazoBanue Pypbe pacupeaeaeHus, 33/ 1aBaeMoro pyHk-
mueit f(z)” cokpamaercs 10 dpassl “npeobpasosanne Pypoe dyuxiun f(x)”.
OﬂHaKO O6BI“IHO HETPYAHO IIOHATDH, O YeM HMAET pevdb U TaKad BOJIbBHOCTL pevdu
HE IIpUBOAUT K HEAOPA3YyMEHHUAM.

2. Haiinem npeobpazoBanue Pypbe pacnpesenenus, 3a1aBaeMoro pyHk-
uneit f(z) =z, x € R Nmeem:

F)(o) = [« ( / exp<_my>¢<y>dy) i =

/ (/ <idiy“p<—ixy>) ¢<y>dy) do =
/ ( / (exp(—izy) (—id%) cb(y)dy) de = —2mi¢ (0).

F(x) = 2mid'(z).

3. Haiinem npeobpazosanne Oypbe pacupenenennd, 3agapaeMoro hyHKInei
0(x). DTo pacmpeeseHre ecTh Upeea pacupeesaennil, 3a1aBaeMbx hyHK-
mueit 0(x) exp(—ex), ¢ — 0. CregoBaresnpno, mpeobpasoBanue Pypre pac-
npejiesiennst, 3anapaemoro dbyukimeii 0(x), ecth npees pacupeenenuii 3a-
naBaeMbix ynknueir 0(x)exp(—ex), e — 0. IIpeoGpazosanne Pypre pac-
npejiesieHust, 3agaBaemoro dyukiuei 0(x) exp(—er), 3agaercs npeodbpa3oba-
auem Oypbe dyuknuu () exp(—ex):

/_OO () exp(—ex — ilx)dr = —i(& —ie) .
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CaenoBaresibHo, peobpasoBanue Pypbe pacipeieseHus, 3a1aBaeMoro pyHK-

mueit 0(x), ecTh pactupeneeHmne —z'g_lioz

1
£—40

F(0(x))(§) = —i

4. Haitnem npeobpazopanue Qypbe pacupeaeaenus P (i) 9TO0 pacipe/ie-
JIEHUE eCTh HPeJIeJl pacipe/ieienus, 3a1asaemoro dyukuueii 0(|z|—e) /x| € —
0. CnenoBarenbHo, npeobpaszopanne Oypobe pacupegenenus P (%) 3a1aeTCs
dyukIHeit, KoTropas ecTb npejen npeobpazopanuit Dypne

liir(l) h M exp(—iz)dr =
- i/_oo Sinffg)dx = —imsign(&).

Cayuaii npocrpancTsa D*(R?).

Onpenenenne onepamnun gudepeHInpoBaHns B IPOCTpaHcTBe D* (]Rd) 7 CBOTi-
CTBa 3TOI OIEpAIUU COBIAJIAIOT C OIpPEJIeJIeHHEM U CBOHCTBAMHU OIEePAIUH
JnubdepeHIupoBaHus B IPOCTPAHCTBE MEJIJICHHO PACTYIIHX PacIpe/ie/IeHHil.
Mbi #e onpedessem npeobpasopanusa Pypbe pacnpenetenuit uz D*(R?),

6.2.6 /leiicrBue adpduHHOII IPYyIIIBI HA pacOpeaeieHus.

Hanomuum, uro addunnoit rpyumnoit nasbiBaercs rpyumna mnpeodpazoBaHuii
npocTpancTBa RY, KoTOpasg AefcTBYeT IO IPABILILY

V(iz €RY) : Ax = Az +a, det(A) #0, a € R% (6.48)

Addunnyio TpyImy MOXKHO OTOXK/IECTBATH ¢ MHOKecTBOM ap {(A, a)}, rue
A -mepbipokaenHag Mmarpuna, a € RY 3akon xommosunmm B adbumHOil
IPYIIIe 331aeTCS PABEHCTBOM

(A1, a1) - (A2, az) = (A1As, Ajas + ay).

®opmyna (6.48) onpenenger jgepoe jeiictsue addunnoi rpynusl B RY, ko-
TOpoe TOPOKIAeT JeBoe feiicTBre adb@UAHON IPyNHBl Ha 3aJaHHLIX B RY

GYHKIHISAX:
(A, a)o(z) = p(Az + a).
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Eciaun dyukius © — f(x) nopoxaer pacupeaenenne ¢ — f(¢), o byHKIms
x +— f(Ax + a) nopoxkmaer pacrpejeeHne

b / F(Az + a)o(x)dz = det(A)] ! / F@)d(A™ @ — a))de =
det(A)] " £o($(A (= — a))). (6.49)

Dopwmyiaa (6.49) mopoxaaer mpasoe Aeiicreue adduHHON TPYNIB Ha pac-
IpeJIe/ICHAS:

(f(A, a))(9) = [det(A)| " fo(d(A™ (z — a))). (6.50)

Ota dhopMmyaa U IPUHIMAETCS 3a IIPABUIO “3aMeHBI IepeMEeHHBIX B pacipe-
nestenusix. [Ipusegem npumep.

~1 ~1
(0(A, a))(¢) = |det(A)| " 0a(P(A™ (z — a)) =
|det(A)|'p(—Ata).
HekoTopbie aBTopbl CHUTAIOT €CTECTBEHHBIM COIOCTABUTD JIEBOMY J€HCTBUIO
appuHOll rpyHIbl HA TOYKH IMPOCTPAHCTBA IPAaBOE JEfCTBUE TPYIIL HA
dyukiuu. B Takom ciydae jjsd cOXpaHeHUs CBA3M MKy (DYHKITUSIME U MO0-

POXKIAeMBbIMU UMU PACIpE/IeICHUIMA Ha paclpejiesiennsd apduunas rpynmna
ITOJIZKHA JeiCTBOBATH CJEBA.

6.2.7 CsepTKa pcupegesieHud 1 (PyHKIINN.

B sroMm nynkre hOpMYyJIMPOBKH yTBEPKJAEHUN U JIOKA3ATE/IbCTBA HE 3aBUCAT
OT TOT0, KAKWe TMPOCTPAHCTBA paccMaTpuBaroTcs: S win D.
Hanomuanwm, aro cBeprkoii [ * ¢ dbyaknumii f u ¢ Ha3bIBaETCT (PYHKINS

R'S 0 fxo(a) = [ Fw)olz - y)dy.

CrepTKy pacipeie/ieHnst 1 OCHOBHO (DYHKIINK eCTECTBEHHO ONIPeIeIuTh (POp-
MYJIO#

f * QD(ZL’) - nh_{Iolo fn * ¢(x)7

rae f, -Takast MocJaeJ0BaTeIbHOCTb (DYKHIUN, ITO

V(¢ € S(RY)): f(¢) = lim [ fu(y)d(y)dy.

n—oo

OIHAKO IPH 9TOM BO3HUKAIOT HPOOJIEeMBI ¢ 000CHOBAHHEM HEKOTOPBIX IIpe-
JTeJIbHBIX TEePeXOI0B U yI0OHO MOCTYIUTEH HHAYE.
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Bresiem onepaTopbl HHBEPCUU OCHOBHON (DYHKITUU:

nve(r) == ¢(—1),

CBUTA OCHOBHOM (DyHKIUU:
Y(z € RY) @ t(2)d(x) := ¢(x — 2)

 caABHUI'a pacCIIpedeJICHUA:

(t(2)f) (@) = fy(oly + 2)).
OTH omepalMi HEIIPEPBIBHBI B COOTBETCTBYIOININX MPOCTPAHCTBAX.

Onpenenenne 6.2.7. CBepTKoii pacupeienenuss f U OCHOBHON (pYHKIIMH ¢
Ha3bIBaeTCs (DYHKIINA

d .
R332 +— fx¢(z) = f(t(x)inve) = f,(o(x —y)). (6.51)
KOppeKTHOCTD JAHHOTO ONIPe/IeIeHNs CIEIYeT U3 HENPEPBIBHOCTH ONepa-
[IUM UHBEPCUH U C/IBUTA.
Hy:kHble HaM CBOCTBA CBEPTKH DACIpejiesieHusl U OCHOBHOU (hyHKIUM
IIePEYHCJIeHBI B

Teopema 6.2.8. 1. Csepmra Kommymupyem co co8u2aMu:

t(2)(f x o(x)) = (t(2)f) * ¢(x) = [ = (¢(2)0) (). (6.52)
2. Ceepmika Kommymupyem ¢ dupdeperyuposaruamu.:
D (f * ¢(x)) = (D™ f) * d(x) = [+ (D ¢)(x). (6.53)

JlokazaTeIbcTBO MEPBOTO YTBEPZKJICHUS MPOBOIUTCH TPSAMBIM BBITHUCIE-
aueMm. Umeem:

t(2)(f * o(x)) = 1(2) fy(o(x — y)) = fy((z — 2 —y)),
(t(2)]) * () = (L(z)f)y(d(z — y)) =

( (x = (y+2))) = fy(o(z — 2 —y)),

* (1(2)9)(2) = f(t(x)inV(t(Z)czﬁ)) =

fy( (@)o(—y — 2)) = fylo(z —y —2)).
[Iepexoanm K JOKa3aTe/bCTBY BTOPOTO yTBepxKIeHndA. BBesmem onepatop
li(Ax) : 1i(Ar)p(x) =
1

A—x(¢(x1,...xj+A:C,...,md)—(b(xl,...,xd)) =

1
/ (O, 0) (@15 + TAD, . 24)dT.
0

I3 menpepbisHOCTH Onepatopa ¢asura B npoctancrsax S(R?Y) u D(R?) cie-
JIyer
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Jlemma 6.2.6. B npocmparcmee S(R?) u 6 npocmpancmee D(R?) cnpased-
AUBO ymeepotclenue:

Lj(Ar)p(w) — Oy, (1, ..., 5, ..., 2q) , Az — 0.

Ncronb3ys KOMMYTaTUBHOCTH OMEPATOPa CBEPTKHU CO CABUTOM U JIEMMY
6.2.6, MBI IHoJIy4aeM:

O, (f * 0)(x) = lim l;(Az)(f *¢)(w)
T f o+ 1(A)o(x) = (f 0s,0) ().
aJjiee 3amevaeM, 4To
(D™ f) * d(x) = (D™ fy(é(x — ) = (=1)" [, (D} d(a — y))
= [,((D")(z —y)).

Teopema mokazana.

6.2.8 IIpsamoe mpou3BeaeHWE pacHpeaeeHniA.

B sTroM myHKTe B KayecTBe MPOCTPAHCTBA OCHOBHBIX (DYHKIMI M MPOCTPaH-
cTBa pacupe/esenuii Mbl 6yJ1eM paccMaTpusaTh npoctpanctsa D(RY) u D*(R?).
OueBugHa

Jlemma 6.2.7. Feau
z=zPy,r R, yeR!, ¢(z) € DR,

mo PyYHKUUU
r—=drBy), y— dlzdy)

npunadaesicam npocmparcmeam D(RP) u D(RY) coomeememeento.

Jlemma 6.2.8. Fcau

reRP, yeR!, z=2dy, ¥(z) € D[R"), g € D'(RY),

9y((z ©y)) € D(R?).

JlokazarebcTBO. Be3 orpanndenud oOIIHOCTH MBI OYeM CUUTATD, 9TO

suppy € K; & Ko,
Ki={r|z R, lo| <a,1<j<p)
Ko={z|zeR?, |5/ <a,1<j<q}
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U3 nemmbr 6.2.6 caemxyer, 9TO

DY g,(Y(x @ y)) = g,(D7Y(x D y)),

IO3TOMY

lg,((z @ y)) | (N, DRP), K)|| =
> sup{|DPg,(V(z @ y))|r € Ky} =

0<[m|<N

Z sup{|gy (D (x ® y))|x € Kq}

0<[m|<N

B cuty Teopemsl 6.2.6 cyIecTBYIOT TaKue He 3a8UCAUWUE OT ¢ U MOITOMY He
3aBHCAIINAE OT T KOHCTAHTHI, YTO

l9,(DIM(x ©y))| < C(Ko)||DIMb(z @ y) | (M(K,), D(R?), Ko)|| =
C(Ky) Y sup{|DyDr(z @ y)ly € K} < oo,

0<|n|<M(K2)
CaenoBaTesbHO,
V(K eR’, N),3(C(K,N), Ky e R M(K, N) < o0):

lgy(W(z @ y)) | (N, DR?), K)|| < C(K, N)||vo | M, DR, Kol| < oc.
(6.54)

JlemMa mokasana.
U3 sremmbl 6.2.8 cireiyeT, 9T0 KOPPEKTHO OIpeJeIeHo JnHeiinoe oTobpa-
JKeHme

¥(g € D'(RY), r € D/(RP)) :
DR™) 3 d(z & y) = 1o(gy(V(x & y)))- (6.55)
13 onenxu (6.54) caemyer, uro orbpazkenue (6.55) HempepbIBHO.

Ounpenenenune 6.2.8. Oupenenennoe dopmy.oii (6.55) orobpazxkenue Ha3bl-
BAETCs MPSMBIM HpousBeeHneM pacupenesnennii g € D*(RY) u r € D'(RP):

r®@g: DR sz dy) —r@g) =rgW(xdy))).
Anastorom teopembl OyOMHM /151 pacpeieeHuil sIBJISeTCs

Teopema 6.2.9. IIpamoe npoussedenue pacnpedeseruts KOMMYMAMUCHO:!

V(g € D'(R?), r € D'(R?), ¢ € D(RPTY)) :
ro(gy(V(z @ Y))) = gy(ra(¥V(z B Y))). (6.56)
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J1s moKa3aTes bcTBa 3TOH TeopeMbl JOKayKeM NMEIONIYI0 CaMOCTOSATe b
HBIIl HHTEpeC JIeMMY.

Jlemma 6.2.9. Mnoowcecmeso ecex hynryuti suda

¢N(l‘1 Ce ,de) =
D Catoad®ar(t1) - Gaa(Ta) , G €DR'), N =1... (6.57)
laj|<N

naomno ¢ D(R?).
HoxkazarenbcTBo. [IycTh
Y € DRY), suppy € K, K = {2 |z € R?, lz;| < a}.
B kybe Ko = {z | € R?, |z;] < 2a} paznomum dbynkmuio ¢ B pag Pypoe
O OPTOHOPMHUPOBAHHOMN CHCTEME

en(z) = (4a)~ Y2 exp(in(n, x)/2a), n € 2%, x € R

[Tosyunm:

Y(x) = > cnexplin(n, x)/2a), (6.58)

[n|<oo
npuaem psiji (6.58) cxomuTest aGCOTIOTHO, PABHOMEPHO U €10 MOXKHO JTudde-

PEHIMPOBATH HOUYJIEHHO JII000€ YUCJIO Pa3.
[Tycrb (t) -dynknus tuna “orpuc” u

(1,1 < (4/3)a
() = {0, (5/3)a < [t| < 2a.
[Tonoxkum

Un(w - wa) = () . ae(wa) Y cnexplin(n, x)/2a). (6.59)

In|]<N
DOyukuus Yy ecth Gyuknus suga (6.57) u
by 2, N — . (6.60)

JlemMma, 6.2.9 nokazaHa.

Teopema 6.2.9 caemyer us jgemmbl 6.2.9, tak kak zHa dynknusx sujga (6.57)
pasencTso (6.56) BepHo.

[Tpumep mpsMOTO MPOM3BEIEHNS PACTIPEIETeHU -0-DyHKITHS:

(z) =0(r1) ® ... (xy).
U3 (6.59) caexyer, aro
V(f €D, suppy € K) : f(bw) — f(¥).
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Bameuanue 6.2.1. Toxcrasasis B (6.60) BeIpazkenus st Ko3bhUIEEHTOB
@ypbe, MBI HOJIYIUM, ITO /s JI0O0r0 KoMnakTa K 1 j1060ro (hbyHKIHOHATIA
f € D' cymecrsyer Taxas nocaegosareabnocts dbynxunit { fy € C®(RY),
qT0

V(suppyp € K) : f(¢p) = lim /fN(:c)w(:c)dx.
B kauecTBe 10Cs1€10BATEILHOCTH fy MOYKHO B34Th HOCJI€10BATEILHOCTD

fu(x) = [da)™ Y f,(elwn) - . 52(ya) exp(—in(n, y)/2a)) explin(n, z)/2a).

In|<N

OrmernMm, 9T0 OTCIOJA JIETKO cjieayer teopema 6.2.2.

6.3 ®DyngamMeHTaJIbHBIE peinennd auddepeHnn-
AJBHBIX OIIEPATOPOB C IMOCTOAHHBIMHI KO3(]-
dburmmenTamn.

uddepennuabHBIM OLIEPATOPOM € IIOCTOSHHBIME KO3(MDumeHTaMu Ha3bl-
BaeTcs OIIepaTop BHIA

P(D)= Y a(m)Dy, (6.61)

0<|m|<N

rjie

m:(ml,...,md)eZd, |m’:m1+"‘md,
a(m) € C',
Dy = (_iaﬂcl)ml T (_ia$d)md'

Omeparop (6.61) umeer nopsiiok N, ecau

AP = ) la(m)* # 0. (6.62)

[m|=N
B JaJIbHENIeM Mbl 6y,ZLeM IpeanoJsjaraTb 3TO yCJI0OBHUE BLIITOJTHEHHBIM.

Onpenenenune 6.3.1. Pacupenenenne F HaspiBaercd (pyH1aMeHTaIbHBIM
perrenueM Jiist onepatopa P(D), ecin

P(D)E = 6. (6.63)



Hacro BMecTo TepMuHa “GyHIaMeHTaIbHOe perene i oneparopa P(D)”
UCIIOJB3YIOT TePMUH “(DyHIAMEHTATLHOE peliene i ypaBHeHus

P(D)w = u. (6.64)

TakK Kak ecn F -dynmamenTaibaoe perenne mis oneparopa P(D), To byuHk-
107871
w=FExu

ecThb pereHne ypapHenus (6.64):

P(D)(Exu) = (P(D)E)*u=0%u=u.

6.3.1 CymecTBoBaHNe DYyHIAAMEHTAJILHOTO PEIeHNU JIJIs
anddpepeHImaIbHOr0 OepaTopa C MOCTOAHHBIMU
K03 purmeHTaMm.

B srom maparpade Mbr 6yjieM cUYHTATH, YTO TPOCTPAHCTBO OCHOBHBIX (DYHK-
uuii ecth D(RY) u npocTpancTBo pacipeaeenuit ecth D*(RY). Mbl qokazkem,
uro ypasuenue (6.63) nveer pemenne B npocrpanctse D*(R?). JToxazarein-
CTBY MBI IIpeAIONnijieM HECKOJBbKO JIEMM.

Cuadgajia MBI HAITOMHUM W3BECTHOE B TeOpWW (DYHKINH KOMILJIEKCHOMN TIe-
PEMEHHON HEpPaBEHCTBO.

JIemma 6.3.1. Ecau dynruua f(2) anarumuuna 6 kpyee |z| < 1 u nenpe-
pusna npu |z| < 1, mo cnpasedauso nepasencmeso

1< 5 [ (et (6.65)

Hanomuum mokaszaresicTBo 9Toro HepaBeHcTBa. 13 dopmystsr Komu cie-
JIYeT, 94TO

f(0) = L ﬁdz = %/o 7rf(exp(i@))dé’.

21 |z]=1 z

Tenepsb ocTas0Ch BCHOMHUTD, YTO MOJIY/Ib HHTErPAJIa MeHbIIle U1 PABeH HH-
Terpaay oT MOIYJsS HHTerpupyemMoil byHKIINH.

Jlemma 6.3.2. Ecau Q(\), A € C' -noaunom cmenenu n co cmapwum o-
auruernmonm c:

Q) =cA"+a "t 4 .-

mo cywecmeyem makot noaurom Qo(A\) cmenenu n, wmo

Qo(0) = ¢, |Qolexp(ith))| = |Q(exp(ifh))|, 0 < Oy < 2.
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HoxkazatenbcTBo. [lycTh
)= T 0-a)
1<j<n

Torma mosmmOM

QN =c J] @ -an)

1<j<n
YIOBJIETBOPSIET YCJIOBHUSM JIEMMBbI.
lonoxum
T={0]10=(0,...00) cR* 0<0; <2r}, (6.66)
c(0) = Z a(m)exp(i(0, m)), m € 2%, (6.67)
Im|=N
df = db, ...do,.
Jlemma 6.3.3. Ecau swnoaneno yeaosue (6.62), mo
A(P)
c(0)|dl > —————, 6.68
el > (6.68)

ede Co(N , d) -sasucawan moavko om N u d xoncmawma.
HokazarenbcTBo. CpaBeInBO HEPABEHCTBO
)< Y la(m)] < Co(N, DA(P),
Im|=N

riae Co(N , d) -aucio pasmerieruii N Hepa3IMIUMBIX IPEIMETOB 10 d sITIH-
KaM,

CO(-N d) C’N+d+1

OTcioga caeayT, 9To

/T|c(9)|d9 — (N, d)A(P)/TCO(ALC(Z;!(P)dG >

Co(N, d)A(P)/T (CO(M Z)A(P)) o > A(P)/Co(N , d).

JlemMa, mokazaHa.
Huddepennnanbuomy oneparopy (6.61) mocraBum B COOTBETCTBHE TIOJIU-
HOM

0<[m|<N

Z a(my,...mg)z™ .. 2" (6.69)

0<m<N
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Oupeneanm GyHKIHIO
V(O €T): w®) = {exp(iby),...,exp(ify)} € C.

Jdemma 6.3.4. Jlas ao060ti yeaoti gynxuyuu F(2), 2 € CL u aoboeo noau-
noma P(z) cnpasedauso nepasercmeo

P(2)| < %/T\F(zth(e))P(z—i—w(G))\dH. (6.70)

HokazarenbcTso. [Tomoxum
fN) =F(z+ (@), Q) = P(z+  w(d)), Ne C..

Bamernm, uro crapiiuii kKoadbdunuent maorowrena Q(A) (kosddurment npu
AV) pasen onpeensemoii pasenctsom (6.67) dbyuxmun c(6).
Ilycts muOTOUIEH QQ)(A) YAOBAETBOPSIET YCIOBUSIM:

Qo(0) = ¢(0) , |Qo(exp(ibh)| = [Q(exp(ify))|, 0 < Oy < 2.

Cy1mecTBoBaHEe TAKOI'0 MHOT'OYJIEHA TapaHTUPOBAHO JieMMoit 6.3.2.
B cuny memwmbr 6.3.1 cipaBeqinBO HEPABEHCTBO

% ; ' |F'(z + exp(ifo)w(0)) P(z + exp(iby)w(8))|dOy =
% ; ’ | f (exp(ibo))Q (exp(iby)|dOo =

% ; ' | f(exp(i6o)) Qo (exp(ibh)|dfy > | £(0)]|Qo(0)] =

[ F(2)|]c(0)].

[IpounTerpupyeM 9T0 HEPABEHCTBO MO df M yUTeM, YTO B CHJIY HEPHOIUTHO-
ctu dbynknun w(6) uaTerpa

% /T |F (= + exp(ifo)w(8)) P(z + exp(iflo)w(8))|d6

He 3aBUCUT OT 6. lanee Bocrioap3yemces jteMmmoit 6.3.3.
JlemMa, 1oKa3aHa.
[Tycth

2€C? z=Rez+ilmz, Rez € R?, Imz € R%.
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Jlemma 6.3.5. llpeobpasosanue Qypove dynryuu ¢ € D ecmov uyeras hym-
UuA, KOMopas yoosAemeopaem oUueHKe

V(¢ €D, supp ¢ € K, N), ICL(K, N), Co(K, N)) : [F(¢)(2)]

< Ci(K, N)exp(Co(K, N)[Imz[)(1+|Rez[*) "V |¢ | 2N, DR?), K,
(6.71)

ede woncmanmo Cy (K, N), Co(K , N) sasucam moavko om N u komnaxma
K={z|zeR? |z;] <a}, codepocawezo nocumernv dyrryuu ¢.

JoxkazarenbcrBo. meem:

F6)(e) = [ expl=ilz. 0)o(a)ds -
/Kexp(—z'(Rez, x))exp((Im z, z))p(x)dz,
(1+[Rez[)YF(9)(2) =

(1 — AN exp(—i(Rez, x)))exp((Imz, z))d(x)dr =

/K exp(—i(Rez, 2))((1 - An) exp(Im 2, 2))é(x))d,
(14 Re =) F@))] < [ 10— A0 exp((Tm = a))o(w)lde <
CL(, Nyexpl(Ca(K . M)\ Tmz)ll9] (2N, DY, K],

JlemMa, mokazaHa.
13 onenxu (6.71) BoITeKaeT

Jlemma 6.3.6. Ha npocmparcmee D xoppexmmno onpedeser GyHKuuoHan
D3¢ 6| B(D /|F (€ + w(8))|dedd,
RexT

Komopuili YyooBAEMBOPAL, YCAOBUAM HOPMDBL, NPULEM

|6 | BD)|| — 0 npu ¢, = 0. (6.72)

[Iycte B(D) -nomonnenue npocrpanctsa D no mopme | | B(D)|. B
npocrpancree B(D) paceMorpum JimHeitHOe MHOrOoGpasne

L(P):={¢|¢y=PD)¢, ¢ €D} (6.73)
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Jlemma 6.3.7. Ha aunetnom muozoobpasuu L(P) xoppexmmuo onpedesen au-
HEUHBT GYHKYUOHAA

V(¢ € D) : lo(P(D)¢) = ¢(0), (6.74)
u amom PyHKkyuonar na mnozoobpasuu L(P) ydosaemsopaem ouente
V(¢ € L(P)) : [lo()] < C(P)[[¢ [ B(D)], (6.75)
2de C'(P) -xoncmanma, 36a6ucAWaA MOAKO 0M nosunoma P.

Hokazaresberso. g Toro, 4tobel gokazarh, 410 dbyHKIuoHa1 (6.74)
olpe/ie/ieH KOPPEKTHO, HAM JIOCTATOYHO JI0KA3aTh, YTO U3

P(D)¢y = P(D)¢s , ¢; €D (6.76)

CJIeJIyeT, 9To
01 = ¢o. (6.77)

Bosbmem mpeobpasosanne @ypbe or obeux yacreil pasencrsa (6.76) u pac-
CMOTPHM 3TO IIpeobpa3oBaHne B KOMILICKCHOM IIOCKOCTH. Ilomyunm:

V(z € CY): P(2)F(¢1)(2) = P(2)F(¢2)(2).

Tak kak npeobpazoBanue Oypbe GyHKIMA U3 TpocTpanHcTBa D ecTh 1esas
bYHKIIH, TO U3 3TOTO PABEHCTBA CJEIyeT, YTO

F(o)(2) = F(¢2)(2),

a orciofa crenyer (6.77).
Teneps gokaxem onenky (6.75). Ilycrs

Y =PD)p, peD.
Unmeem:

(1) = 1(P(D)6) = $(0).
6(0) = (2m)~ / F(6)(€)de.

()] < / [F($)(€)]de.
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Hastee Mbl Boctosb3yemMcest aemmMoit 6.3.4 u nepasercrsom (6.70). Tloxyanm:

()] < / F($)(€)]de <

C(P) / / F(6)(€ + w(8))P(€ +w(6))|do | de =

Rd T

C(P)/ /!F(w)(Ser(@))ld@ d§ = C(P)[lv | B(D)],

R4 T

riae C(P) -HekoTpopas KOHCTAHTa, 3aBUCSINAs TOJBKO OT TOJuHOMA P.
JlemMa, JToKa3aHa.
Bameuanne. [Ipn moKa3aTesbCTBE KOPPEKTHOCTH Onpeenacans (hyHKIH-
onasa ly CIeayeT MMeTh BBUJY, 9TO MHOXKECTBO HETPUBHAILHBIX DENTCHUI
YDABHEHUS

P(D) =0

He TyCTO, HO, KaK TTOKa3bIBAET JI0KA3ATETHCTBO JeMMBI 6.3.7, 9TO MHOYKECTBO
He cojepxkut Gyuknui u3 D.

Jlemma 6.3.8. Ha npocmparcmee D cywecmseyem aunetinbll HenpepvueHbii
dyrryuonas 1, xomopuil wa mmozoobpasuu L(P) cosnadaem ¢ dynryuora-
aom lg.

JokazarenncTBo. 113 Teopembl Xana-banaxa u jemmbl 6.3.7 ciegyer, 9To
Ha npoctparcTse B(D) cymectByer JuHelHblil dbyHKIMOHAT [, KOTOPHI HA
muoT000pasuu L(P) coBnagaer ¢ GYHKIUOHATIOM [y B Ha BCEM MPOCTPAHCTBE
B(D) ynosiersopsier OleHKe

V(¢ € B(D)) - l(p)| < C(P)[l¢ | B(D)]|. (6.78)

Tak kak D C B(D) 1o dbyuknuonan [ ompeaeser Ha BCEM MPOCTPAHCTBE
D. U3 ounenku (6.78) u jemmbl 6.3.6 ( coornomenne (6.72)) caemayer, 410
dyukimonas [ nenpepbiBen Ha D.

Crenyromasl TeopeMa Ha3bIBaeTcd TeopeMmoit Manbrpanzka-OpeHmpaiica.

Teopema 6.3.1. YV 06020 nenyaesozo duddepenyuarvrozo onepamopa c

nocmosarnvLmMu Koapduyuenmamu 6 npocmpancmee D' cyuecmeem ¢pynda-
MEHMANDHOE PEUEHUE.
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JTokazarenbcTBo. JlokazxkeM, 94T0 TaKUM DYIaAMEHTAIBHBIM PEIICHUEM $1B-
Jisiercsd PYHKITUOHAJ

E :=1-inv, (6.79)

re | -pyHKIMoHaJ, CYIECTBOBAHNE KOTOPOrO rapaHTUPOBAHO JeMMoi 6.3.8
1 inv omepaTop WHBEPCHUU:

inve(z) = ¢(~a).
Nnmeem

V(¢ € D): P(D)E(¢) = E(P(=D)¢) = l(invP(-D)¢) =
[(P(D)inve) = inve(0) = ¢(0) = 6(¢).

Teopema joxkazana.
B npocrpancree D’ yHmaMeHTAIBHOE PElIeHre He eIuHCTBeHHO. [lycrh

Np={z]|zeC? P(z) =0}

[lycrs p(dz) -Mepa ¢ KOMIAKHBIM HOCHTeJIeM, KOTOpad COCpPeJoToYeHa Ha
MHOT000pasun Np:

suppu(dz) C Np.
[ToJsioxkum
w(a) = [ exp(-i(e. 2))u(dz).
Oyukius w(xr) yA0BJETBOPIET yPABHEHUIO

P(D)w = 0.

[lycts F -dynmamentaabHoe pelenune u F, -pacupenenenue, KOTOpoe IMO-
poxeno dyuknueit w(x). Torga pacnpenenenune E+ E,, -dyHnaavenranbaoe
pemnenne.

6.3.2 IIpumeps! BoruncjaeHnda PyHIaMEHTAJIBHBIX pelie-
HUIA.

@pazy “DyHKINg 3a1aeT pacipeieseHne, KOTopoe ecTh (PyHIaMeHTaIbHOe
pemenue” MbI OyjeM cokpamarh 10 (hppassl “DyHKINA ecTh PYHIAMEHTAb-
Hoe pemrenne”’. K HeIopasyMeHUSM 3TO IIPUBECTH HE MOYKET.
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Ob6bikHOBeHHbIe AnddepeHInaIbHbIE OIePaTOPhI.

[lycTn

d d n d n—1 .

Huddepennunanbuomy oneparopy (6.80) Mbl MOCTABUM B COOTBETCTBHE MO-
JIMHOM

L) =N+ ap-p\" "+ +ao.
HamomanMm

Onpenenenne 6.3.2. Qynknueit Komu K (t) ans oneparopa (6.80) Ha3bi-
BAETCsl PEIEHHE yDABHEHUS

LK(t) =0,
K D0)=1, K"2(0)=-.. = K(0) = 0.

[IpocToe BeIYUCIEHTE TTOKA3bIBAET, UYTO (PyHKIM Kot MoxKeT OBITH BbI-
YHCJIeHA 110 POpMY.Ie

1 exp(At)
K =55 L(\)
=R

d), (6.81)

rie paauyc R Gosbiite MOy s Bcex KopHeil MHorowrena L(\).
YrBepxkaenue 6.3.1. Pewenue ypasHenus
d
L (—) E(t) =46(t) (6.82)
dt
daemcesa Popmyaot
E(t) =0(t)K(t). (6.83)

DTO YyTBEPKICHHE MOKHO TIPOBEPUTH HEMOCPEICTEHHHBIM BBITHCJICHIEM.
Henaercs o310 tak. [lo ompejeseHn0 TTPOU3BOJHON OT PacHpeiesieHusl, pa-
BeHCTBO (6.83) o3Havaer, 4To

V(¢ € D(R)): /

—00

sz (L) o -
K(t)L (—%) odt = 6(0).

g mokas3aTesbCcTBa MOCIEHEr0 PABEHCTBa epebpachiBaeM omepaTop L Ha
K(t) u yauTpIiBaeM MOJCTAHOBKY B HYJIE.

+o0

“+o00

0

MoxkHo 3ameruth, uro dopmyia (6.83) dakTHUECKH eCTh JHIIb pyTrast
sanuch dhopmyabr Toamess (3.275).
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BoanoBoe ypaBHenue B pa3mepHoctu 1-+1.

Haiinem pemenue ypaBHeHUS

(% - %) E(z, t) = 5(t)8(x). (6.84)

Beps or (6.84) npeobpasosanne Pypbe 110 nepevenHoii © (npeobpazoBaHme

Dypoe dyuxmun f(r) Mbl GymemM 0003HAYATH CHMBOJIOM fA(f)), MBI TOJTy9aeM
ypaBHEeHue R

Ad*E(€,t ~

TEED | ebe. 1= o)

13 dopmyasr (6.84) caenyer, 9To
sin(&t)

B 1) =0()—p— (R
CnenoBaTebHO,
_0(t) r . .sin(&t)
E(x,t)= ?/ exp(i&x) ¢ de.

HpI/I BbIYHUCJICHUU 9TOI'0 HHTEI'PpaJla I10JIE3HO 3aME€THUThL, 1YTO

o0

/ exp(—i(€, 2))0(a — |])dz = 2

—00

sin(af)
é— )

IIO9TOMY

F! (Smft)) _ %Q(t ~ 1)),

Mpsbr nosrygaem

VrBepxkaenue 6.3.2. Pewenue ypasuenus (6.84) daemcsa dopmynrot
1
E(x,t)= 50(1& — |z|). (6.85)

BosHoBoe ypaBHeHue B pa3zmepuoctu 1-+3.

Haitjiem perenue ypaBHeHus

(5—; — Ax) E(z,t)=0(t)d(z),t € R', x € R®. (6.86)

440



Bepsi or (6.86) mpeoGpasoBanne Dypbe M0 MEePEMEHHOW T, MBI MOJIyYaeM
ypaBHEHHE

PPE(¢, t ~
%M?E(g, t)=04(t), t € R', £ € R%.
CienoBaTesbHO,
sin([¢|t)
€]

[Ipumenss gpopmyity obpanienus npeodpaszoBanus Qypbe,noyydaem:

E(, t)=0(t) JteR' £ R’

Wt > 0): Bz, ) = (%) Jim / expli(¢ x))Si“g'f't)dg:
[€I<R

™

R
27 lim /exp(ir|:17|COS(@))sin(ﬁ)dQ sin(rt)rdr =
0

R
im /231n(r|x|)sin(rt)dr:
0

e N
il

~_ ~— ~—
no
GRS
& —

LV 1 (sin((t— [2DR) _sin((t+[2)R)Y _
2 |m|1%%( G=E) (+ o) >
1

T e =)

Takum obpazom, cripaBeInBO

VrBepxkaenue 6.3.3. Pewenue ypasuenua (6.86) ecmo dynryus

1

BomHoBoe ypaBHeHUE B pa3dmepuoctu 1-+2.

Haiimem perenne ypaBHeHUs
82
(ai—ﬁgl%%ﬂ=ﬂﬁﬁwhteRﬂxeR? (6.88)

[Ipumensist popmyaty (6.87) K ocHOBHON GyHKIUN BHIA

(b(ill'l,.%'Q?Z'g,t):w(l'l,xz,t)%(l'g,o,R, 1)7R_>007
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rae dynkmnug »(xs, 0, R, 1) 3agaercs dopmymnoit (6.18), Mbl oy daem, 94To
pernenne ypaBHeHust ecTh (OYHKIMA

E(x,t)= dz =

0 ]° (Vi + 22— t)
| Ve

Ot — |x)

9<t>7 SE—1) 4
N AN T

||

x = (11, 1) € R

Takum obpasoM, cupaBeIInBoO

VYrepxkaeuue 6.3.4. Pewenue ypasnenua (6.88) ecmuv dynryus

0t — |z])

Elx,t) = ————, 2z € R% 6.89
(x,t) o —JaF (6.89)
YpaBHEHUE TEIJIONPOBOIHOCTMH.
Haiinem pemenune ypaBHeHUS

9 ! d

E—AI E(z,t)=401t)(z), te R, z e R" (6.90)

Cosepmiag npeobpazopanue Oypbe 10 x, MBI HOJIYyYaeM ypaBHEHHE

dE(E, 1)

S EE(EL 1) = o(0)

E(¢, 1) = 0(t) exp(—€t). (6.91)
Coseprmias obpataoe npeobpazosanne Pypbe, Mbl MOy TaeM

VrBepxkaenue 6.3.5. Pewenue ypasuenus (6.90) ecmo dynryus

E(x, t) = 0(t)(4nt) Y2 exp(—x?/4t). (6.92)

VYpasuenue Jlanaaca.

Ham mykno HaliTn perienue ypaBHEHUS
(—AE(x) =0(x), € R, d > 2. (6.93)
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CuavaJja npupegeM (poMabHble BBIKJIAJIKHA, AaHAJOTHIHBIE TeM, KOTOpbIe Je-
JIAIOTCA B aHAJIOTUYHBIX CIydagx pusukamu. Vmeem:

EEE) =1,Y(d=3): B(x) = F (¢ ")) =

o0

P / exp(—t€?)dt) (x) = / P (exp(—t€2)(x)dt =

0

]O(zm)d/? exp(— |z /48)dt — i (1)d/2 (i>d_2r(d/2 ),

s ||
d=2: B(a) ~ Bl) = [ -(exp(—[of/40) — exp(~lyl? /40))dt =
~ 5-(nfa] = n]y)

g 060CHOBaHMS STUX BBHIKJIAJI0K MCIIOJIb3YEM TEOPHIO MOIYIPYIIIL.
2
B mpocrpancree L2(RY, df) dynkmms

T(t) : (&) = exp(—E2)1(€) (6.94)

ecTh nosiyrpynna kjaacca Cy (IPOBEPKY ITOr0 yTBEPAKJIECHUS Mbl OCTABJISEM
YUTATENIO B KAYeCTBe ynpazkaenns ). Tak kax npeobpaszosanue Pypbe F' ecth
B3aMMHO OJHO3HAYHOe yHATApHOE (¢ TOYHOCTBIO 10 MHOKHTeNs (27) %) mpe-
obpaszopanue npocrpanctsa L2(R?, dr) B mpocrpancteo L2(R?, df), dynk-
st

T(t) := F'T(t)F (6.95)

5 poctpanctee L2(RY, dr) ects momyrpynma xmacca Cy. B npocrpancrse
L*(R?, dx) onepartop T(t) ecTh mHTErpaabHbIi OMEpPaTOD

T(t)0(s) = [ Glt. . y)vl)dy (6.96)
G(t, z,y) = (4nt)" V2 exp(—(x — y)?/4t). (6.97)

Nudurnresnvanbubrii onepatop noxyrpynmst T(t) B mpoctpanctse L2(RY | dr)
ecThb onepatop Jlamnaca:

[ycrs g(z , y) -unrerpasibioe supo oneparopa (—A,) L. 3 dopmys (3.10.8)
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u (6.96) crenyer, aTo

o

gz, y) = / (dmt) /2 exp(— (z — y)?/At)dt =

% (l)m ( L )“r(d/z “1),d>3. (6.98)

™ lz —yl

[Ipu d = 2 HeobXoauMa PEryaSpu3alis HHTErPAIA:

g(w,y) —g(w, 2) =

1 T —(z —y)?/4t) — —(z — 2)?/4t
L S el (exp( (z = 1)*/4) — exp(—(z — 2)?/ >>dt:
47 A—+0 t

1 2

T

Mzl goka3zaJim

VrBepxkaenue 6.3.6. Pewenue ypasnenusn (6.93) daemcs dopmyrot

12 (1)
E(z) = {1 (3)° <W> (d2=1),d =3, (6.100)
—Inlz|,d=2.

6.4 IIpocrpancrBa CoboJieBa.

6.4.1 IIpeo6pazoBanue ®yppe-Ilmanmiepensd.

Harmomuum onpesiesienne npeobpasoBanust Pypbe pyHKIMI 13 IPOCTPAHCTBA
[ITBapra:

(6 € S(RY) : F(6)(€) = / exp(—i(z, €))d(z)dz, (6.101)

dopmyy obparHOro npeobpasoBanus Pypbe:

V(6 € SRY) : ¢(a) = (2m) / expli(e, )F(@) ), (6.102)

u pasencTBo [lapceBasis:

V(¢ € S(RY) / 6(x) P = (2m) / F(6)(€)Pde. (6.103)
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nTerpupoBanne Be3ne BeJgeTcsd 10 IpocTpancTBy RY.
B nanpuemeMm HaM OyeT yI00HO HCIOIB30BATH BBEICHHOE paHee 0003Ha-
JeHne

(8) = F(9)(©). (6.104)

dcuo, aro dhopmynoit (6.101) MoxkHO ompeeauTh npeobpasoBanne Dypbe
TOJBKO JIIs TeX (bYHKIMA ¢, 7yist KoTopbix uHTerpas B (6.101) cxomures.
Hama Oamzkaiiinmas mnejb COCTOUT B TOM, 9TOOBI PACIPOCTPAHUTH OIIpe/IeJie-
nme peobpazosanns Oypoe na Bee Gyrkmmm u3 L2(RY | dr).

Jlemma 6.4.1. Ilpocmparcmeo IMsapuya S(RY) naommo ¢ L2(RY, dx) no
mempure npocmpancmea L2(R? ) dx):

CI(S(RY) = L*(R?, dx).
Jokazarenabcrso. IlycTn
L*(R?, dr) = CI(S(RY)) @ H,.

HokazkeM, 9TO
Hy=0.

Ecrm fy € Hy, o dbyuxmus fy oproronanbha aoboit dyrkmun m3 S(R?).
B gacraoctu, dbyuknus fy oproronaabHa Jio0oi hyHKIuA THIa “rpud’, mo-
3TOMY (DYHKIHA fo OPTOroHAIbHA XapaKTePUCTHUYECKOH (DYHKIUU JTI0O0r0
napateunnunena K C R%:

VK : [ fo(x)dz = 0.
/

CaenosarenbHo, byHKIHEA fy OPTOroHAAbHA JIO00H cTyneH4YaToil dyHKINNT
1 II09TOMY paBHA HYJIIO [MOYTHU BCIOAY. JlemMma goKa3aHa.

Cnenctsue 6.4.1. Ecau ¢ € L2(R?, dz), mo cywecmeyem makas nocae-
dosamenvrocmy ¢, € S(R?), wmo

H¢ — Pn ’ LQ(Rd> dx)” — 0, n — oo. (6.105)

Ecsu nocienoBare sbHOCTS { ¢y } yaoBIETBOpsieT yeaosuio (6.105), To ona
dbynnamerannna B L2(RY | dx). 3 pasencrsa Ilapcepand ciejyer, 9To noce-

J0BATEBHOCTD TIpeobpasosannii Dypoe {¢, } dymamentamsna B L2(R? | df).
CaenoBaTesibHO,

36(6) 1 |6 — dn | LARY, dE)|| — 0, n — oo. (6.106)
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Onpenenenne 6.4.1. Ecin Gynkmun ¢ € L2(RY, dx) n 5 € L*(R?, d§)
cs3anbl paBercTBamu (6.105)-(6.106), To MBI roBopuM, 4T0 (DYHKIMS ¢ €
L*(R?, d€) ects npeobpaszosanue Oypoe-Ilnanmepens pynxmun ¢ € L2(RY | dr):

(&) = lim o, (€), (6.107)

n—oo
rJie MOCJIeJ0BATEbHOCTD { ¢, } yioBaeTBopser yeiaopuio (6.105).

fcno, uTo npeodbpazoBanune Pypobe-lLnaniiepess onpeaeaeHo Ha BCEM IPO-
crpancre L2(RY, dx), ono npeobpasyer npocrpancrso L?(R?, dx) B ceba,
JIUIsT HerO CIIpaBeinBa (COOTBETCTBEHHO 0600IeHHas) dhopMyia oOparieHus
u dopmyJia [TapceBass. B jasibHeniem Mbl He OyjieM Je1aTh Pa3Iudnst MexK-
ay 3aganubiM (opmynoii (6.101) npeobpaszosannem Pyphe n OMpPeIETEHHBIM
dbopmyoii (6.107) peobpazosarnem Pypre-Tlnanmepesns.

6.4.2 OmnpegeseHne 1 OCHOBHBIE CBOICTBA MPOCTPAHCTB
CoboneBa.

Hanomuum, uto 3ajannas B R? dynkius f(r) HasbiBaeTcs JOKAJIbHO HHTe-
rpuUpyeMoii:

f < LlocGRd)a
ecan g Jaroboro koMmnakra K C R? CIIPaBEAJINBO BKJIIOUYCHUE!
f e LMK).

Onpenenenne 6.4.2. Pacnpegenenne f € S(RY)* mpunaamexxut npocTpan-
crey Cobostesa H*(R?), eciiu

1. TIpeobpazosanne Pypbe pacupenenerus [ 3aJaeTca JOKAJTHLHO WHTE-
rpupyemoit byHKIHeii:

I(F(€) € Line(RY), ¥(¢ € S(RY) :
F()(@) = F(F(6)) = / F(&)(e)de. (6.108)

2. 3anparomas npeoopazoBanne Oypbe hYHKIUS YIOBICTBOPAET YCIOBUIO:
s def ry s
I 1P [IFQPQ+ s <00 (6109

Ecau pacnpenenenue f samaerca Gynkmuei f(z) € S(R?), o Bxogamas

~

B (6.108) dyukmus f(£) ecth npeobpazosanne Pypoe bynkmun f(z), HO B
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obreM ciaydae B omnpejesieHun He Tpebyercs, uroObl dyuknus f(£) obs3a-
TeJIbHO ObLIa OBl mpeoOpazoBanueM Pypbe HEKOTOPOH (DYHKITUN.

Bxopamntit B onpeieane mpoctpancrsa Cobonesa H*(R?) napamerp s Mo-
JKeT MIPUHUMATH JII000e 3HATeHne:

—00 < § < 0.

Omnpenenenne 6.4.3. 3ajannas B npocrpanctse R? dbynxuua f(z) upu-
Haj1exkuT npocrpanctsy Cobosena H®(RY), eciu mopozxennoe dbyHKimeit
f(z) pacupenemnenne

fiom [ flajota)is
npunaiexxut npocrpanctsy Coboresa H*(R?).

fcno, aro

V(s >0): H*(RY) c L*(R?, d¢),

a Tak Kax npeobpaszosanue Dypbe nepesoaut npocrpanctso L2(R?Y) B cebs,
npoctparcteo H*(RY) npu s > 0 MokeT GHITH OTOWIECTBIEHO C TIOITPO-
crpanctsoM mpoctpanctsa L2 (RY).

[IpuBejieMm npumMepsbI.

L. Iycre f = d-pynkuus. llpeobpasopanue Pypre pacupenenenus f 3a-
maercst dynkmmeit f(&) = 1. Nmeem:

/(1 + [€1%)% - 1d€ < 00, ecn s < —d /2.

CrenoBaTesbHO,
§(z) € H¥(RY) npu s < —d/2.

2. Ilyers f(x) = 60(1 —|z|) , * € R. TIpeoGpasosanne Oypwe pyukmun f()
ecThb (pyHKIIMS

/ exp(—iz€)0(1 — |z|)dz 28125.
Nmeem:
sin & 2
/(1 + [€1%)%4 (T) d¢ < oo, ecam s < 1/2.
CreoBaTesibHO,

0(1 — |z|) € H*(R") mpu s < 1/2.
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Teopema 6.4.1. 1. IIpocmparcmeo Coboaesa H*(RY) ecmuv zuavbepmoso
NPOCMPAHCMBO CO CKAAAPHLIM NPOU3BEJEHUEM

<f g>= / 7O 3E) (1 + ) de. (6.110)

2. Pacnpedenenuas, sadasaemvie dynxyuamu f(x) € S(RY), naommuw 6 H*(RY)
no mempurxe npocmpancmea H*(R?).

Hoxazarenperro. [l nokasaTebeTba MepBOTO yTBEPIK/ICHAs HaM Jo-
CTATOYHO J0Ka3aTh, uTo Kaxias gyukmuda f(£) € L2(R?, (1+[£|?)%d€) ectn
npeobpasosanue Oypoe pacnpesenenns u3 f € S(RY)*. Jlnsa nokazarebcrsa
9TOTO YTBEPKIEHUS 3aMeTHM, 4To, Kak ciaefayer u3 (6.108), pacrnpeenenue
f € H*(RY) neiicTByer Ha OCHOBHYIO (DYHKIHIO 1O IIPABHUILY:

- / FOF (9)©)de. (6.111)

OTKY/Ia CJAeJyeT, 4TO

V(f € H*'(RY), ¢ € S(RY)) : |f()| <

([ Fora-iprac) : ([ 1 @ra+ e ) :

—0,¢>0. (6.112)

13 sTOr0 HepaBeHCTBA CJIeJIYIOT JBa YTBEPAKICHHA: BO-NIePBBIX, UTO KaKIas
byuxmus f(€) € L2(RY, (1 + |£]?)*d€) samaer no npasumy (6.111) sumeii-
Helil HenpepwIBHbIH (ynxmuonan #Ha mpocrpanctse S(RY), Bo-BrOpHIX, UTO
M3 CXOJUMOCTH OCJIe0BATEIbHOCTH PACIPE/IEIeHIH B MEeTPHKEe IPOCTPAH-
crBa H*(RY) cienyer cxopumocts B Tonooruu npocrpancrsa S(RY)*.

ITepexofuM K JIOKa3aTeIbCTBY BTOPOIO YTBEPKIEHHUS TEOPEMBI.

[Mycrs f(€) € LA RY, (1 + |€]2)%d€) u f, € S(RY) takas mociegoBaTen-
HOCTb, YTO

o = f 1 L*(RY, (14 [€[*)d€)|| — 0.

$) = / Fu©)6(6)de — / Fl&)(e)de.

a Tak KakK B CHJIy HEIPEepPbIBHOCTH 1peodpa3oBanusg Pypbe

lim F(fa)(¢) = F(lim f,)(¢),

n—oo

Torna

TO PYHKIUS f(f ) ectb mpeobpasoBanne Pypoe pacnpemesrerns lim f,.
n—oo
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Teopema mokazana.
13 Teopembr (6.4.1) ciaemyer, uro npu s > 0 npocrpanctso H®(RY) moxk-
HO OTOK/IeCTBUTH ¢ nonosHenuem npocrpancrsa S(RY) mo merpuxe (6.109),

o~

rae f(&) -mpeobpazoanune Dypoe-llnanmeperns dbyukunu f, u crpasesInBo
BKJIIOUEHME

L*(RY, dx) c H(R?), s > 0.

[Ipu s < 0 mpocTpancTBo H S(Rd) €CTh IIPOCTPAHCTBO paclpeje/eHni, KOTO-
pble JeiicTByIOT 1o mpaBmay (6.111).
Ha npoctpancrse S(RY) onpenennm HopMy

V(f € S®RY): | | H (R =/ > DT f@) | da.
0<|m|<n

3 pasencrsa [lapceBasts ciieyer, 4o

1 | EMRY|P = (2m) / SO len | e e (6.113)
0<|m|<n

Tak Kak

I(Cr, Co) : LA+ ) < D €M < Ca(1+ )"

0<|m|<n
ro mopmet || | H"(RY)|| u || | H*(RY)|| skBusasenrao:
I TH" @R~ [ HRD].

B cayuae s =n+ o, 0 < a < 1 nojpoxum

V(g€ SRY): | HRY>E Y- /|D;”¢(x)l2dw+

0<|m|<n

Z // |z — y| DI (z) — D o(y)|Pdady., 0 <a<1,n=0,1...

|Im|=n
(6.114)
Teopema 6.4.2. Ha npocmpancmee S(RY) nopma | | H"T(RY)|| sxeusa-
aewmua nopme ||| H (R -
I THT R~ H R, (6.115)

449



Jokazarenbcrpo. CHavasia qokazkem reopemy jiist n = 0. Umeem:
¢ | H>*(RY|]* =
/ ¢ ()| *dx + / |z — y| 72| p(2) — ¢ (y)|Pdady =

/ () Pz + / "2 g+ ) — b(a)Pddy =

eny ([ 1d@de+ [ ([ 1estite ) - 1Py ) e ac ) -
o) ( [+ cua) [ !£|2a|$<§>|2d§) |

Tak Kak
3(Cy, Co) - CL(1+ €)™ < (1+ [€]%) < Co1 + [€]H)°,

TO U3 MOJYYEHHOTO PABEHCTBA BBITEKACT YTBEPIKIEHHE TEOPeMBbl I N =
0. lns joka3are/ibcTBa TEOPEMbl B ODIEM CJydae 3aMEHHM B HOJIYY€HHOM
paBeHCTBE

¢(r) — Di'¢(x),

U ydTeM, 4TO

F(Do(x))(§) = £ F(o(x))(8),
3(C1, Cy) = Cr(1+[¢%) k§1+z )2 < Co(1+[€[H)"

TeopeMma mokazana.

Sameuarue 6.4.1. I3 1oxka3auHOil TEOPEMBI CJIEIYET, YTO €CJIU

d(z) € H*(RY) |, s > 0 u pynkuus x — y(r) ecTb Takoe IJ1aIKOe HeBbIPOK-
JeHHoe orobpazkenue npoctpancrsa R? — RY uro y(z) =z, 2| > Ry, Ry <
00, To dynkusa x — ¢(y(x)) npuHage;kuT mpocrpancTBy H*(RY).

Ha gexaprosom mpousseiennn npocrpancts H*(RY) u H—*(R?) onpee-
auM oununeiinyo dopmy By(f, g):

HYRY) x H(RY) > f x g Bu(f, g) / feaede.  (6.116)

Teopema 6.4.3. 1. Buaunetinas gopma (6.116) onpedeaera koppexmmo: uh-
meepan 6 (6.116) czodumes das ecex f x g € H*(RT) x H=*(R?).
2. Cnpasedruso pasencmeo

1f | H* (R = sup{|Bu(f, 9)| | llg | H*(RY)[| < 1}. (6.117)
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3. Jaa n06020 aunetinozo dynxyuonana | € H¥(RY* cywecmeyem maxot
anemenm g € H=*(R?), umo

Ve HS(RY: I(f) = Bulf, g). (6.118)

JokazaTenbcTBO. llepBoe yTBep:KaeHne cjeayeT U3 HepaBeHCTBa Kormu-
ByHnsikoBCcKoOTO:

| [ Foaee? < [1FePa+ierrds [BORQ+ e s
st IOKABATETHCTBA BTOPOTO YTBEPIKICHS 3AMETIHM, H9TO

If | HE R =

supfl < [ Go(e) FO(L-+1¢l)de] | [ Iau(e)P(1+ Iy < 1} =

supl] [ Feadel | [ e+ ) de < 1)

Mpb1 cienanm 3ameny
9o(&) = G(&) (L + &)~ (6.119)

g 1oka3aTe/IbCTBa TPEThEro YTBEPKACHUS TeOPEMbI 3aMETHM, 9TO B CHJIY
TeopeMbl Pucca

~

go € HYRY) : 1(f) =< go, f >= / GOTE) 1 + ) de

Hastee Mpl mesaeMm 3ameny (6.119).
Teopema mokazana.

6.4.3 TeopeMbl BJIOXKEHUS.

[Honoxnm

V(f € SRY,0<a<): If[CERINE D sup{|IDyf(o)le € R+

0<|m|<n

> sup{| Dy f(x +y) — D f(@)llyl ™ |z € RY, [y < 1}, (6.120)

|m|=n

Onpenenenne 6.4.4. [Tpocrpancreo C;°*(R?) -310 nonoanenne npocTpan-
crea S(R?) no mopme (6.120).
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Ormernwm, uro ecim f € Cp*(R?), To

V(im, |m| <n): lm |D}f(z)| =0.

z|—00
Jeiicrsurensno, ecin f € Cp*(R?), To
V(e>0), 3fc€ SRY): [|f = [ | G R <,
HO3TOMY

V(m, |m| <n,e>0): limsup|D) f(z)| <e.

|z|—o00
Caenyrotas TeopeMa Has3biBaeTcs Teopemoii Bioxkenns CoboseBa (OH ee aB-
TOD).

Teopema 6.4.4. Ecau pacnpedeserue
fe  HVreRY  0<a<,
mo ono 3adaemca Pyrryued
flz) € g (RY),
npuuem cyuecmeyem maxaa ne sasucawas om f xonemanma C(d, o), wmo

V(f e HY* ) ||f | CE (R < C(d, a)||f | HZHRY)]].
(6.121)

JoxkazaresabcTBo. B cuty dopmysisl obparenus npeodbpazoBanusg Pypbe
HMeeM:

Y(m, [m| <n, feSRY): DY f(x+y) - D' f(w)| =

)| [ €nteesplite. )~ Ueite. x>>d5\ <

const. / (1+ )2 F(O)]] expli(€ , ) — 1ld <
R 1/2
const. (/(l + 52)"+d/2+a|f(§)]2d§> X
1/2
([1estite. v - 1P+ o) <

1/2
const | 2w @) ([ Texplite, ) - 1PIe 4 20g) - =
C(d, a)lf | B Ry (6.122)
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[TosTomy

Viz e R, y e R, |m| <n, feSRY):
D f(x +y) — Dy f(a)llyl ™ < C(d, a)|[f [ H*H(RY)]].

AnaJjiornano JAOKa3bIBa€TCAd HEPABEHCTBO

V(m, |m| <n, feSRY):
If [ C3 (RN < Cd, a)||f | HYZ (R

, (6.123)
OxoHYATETBHO Oy IaeM:
V(f € SRY)):f [ G5 “RY| <O, a)|lf | HPZHRY]. (6.124)

[IycTh pacmpenenenue
fe Hd/2+n+a(Rd)

u nocsienosarenbuocts dynxmuii f,(z) € S(R?) 3azaer pacupeenenus f,,
KOTOPBIE YIOBJICTBOPSIOT YCJIOBUIO:

If = fu | HYZH R — 0, n — oo,

Tax Kak MoCae10BaTeIHHOCTD f;, CXOMATCA B MeTpuKe TpocTpancTia HY/2m+e (RY),
oHa (pyHJIAMEHTaJIbHA B METPUKE 9TOr0 IPOCTPaHCTBa. V3 HepaBeHCTBA

an - fm | Cg’a(Rd)H < O(dv O‘)an - fm | Hd/2+n+a(Rd>H

CIIeJIyeT, ITO MOCIe0BATeIbHOCTD byHkuuil f,,(z) dyugamentaabia B MeT-
puxe npocrpancrsa Cj % (R?) u nosroMy B MeTrpuke 3TOr0 IPOCTPAHCTBA
cxomures Kk ynximuu fo(z) € Cp®(RY). fcno, uro byukmua fo(r) 3amaer
pactpeaenenue f.

Teopema mokazana.

Ecim 0 < |m| < s, 10 0600menHoit npon3BomHoil mopsiaka m (QyHK-
nmn f € H*(RY) maspiBaercs paccMaTpuBaeMas KaK 3/1eMeHT IIPOCTPAHCTBA
L*(RY) pymxrms

-~

(2m)~" lim [ exp(i(z, £)E"F(€)de (6.125)
l§I<R

m=(ml,m2,...md), {=(£1,&2,...)

D™ =Dpmt . DM

gr =1t gdm™,

D" () =
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[pesen B (6.125) morumaercst B cmbicie Merpuku ipocrpanctsa L2 (RY ) d).

U3 noxazanHoil Teopembl ciepyer, uto eciu f € HS(R?Y) | s > d/2 +
m| +a,0 < a < 1, To obobmenuas npoussognas D™ f(x) coBmamaer ¢
KJIACCUYECKOI.

U3 joKa3aHHOU TeopeMbl M TeopeMbl 6.4.3 cieayer, 9To Jr0oe MeIIeHHO
pacryIuee pacupeieenne ¢ KOMIAKTHBIM HOCHTEIeM IPUHAIIEKAT HEKOTO-
pomy npocrpanctsy H*(RY).

[eiicrBurensro, ecan f € S*(R?), To

3(C, N), V(e SRY) : |f(@)l <Cllo| (N, ).
Ecim K C RY -xommaxT, To cymectByer Takas konctanta C'(K), urTo

V(¢ € S(RY), suppgp € K) : [[lo | (N, 9)|| <
C(E)ll¢ | Gy "R < C(d, s)ll¢ | HY*H*(RY)

CrenoBarenbao, 11000€ MEJIEHHO PACTYIEE PacIpeie/ieHne ¢ KOMITAKTHBIM
HOCHUTE/IEM 33/1a€T JIMHEHHBIIT HelTPepBIBHbIN (DYHKIIMOHA HA HEKOTOPOM IIPO-
crparctse H*(R?) 1 103TOMY MOZKeT GBITH OTOKICCTBICHO C 3JIEMEHTOM IIPO-
crpancra H~5(RY).

Hanomuanu, uto ciaegom dynknmm f(z), v € R? ma muoroobpazum M C
R? maspiBaeTca dbynxmusa f(x), paccMarpuBaeMas Kak (DYHKIHA TOUKH T €
M. Pacnpenenenne He ecTh DYHKIUS TOYKH, MOITOMY MOHSATHE CJeJa Pac-
npeetenua Ha MHoroo6pasun M C RY my:xmaerca B OTAeILHOM OIpeee-
un. Tak Kak cBoiicTBO 3amaBaemoro dynknueir f(x) pacupenesienus npu-
naeskaTh mpoctpanctey He(RY) | s > 0, nEBADHAHTHO OTHOCHTEILHO T18,1-
KWUX 3aMeH MepeMeHHbIX T — Y(Z), TO JOCTATOYHO ONPEIEJUTh TOHSITHE CJIe-
Jla, Ha THIMEPIIOCKOCTH, 9TO U OYJeT C/IeJJaHO HUZKe.

Mycrs f(x) € H(RY), s > 0. Torga cymecTByer Taxast TOCIeI0BATEIb-
Hocth f,(x) € S(RY), uro

If = fo | HYRY)|| =0, n — oo. (6.126)
Ha dbynkmusax u3 S(R?) koppeKTHO ollpejiejieHa ollepanus Ts B3ATHs Cle/a:
7¢ 0 S(RY) — S(R¥V) , 75f(zy, ... x4-1) = f(21,...,2q-1, 0). (6.127)
Teopema 6.4.5. Ecau
feHRY),s>1/2, fu(x) € SRY), |If = fu | H*RY)]| = 0, n — o0,

(6.128)
mo
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1. Hocaedosamenvrocmso

Tsfu(z1, .. xa-1) = fulx1 ... 24-1,0)

crodumea 6 npocmpancmee H5~V2(R¥™Y) v ee npeden T f :
T f = lim 79f,
n—oo

sasucum moavko om pacnpedeaenua f € H*(RY) u ne sasucum om ewbopa
annpokcumupyeusets nocaedosamenvrocmu f, 6 (6.128).
2. Cnpasedauso Hepasencmaeo

7 f | HZ 2R < O, s)|1f | HA(RD]. (6.129)
OnmcaHHYI0 B T€OpEMe CHUTYAIlHI0 MOYKHO MOSICHUTH Ha JHarpaMMe:

S(Rd) > fn(xl, R ,xd,1,$d> E— f

n—oo

Tsl lm

SR*Y) 3 fa(z1, ..., 24-1,0) —— Tuf

n—oo

feH®RY, ryf e HTY2(RE.

TeopeMa yTBepKIaeT, UYTO €CJIM CIPaBeINBO 0DO3HAYEHHOE BepxHeil ropu-
30HTAJIBLHOI CTPEJIKOi IpeJie/IbHOe COOTHOIIeHHEe, TO CIPABEIJIMBO 0003HA-
YeHHOE HUYKHEH MOPU30HTAJIbHOHA CTPeKOl npeaesibHoe COOTHOIICHNE U KOP-
PEKTHO OTpesiesIeH0 0TOOparKeHne

T HS<Rd) N HS_1/2(RCI—1),

KOTOpOEe He 3aBHUCUT OT BBHIOOpaA AIIPOKCUMUPYIOIIEH MOC/Ie10BaTeIbHOCTH

-

Pacupenenenue 7 f € H*~'/2(R%"!) naspisaerca ciieiom pacupe/ieenns
f € H*(R%) na runepmiockoctu T4 = 0.

HoxkazatenbctBo. [lycTh

FESRY, Faf(ar, . aléa) = /f(xl,...,xd)exp(—i(fd, ) dza.

Torna

Tsf(.Tl, RN ,.%d,l) = f(.il]l, Ce ,SEd,hO) =

% / Faf(z1,. .., x4-1]8a)dEa.
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CrenoBare/bHO,

Tof (&1, Ear) =

;/fﬁw Ear, Eq)des

Haiee nMmeem:

’%7(&1; ce 7£d71)|2 <

const.(/(l—i— \5]2)_Sd§n / ’f &, &a1, Sa) P (L4 [€7)° dfﬁ) =
const.(1+ & +...65 ) YH/2s /| v ban, Ea) P (1 + [E7) dén,

T (Er )P+ €+ )2 <
const. / ’]/C\(gl? s 7€d—1a 5d)|2(1 + |€’2)sd€d,

/|T/S7(§h L )PAFE )T VAE L dgg <
const. / Flr b EOP L+ EPY e

Mpb jiokazamu HepasercTso (6.129) s dynkmmii w3 f € S(R?). 13 sroro
HepaBeHCTBa CJlelyeT, 9To ec/Iu mocIefoBaTeabuocTs f, € S(R?) dyngamen-
tanabna B Merpuxe H*(R?), To mociesosarenbnocts Ty f, GyHiamMenTaiba
B Merpuke H*~1/2(R%1). Tak Kak 3T0 cnpaBeImBo st 410601 CXosIIeiics
B merpuke H*(RY) x pacnpenenenmuio f nocaenosarensuoctn f, € S(R?),
TO IPEIeT IOCAEIOBATCILHOCTH Ty [, HE 3aBHCAT OT BBHIOOpA ANIIPOKCUMHU-
PYIOIIEH II0CIeIOBATCALHOCTH [y, & 3ABUCHT TOJBKO OT paclIpeieseHud f.
Teopema jlokazana.

6.4.4 IIpocrpancrBa H?(D).
[Iycts D -0TpKpbITas orpanndennas obaacts B RY,

w(D)={o]0¢€ C*(RY), suppg € D}.

Onpegenenne 6.4.5. [IpocrpancTBo Hp(D) -3TO 3aMBIKAHHE MHOMKECTBA,
(D) B MmeTpuke npoctpancTBa HP(R?):

HP(D) := C(C(D)).
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[IpoctpancrBo HP(D) Mbl paccMaTpuBaeM KaK HOAMPOCTPAHCTBO TIPO-
crpancTba HP(R?) BMecTe ¢ mHIyIIpoBaHHoOi u3 pocTpancTia HP(RY) mer-
PUKOH, CKaJIAPHBIM IIPOU3BEACHUEM U HOPMOI:

HP(D) c H?(R?).

Ecau p > 1/2 u rpanuna 0D obisactu D [0CTATOYHO TJIAJIKAs, TO MPO-
CTPAHCTBO HP (D) MOXKHO pacMaTpPUBATH KAK MHOYKECTBO TeX PACIIPe/IeTeHu
f € H*(RY), koropble paBHbI HyII0 Ha Tpanuue obaactu D.

flcHo, aro

Y(q>p): HY(D)C H?(D), ¥(p>0): H’(D) c L*(D).
Teopema 6.4.6. Ilpu q > p saoocerue
HY(D) — H?(D)
KOMNAKMHO.
YTBep:KaeHne TeopeMbl 03HAYAET, YTO MHOYKECTBO
B,={¢|¢ € HI(D), |l¢| H/R| < 1}

KOMIAKTHO B MeTpuke mpocrpancTa HP (RY).

JlokazareabecTBo. J[jisi IpOCTOTHI MBI PACCMOTPUM TOJILKO cjiy4ait p > 0.
B srom ciyuae pacupejiesieHnss MOKHO OTOXKIECTBUTH ¢ (DYHKIIMSAMHU, KOTO-
pbI€e 33/1a10T 3TU pacnpe/esenus. /loka3aTebCTBY TeOPEMbl MbI ITPEIIOILIEM
HECKOJILKO JIEMM.

Jlemma 6.4.2. Cnpasedausa ouenra:
Woe By gz [ OPL+IERPd < 1+ By
|§1>R
JoxkazarenncTBo. MMmeem:
[ e ierae = [ 1BER + e+ e <
l§&I>R [§1>R
(1+ R*)P~ /|¢ 2(1+ |€)?)9de < (1 + R*)P¢

Jlemma 6.4.3. B arobom durcuposarom wape {€ | [£| < R} mnoocecmeo

Pymryud {a(f) | (&) € B,} pasrocmenerno HenpepuleHo U PABHOMEPHO
02PAHUMEHO.
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Jokazarenbcrro. [ycrs k(z) -dyuknus runa “rput” u

k(x)=1,z € D.

3(6) = / (€ — md(mdn,

B < ( [ R = e+ oy an) x ([ Bmpa+ o) <

[ Rt¢ = wpdn = const.
196 - B <
[ &6~ )~ (&~ P+ o) vy <
[ RG)Plexp( - & n) ~ 1Pan
Jlemma mokaszana.

Jlemma 6.4.4. Ecau{¢,} C By, mo daa mobozo € > 0 nocaedosamenvrocmo
{bn} codeporcum maxyro nodnocaedosamenrvrocmv {¢S}:

{on} € {on},
YO BBINOAHERO YCAOBUE
IN,V¥(n>N,m>N):|¢ — ¢, | H/(RY)| < e.
HokazareabcTso. MMeeM:
I$n — fm | HP(RY)||* =

/ 18u(6) — Bul©)P(1 + [P )Pde + / 18u(6) — ()21 + |¢PPde <
[EI<R |€|>R
A1+ R0 4 / Bu(6) — )21+ €.

|€|<R

Teneps MbI OcTymaeM Tak: CHadaJia Mbl BhIOMpaeM R 10cTaToqHO OOTBITNAM,
a moToM npu Purcuposartom R MbI BHIOHPaeM U3 MOCIe0BATEIbHOCTH { ¢, }
TAKYIO TMOJIIOCTIE0BATETBLHOCTD { ¢S }, KOTOpasi pABHOMEDPHO CXOUTCS B TIAPe
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{&| [€| < R}. llonyuennas mommocie[0BaTeIbHOCTD YIOBIETBOPSIET YCIOBH-
M JIEMMBI.

[Tepeiiiem K go0Ka3aTeibCTBY Teopembl. Ham HyKHO jI0Ka3aTh, 9TO JII00as
[OCJIIOBATEILHOCTE { ¢, } C B, COAEPKHUT MOANOCTICI0BATEIBLHOCTE, KOTO-
pasi cxoauTest B MeTpuke npoctpanctea HP(R?). Tlycrs

e(m) — 0, m — oo, {¢™V} C {¢™} C {¢n}

-TIOCJIeIOBATEIHHOCTH, CYIIECTBOBAHIE KOTOPHIX TapaHTHPOBAHO MPEIBIILY-
meit stemmoii. [locenoBaTeIbHOCTD ngffm -FICKOMadl.
Teopema mokazana.
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6.5 KomeHTapum u jgutepaTypHble YKa3aHUA.

)

6.5.1 IIpeobGpazoBanue Pypspe.

[TpuBeaem BBIBOJ OTHOCSIIUXCSA K mpeoOpasoBanuio Pypre dopmyn. Huxke

CHMBOJI
/ ..dx

O3HauaeT WHTErpas 1o nmpoctpanctsy RY. Mmeem:
/exp( ax?)dr = (7 /a)¥?,
/exp(—aw2 + 2€)dx = /exp(—a(:v —£/2a)? + €2 /4a)dz) = (7 /a)?? exp(€%/4a)

AHAJIUTUYIECKOE IIPOJOJIZKEHHE:

/ exp(—az? + ix€)dzr = (7/a)¥? exp(—£?/4a),
exp(—£2/4a) = (a/x)"? / exp(—az® + i) de
(47t) Y2 exp(—(x — y)?/4t) = (27)~ / exp(—t22 + i2(z — y))d=,
(amt) 1 [ exp(— (o~ o) /a0)f(o)dy = (27) ¢ [( [Jexp(=t2 + ixta — ) fl5)dy)
()42 / exp(—22)f(z + 2vE2)dz = (2m) / exp(—t + iwz) F(f)()d-=.

[lepexong B mocseHeM HepaBeHCTBe K 1pejeny t — +0, moaxydaem (opmyy
obpaleHus:

f(x) = (2m) / exp(izz) F(f)(2)dz.

Otciona cieayer paBencTBo [lapceBadis:

/ fla) g(z)de = (21) / flo / exp(—iz2)F(g)(2)dz)dz =

/ F(PY () F(9)(2)d
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6.5.2 JlurepaTrypHble KOMMEHTAPUN

C mMareMaTnaeckoit TOYKHU 3PEHUS TEOPUST PACIIPEIEICHUN ~3TO CHEIUAIHHBII
pas3/esi TEOPUH JIMHEHHBIX TONOJOMMYECKUX [IPOCTPAHCTB, B PAMKAX KOTOPO
Pe3yJIbTaThl TEOPUH PACIIPEJIeIeHui TPUOOPETAIOT eCTECTBEHHBIH 1 3aKOH-
JeHHBIH BuJ. BBejieHHe B TEOPHIO JIMHEHHBIX TOIIOJOTHYECKUX MPOCTPAHCTB
ecthb B Kuurax [30], [41],[40]. Hoctynnoe mis HauuHAIOMHUX yaeOHOE MOCOOUe
110 Teopuu pacupejieennii -kuura [39)].
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IIpunoxxenue A

Ilpnnoxkenne

A.1 IIpeobGpazoBanue Beiis.

[IpeoGpazosanue Beiins (mo apyroit TepMuHOJIOTHE -0ToOparKkenue Beiist
WK BeilJIeBCKOe KBAHTOBaHUE) OBLIO BBEJIEHO B PAHHUX PabOTaX MO KBAH-
TOBOI MeXaHHMKe KaK aJroOpuTM, KOTOPbIl pyHKIUM Ha (Pa30BOM HpCTpaH-
crBe (KJIacCHIecKoit HabJII0aeMoil) CTaBHT B COOTBETCTBHE OMEPATOP B THJIb-
6epTOBOM MPOCTPaHCTBE (KBaHTOBYIO Hab/II0aeMy0). BelieBckoe KBAaHTOBa-
HIe 00paTUMO: KaxK/iblil orepaTop I'unbpbepra-IlIMuara B ruisbepToBoM Ipo-
CTPAHCTBE ecTh IpeoOpa3oBanne Beitns dyakiun Ha (pa30BOM IIPOCTPAHCTBE
(3ra dyHKIMs 0OBIYHO HA3BIBACTCS BEHJIEBCKUM CHMBOJIOM OIIEPATOPa). DTO
00CTOATE/IHCTBO JIEYKUT B OCHOBE MeTO/1a (pa30BOro MpoOCTPAHCTBA B KBAHTO-
BOil MeXaHUKe, TP KOTOPOM OTepPaTOpHbIe ypaBHEHUS JIBUKEHUA B (hpopMe
lefizenfepra 3aMeHAOTCs ypaBHeHUsAME (00bIYHO HHTErpoauddepeHnnaib-
HBIMH) JIIsT BEHJIEBCKIX CHMBOJIOB omepaTopoB. Meros dha3oBoro mpocrpat-
CTBa U €I'0 MO,ZLI/ICbI/IKaI_[I/II/I HIMPOKO UCHOJIb3YIOTCA B 3a/Jla41aX CTATUCTUYECKON
dbusznku, Gu3nKe TBEPJAOTO Teja, KBAHTOBOH ONTHKE, TEOPUH CTOJTKHOBEHMIT
u 1. 1. CBsa3aHubl ¢ mpeobpa3oBanmeM Beitnst maremarndeckuii ammapar
IOy YUJI IPUMEHEHUs B TEOPHUU IIPEJICTABICHU IPYIII, TEOPUH BEHBJIET IIpe-
obpa3oBanus, Teopuu TUdDepeHInaIbHBIX YPAaBHEHUIT U BBIYHCIUTEILHOM
MaTeMaTHKe.

B Teopun npeodpazosanue Beitnsg ncxogubiM 06beKTOM dBjsgeTcs (pazo-
BO€ HPOCTPAHCTBO, KOTOPOE B IIPOCTEHIINEM CJaydae ecTb IMpsaMad CyMMa JIH-
HEWHOTO TPOCTpaHCTBa L M ero conpsazkKeHHoro L*. MBI paccMOTpUM cCJIydaii,
KOTJa JAWHeifHoe MPOCTPAHCTBO ecTh RY I ero compszKeHHOe OTOKIECTBICHO
¢ R?. Taxmm 06pa3oM, B pacCMATPHBAEMOM HAMH cJydae (pa30Boe IPOCTPAH-
CTBO €CTh TPOCTPAHCTBO

R? = R @ R?. (A1)
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Bropoe ciaraemoe B (A.1) paccMaTpuBaeTcs Kak MPOCTPAHCTBO, CONPSIZKEH-
HOE K TIEPBOMY CJIAraeMOMY, MO3TOMY B PACCMATPHBACMOM HAMHU CJIyIae Tie-
PEXOJ, OT OJHOTO OPTOHOPMHPOBAHHOrO 6asmca K Apyromy B (a3oBOM Ipo-
CTPAHCTBE MPOCTPAHCTBE OCYIIECTBIACTCA ¢ MOMOIIBIO MATPHUIII BAIA

A= (Aod Aod) , (A.2)

e \g -OpTOTOHAJIbHAS MaTpuia pasmepa d X d.
CkaJsisipHOe 1pon3sejienne B npocrpancrse R Mbl 0603HAYHM CHMBOJIOM

a-b= Z ajbj.

1<j<d
[Tycrn
o: R¥— R!
-omuneitnas popma BUIA
(1 ®p1, 2B p2) =q1-p2— ¢ pr- (A.3)
Dopma (A.3) KococuMMeTpUYHA:
(@ ®p1, @O p2) =—0(q2 D p2, @1 1), (A.4)
HEBBIPOKIEHA:
Vg @ pr: (@ ©prs g2 ®p2) =0) = (g2 ©p2 = 0) (A.5)

W WHBApHAHTHA OTHOCHTENBHO mpeobpasoBanuii Buga (A.2):

oM @®p1), Mg2®p2)) =0(q1 ®p1, G2 D pa).

Yrnosaersopstiomast yeaopusam (A.4)-(A.5) bunmneiinas dbopMa HA3bHIBAETCS
CUMILTEKTHIeCKOi bopmoii. MOKHO 0Ka3aTh, UITO MPU COOTBETCTBYIOIIEM
BbIOOpE Da3uca B JIMHEHHOM npocTpancTBe L jmiobas cumiiekTudeckas (pop-
Ma Ha npoctpancTBe L @ L* B koopauaarax nveer B (A.3).

Ha ¢dbynxmuax m3 npocrpancrsa lsapma S(R? @ RY) onpememm cuu-
IIeKTHYecKoe npeodbpasosanue Oypoe:

F(6)(€ @ n) = (2m) / exp(—io(6 ® 11, q ® p))dlg B p) dqdp.

O6paTHOe cUMILIEKTHYecKoe npeodbpazoBanne Pypbe BRIYUCAIETCS O (hop-
MYyJIe

F7' dlg@p) = (2m) / explio(€ B 1, ¢ @ p))Fy(6)( ® ) dédn.
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Pasencrso [lapceBasis a1 cuMILIEKTHYECKOTO 1IpeoOpasoBanus Oypbe ume-
eT BHUJI:

/ 16(¢® p)? dadp = / I (6)(€ & )2 dedn.

Crenyer oTMeTuTh, YTO B Teopuu mnpeobpaszoBanusd Beitns Bo3MoykeH WHOM
BBIOOD 3HAKOB Y MHOYKHTE/IEH i B IKCIOHEHTAX H CTEIEeHeH MHOXKUTeJs 27
neped narerpaJiaMu.

BeitjieBckoe KBaHTOBaHHE COCTOUT B TOM, 4YTO 1O AHAJOTHU C (Hopmy-
JIoit obparrenus npeodpazoBanus Pypbe Kaxk10it pyHKINMT HA (PA30BOM MIPO-
CTPAHCTBE CTABUTCS B COOTBETCTBUE OIEPATOP B F'UJIHOEPTOBOM IIPOCTPAHCTBE

L2(R%):
o(Q. P) = (2m) / expli(¢ - P — - Q) Ex(6)(€ @ ) déd,

rae ), P -onepaTopbl KOOPIMHATHI U WMIYJIbCA (MATEMATHIECKH CTPOTOE
onpeesenne oneparopa (£ - P —n - Q) nano Huzxe).

[TepexouM K MOCTPOEHUIO OTOOpazkeHus (KBaHTOBaHUs) Beils.

B mpocrpancrse L2(RY) onpesennm omepaTtopsl

V(p e RY) : V(p)v(x) = exp(—ip - z)v(x),
V(g e RY) : U(g)y(x) = ¢(z — q).

Jlemma A.1.1. Onepamopw, V(p) u U(p) yHumapro sxeusarenmmoi: ecau
F -npeobpaszosanue Pypve ¢ L*(R?), mo

Jloka3aTeTbCTBO IPOBOIUTCS MPSIMON BBIKJIAIKOU. VMeem:

FU(p)i(€) = / exp(—i€ - 2)(x — p) dv = exp(—i€ - p) / exp(—i€ - 2)(x) dz
V(p)Fi(E).

Jlemma A.1.2. 1. Cnpasediusovl cOOMHOWEHUA:

V(p € R, py € Rd)i V(p1)V(p2) = V(p1 + p2), (A.6)
V(g €R?, ¢z € RY): Ulq)U(g2) = U(qr + g2), (A7)
U(q)V(p) = exp(iq - p)V(p)U(q). (A8

2. Jlaa mo6ozo anemenma v € LAH(RY) dynwyuu

RYS g V() € LA(RY),
RYS g Ulq)w € LA(RY)
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nenpepuiehl 6 mempure npocmpancmea L?(R?).
3. Onepamopwr V (p) u U(q) ynumapro, u cnpasediusv. pasencmsa:

Vip) =V(=p), U(q) = U(=q). (A.9)
Jokazarenscro. Pasencrsa (A.6)-(A.7) oueBnannr. Jamee mveem:
U(q)V(p)¢(x) = Ulg)(exp(—ip - 2)¢(x)) = exp(—ip- (x — q))P(x — q) =
exp(iq - p) exp(—ip - 2)(x — q) = exp(iq - )V (p)U(q)¢h(x).

Coornommrenne (A.8) mokaszano.

Cotnormenust (A.6)-(A.8) HAZBIBAIOTCA KAHOHMIECKAMH [EPECTAHOBOYHBI-
MU cOoOTHOImeHuaMHA B popMme Beiins.

Jlnst mokazaTesibCcTBa BTOPOTO YTBED K IeHHsI JIeMMbI CHJTY paBeHCTBa (A.6)
u gemmbl A.1.1 10CTaTO4YHO JOKA3aTh HENPEPHIBHOCTH DyHKINH p — V (p)1) €
L*(R?) B Touke p = 0. Vnmewm:

I - V(p)l? = / 11— exp(—ip- ) Pl(@)P dz — 0, [p| — 0.

Bropoe yTBepKierne JeMMbl JoKa3aHOo. T peTbe yTBepAKAeHNEe OUEBHUIHO.

Canenctsue A.1.1. B npocmpancmese L?(R?) dynryuu
t— V(tp), t— Ultq)
00pasyIom NOAY2PYNNY YHUMAPHLLL onepamopos kaacca Cy.

3 reopembl CToyHa cJie/yer, 9To olepaTophl
p-Q = z'(?tV(tp)‘t:O ,q- P = i@tU(tq)L:O (A.10)

CaMOCOIPSYKEHDI.
Ha dynkrun uz C§° arn oneparops! AeiicTBYOT 110 hopMyIam:

(p-Q)v(x) = (p-2)¢(x), (¢- P)p(r) = —ig - Ox(z).

Crenyer mOMHHUTD, 9TO 00JIACTh OMEpIAeIeHNs CYMMBI IBYX HEOPAHUYEHHBIX
ONEPATOPOB MOYKET OTJIMYATHCS OT 00JIACTH OLPEJIE/JECHUS CIAaraeMbIX.
Onpenenum omnepaTop

Wi(g,p) exp(%q -p)U(=q)V(p). (A.11)
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Jlemma A.1.3. 1. Cnpasedauso, pasencmea

Wig,p) = exp(—%q -p)V(p)U(—q). (A.12)
Wig, p)y(x) = exp(—%q-p—ip-x)lb(%w). (A.13)
W(Ql ) pl)W(Q2 ) p2) = eXP(—%U(% Dpi, ¢ @m))W(% +q2, P1 +p2)-
(A.14)
Wig,p)" =W(=q, —p). (A.15)

2. B npocmpancmee L*(RY) dymxyua
t — Witq, ip)
ecmb NOAY2PYNNG YHUMGPHLLE onepamopos kaacca Co.

HoxazarenncTBo. I H0Ka3aTeIbCTBA IPEBOTO PABEHCTBA, MBI HCIIOhb-
3yeM paBeHCTBO (A.8)u mosydaem:

Wig,p) = exp(%q p—ig-p)V(p)U(—q) =

eXp(—igq PV (p)U(=q).

Bropoe paBeHCTBO JIOKA3bIBACTCSI BBIYUCJIEHHEM Ha OCHOBe paBeHcTBa (A.12)
u onpenesennii oneparopos V(p) u U(q).
s mokazaTesibeTBa TPEThero paBeHCTBA MBI HCTIOh3yeM paBeHCTBO (A.12):
7

Wiq, p)W(g2, p2) = exp(ﬁ(ql p1— G2 p2)U(=q)V (p)V(p2)U(—q2) =

)
eXp(§(q1 o1 — a2 p2))U(=q)V (D1 + p2)U(—q2) =
exp(§(q1 "P1— Q2 'pz) - ZC]1(]91 +P2) + B

(4

eXP( 2(6]1 *P2 — Q2 'p1))W(Q1 + g2, P1 —|—p2)-
OcranbHble YTBEPKICHHUS JIEMMbI OUeBHIHDI.
[Iyctn

L= ZatW(tQ7 tp)}t:()

-nHbUHATE3UMATBHBIN onepaTop nosyrpynust t — W(tq, tp). I3 reopembt
Croyna ciemyer, uro omeparop L camoconpsizkern. Ha dbunntabie dyHKINNT
oneparop L neiictByer 1o opmyJie

L(z) = 0V (tp)|,_, + i0U(—tq)|,_, = (p - 2)1(x) +iq - Opt(x),
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O3TOMY
Wi(g, p) =exp(i(qg- P —p-Q)).

Tlosmozxkum

Z(g, | &, m) = (@2m) " <o, W(E, n)Y > .

Jlemma A.1.4. Cnpasediuso pasencmeo
[ 260 v 1€ 0 Z(0n. va | €. ndsdn =< 63, 61 < >
Hokazarenbcro. Vmeem:
<o W >= [ ola) exp(= 56 0= in - 2)u(o + o =
[ ota = 56 expl=in- 2yt + 5€)da,
[ 20101160y 200, v | € mydean =
2m) [ explin: (@~ oo~ GO0+ 536 aly — 56"
X tnly + ) dedydnds =
[ ot = 560n(a+ 566l - 36" ata + 5)dwds =
<Py, Yo >< o, P1 >

CaeacrBue A.1.2. Ecau ¢ynwyuu ej(x), 1 < j < 0o obpasyrom noanyio
opmonopmuposarnyio cucmemy ¢ npocmpancmee L*(RT), mo dynryuu

zi (€)= 2r) P <e, W(E,n)e; > 1<i<oo, 1<j<o0
06PA3YIOM NOANYI0 OPMOHOPMUPOSaHHY0 cucmemy 6 npocmpancmee L2 (R dédn).

Jokazarenscrso. Jlokazkem moanory cucreMel z; (€, n). Vmeem:
/Zz',j(§> n)*h(&, n)dédn =
—d/2 1 1 .
(2m) ei(w — 5E)ej(x + &) exp(in - 2)h(E, n)dzdEdn.

Oyukuun e;(r — %5 Jej(x + %5) 00pa3yIoT MOJTHYI0 OPTOHOPMHUPOBAHHYIO CH-
cremy B ipoctpanctee L2(R??, dzd€), nosromy u3 papeHcTBa

Vi, j) / 2y (€, ) h(E , n)dédn = 0
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cjaeayer paBeHcTBO

/eXp(in -2)h(€, n)dn =0,

h(&, n) = 0.

[TosroTa cucremsr z; (€, 1) nokazana. OproOHOPMUPOBAHHOCTH cUCTEMSBI 2; (€, 1)
cJiejlyeT U3 MPEeJbIAyIIel JeMMBbI.

Omnpenenenne A.1.1. Ha Gyukmmsax u3 npocrpanctsa lTsapna S(R?OR?)
npeobpasoBanue Beilig ompeneseHo Kak OToOpazkeHue, KOTOpoe (DyHKIHH

a(q, p) € S(RY @ RY) crasur B coorsercraue oneparop 1y, (a) Ha 1pocTpaH-
cree L2(RY):

Y(a € SR @ RY) : T(a) = (27)~ / F(a)(€ @ W (E, n)dedn, (A.16)

rIe

F(a)€ @) = (2m) / exp(—io(E @1, q @ p))alq ® p) dgdp.
(A.17)

Nurerpan B dbopmyne (A.16) monnmaercst Kak wHTerpas BoxHepa B Ga-
naxosom npocrpancrse L£(L2(RY) — L*(R?)). B dbopmyne (A.16)

Fy(a)(§®n) € SRT@RY), [W(E, n) | LILARY) = LA(RY)]| =1,
IIO3TOMY CXOJUMOCTH MHTerpajia COMHEHUI He BBI3bIBaeT.

Teopema A.1.1. Ha gynxyuaz usz npocmparcmsa Hleapua S(REGRY) npe-
obpaszosanue Belina ydosaemeopaem Ycao8uam:

1. Ty(a)" = Ty(a"). (A.18)

2.V(a € SRE@RY)) : Ty(a) € HS , ||To(a) | HS||? = (27) Y |a | L*(R? ® RY) ||
(A.19)

5. ¥(0 € SEY) s Tulaytte) = 20)* [expliv: (o - (T35 p) w(©)dpic
(A.20)

JokazarenbcTBo. Mmeem:

(2m) / Fo(a)(&, m)* W (e, n)*dedn = (27)~ / Fy(a)(€, n) W (€, —n)dedn =
/ Fy(a)(—€, —n) W€, n)dédn = (2m)~ / Fo(a")(€, m)W(E, n)dedy,
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[TepBoe yTBepKIeHHE TEOPeMBl JO0Ka3aHO. JIOKayKeM BTOPOE yTBEPIKICHHE.
[Tycts ej(x), 1 < j < 00 -mMPOU3BOJIbHAS MOJIHAS OPTOHOPMUPOBAHHAS CH-
crema B npocrpanctse L2(RY). C yuerom crencrsua A.1.2 u pasercrsa Ilap-
CEBAJIS, MBI HMEEM:

ITu(a) | HS|I* = Z’<€z7 w(a)e; > =

> (2m) Qd\/ a)(&,n) < e, W(E, n)e; > dédn|* =
(27T) d||Fa( ) | X(R* @ RY)|* = (2m)~Ya | L*(R* & RY)|*.

JlokazkeM TpeTbe yTBepzKJeHHe TeopeMbl. BOCIOJIb30BaBUINCH PABEHCTBOM
(A.13), MBI nMeem:

Tu(ahblo) = @) [ Fala)(€, myexp (=506 —in-) vla -+ E)dcin =

2m) " [ a(q, p)exp <—%n E—in-x—i&-p+in- q> Y(x + &)dgdpdédn =

/
@) [oxp (~gn- (€)= in-a = ile =) vt in-a) aa. P)UAOdadpicin -

(27T)‘2d/e><p (in- (q - xTJrf) +ip- (z - 5)) aq, p)(§)dgdpdédn =

) [[6 (0= T35 ) explip: (o~ Oala, p)oAdadpie ~
x4+

) [[explip: (o - ha (5 p) vl

TeopeMma mokazana.
Tax kax mpocrpancto S(R? @ R?) miorao B L2(R? @ RY), o uz (A.19)
BBITE€Ka€T

CaenctBue A.1.3. Omobpasicenue
S(RY@RY > a s Ty(a) € HS
nPOJOANCAETNCA TO HENPEPBIEHOCTNY JO 0OMObPANHCEHUSA
L*RYGRY > a v Ty(a) € HS.
Omobpastceriue

L*R*@RY 5 a— (20)Y?T,(a) € HS
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YHUMAPHO!

Ve € PRYORY), b L*RYORY)) : <a,b>= (A.21)
(2m)* < Tu(a), Tu(b) >= 2m)* > < Tyla)e;, Tu(b)e; > . (A.22)

B seBoit wactu pasencrsa (A.21) cTONT CKAIAPHOE HOU3BEACHUE B IIPO-
crpancrse L2(R? @ RY), B nesoit wactn pasencrsa (A.22) cTOMT CKajspHOe
[IPOU3BE/IeHHE B IIpocTpaHcTBe onepaTopos ['unbbepra-IlIvuara HS, B npa-
BOil YacTu paBercTsa (A.22) CTOUT CKATSIPHOE TPOU3BEJICHNE B IIPOCTPAHCTBE
LAR¥) uej(z), 1 < j < 00 -1POU3BOJILHASL 110J1HAA OPTOHOPMUPOBAHHAS CH-
crema B npocrpancrse L2(R?).

®opuyia (A.19) nossosger ocuamenue npocrpancrsa L2 (R? @ R?) mepe-
HOCHTBH Ha OCHAIEeHUe MTPOCTpaHCTBa omepaTopos ['unnbepra-IlIvuara HS u
pacimupaTh npeodpaszoBanue Beiljisg HA PYHKIIMH, KOTOPbIE HE IPUHAJIEKAT
npocrpanctey L?(R? @ R?).

Omneparopsl Ty,(a) Buga (A.20) B Teopun auddepeHITATbHBIX YDpaBHEe-
HU# Ha3bIBAIOTCY ceBA0 M depernnaabHbIMI OllepaTopaMu, a (DYHKIU @ B
(A.20) -Ha3bIBaeTCst BeiieBCKUM cHMBOJIOM oneparopa Ty, (a). MoxkHO moka-
3aTh, 4T0 (hopmysa (A.20) KOPPEKTHO OLpeesseT OMepaTop Ha MpOCTPaH-
cre C§° B ToM ciayd4ae, ecan (pyHKIUSA a pacTeT He OblcTpee mojnHOMA. B
KavecTBe IMPUMepa BHIYUCIUM OIIEPATOp ¢ BEHJIEBCKIM CHMBOJIOM

a(q, p) = 1192 +v(q) , v(q) € Cg°.

. 2
Tufappte) = ) [explin: (o -6) (07 + 0 (T35 ) virtean =
~ gt + [o - g0 (T35 e -
~ D) + vla)i(a).

MpbI BHuM 9TO B paccMaTpuBaeMoOM ciaydae orobparkenue Beitns cosmaaer
C BEIJIEBCKUM KBAHTOBAHUEM.
Jokazkem, uro orobpazkenue Beitist obparnmo.

Teopema A.1.2. [lycmv T -onepamop uavbepma-Ilmudma 6 npocmpan-
emee L2(RY). Tozda cywecmeyem maxaa dynxuyua a € L*(RY @ RY), wmo
T = Ty(a). Ima dynryus onepdesena pasencmeamu (A.23)-(A.24).
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Jokazarenscrso. [lycrs e;(z), 1 < j < 00 -IpOH3BOJILHAA IOIHAS OD-
ToHOpMEpOBaHHas cuctema B npocrpancTe L2(R?). CormacHo cieacTsuio
A.1.2 dyukiun

2 (& m) = (2m) "% < e, W(E, m)e; >

006pasyIOT T0JIHYI0 OPTOHOPMHUPOBAHHYIO cucTeMy B npocrpancrse L2 (RY @
R%). Tak xak T -oneparop 'minbepra-I1Tvuara, To

Z| <e;, Te; > |? < oo,
(W)
IIOTOMY Pt
w(&, ) =20 <e, Tey> 2 5(€,n) (A.23)
V]
cxoutes B npocrpanctie L2(R? @ RY) n dynkuus

alq. p) == F, (w)(q, p) (A.24)

npunaiexur npocrpanctey L2(RY @ RY). Vimeen:

Vi, ) <er, Tola)e; >= (27T)d/w(§, 0) < e, W(E, n)e; > dédy —

(2m)~4? < 2

Z?]’

w>=<e;, Tej>.
CanenoBaTe/ibHO,
T =Ty(a).

Teopema, mokazana.
Ecau oneparop T sinepubiii, To hbopmysist (A.23)-(A.24) MoxKHO peobpa-
30BaTh K 0oJiee IpuBbIYHOMY i (husuka Buiy. Mmeem:

a(q, p) = (2m)"?F;! (Z <, Tey > 2 (&, 77)) (q,p) =
(2]
i Z<€i,T€j ><W(E nej, e >) (¢.p) =

iy

Ft Z<W(§,n)ej,T6j>> (q,p) =

J

Ft Z <ej, W(E, n)Te; >> (¢, p) = F; ' (Sp(W*(&, n)T))(q, p).
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M3yuum cBA3b MexKIy KOMIo3uiuei oneparopoB ['minbepra-IlIMmuara n nx
BeitieBCKUMHU cuMBoJaMu. [IycTh

a € SRIE@RY) , be S(R* @ RY). (A.25)
Bruruncanm
T (a) - To(b) =
[ Pl @ m)Fa(6)(62 0 mW (6, )W (€a  me)dadmdad =
[ Fo(@( @ ) F 06 © ) expl-i0(6 ©m, 20 m))x
W(E+ &, mi -+ mo)dadmdéads —

/ o(a) (& ®m)Fs(0) (€2 — & D2 — m) eXP(—i%U(il D, Ea © )X
W&, ne)d&rdmdéadne = Ty(a © D),

rae

a®blq, p) = F, (F,(a) o F,(0))(q, p),
Fo(a) o Fo(D)(§ @ n) =

[ E@)& @m0 — & 81— m) exp(—izo(6s @ 01, € 0 )dudn

Ecau semonneno yenosue (A.25), To a ® b € S(R? & RY). U3 pasencrsa
Tw(a) - Ty(b) = Ty(a ®b)
cjaejyer, 9To OMHApHAs OlepaInst
(a;b) —a®b
ACCONMATUBHA (YTO MOXKHO MPOBEPHTH U TIPAMOIl BBIKJIAIKON) M JTHHEHHA
10 KasKJIOMY apryMenty, a Jjmueitnoe mnpocrpanctso S(R? @ RY) pmecte ¢
GunapHOll omeparueii © ectb (HeKOMMyTaTHBHAsI) anrebpa. OrobparkeHnue
a— Ty(a)

ecTh IpejcTaBaeHue 3Toil ajaredpour oneparopamu ['miandbepra-ITImuara.
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A.2 Teopema /Ikx. pou Heiimana o eamHCTBEH-
HOCTH
npejgcTasjienus KIIC B dopme Beiiasa

Mur 3aganu oneparopst U(q), V(p) aBabiME dOpMyJaMu W MOTOM J0Ka3a-
JIM, 9TO MOCTPOEHHBIH Ha UX OCHOBe omeparop W(q, p) yHUTApEH U yI0BIe-
TBOpsier cooTHommenusM (A.14)-(A.15), KoTopble, 0YeBHIHO, SKBUBAIEHTHBI
KAHOHWYECKUM TEPECTAHOBOUHBIM COOTHOIIeHusME B (opme Beitns (A.6)-
(A.8). OxkaswiBaercs, uro coornomenns (A.14)-(A.15) onpenensitor onepa-
topuyto dyaknuio W(q, p) (a moromy n oneparopst U(q), V(p)) ¢ Toauo-
CTBIO JIO YHUTAPHOI 5KBUBaJeHTHOCTH. COOTBETCTBYIOIIEE YTBEPZKIEHUE JI0-
kazano J2k. don Heiimarom B 1931 roxy (Johann von Neumann (1903-1957),
COBpPEMEHHOE ITPOU3HOIIEeHne Toi haMuIun Ha pycckoM a3bie -Hoiiman, ame-
pukanckoe Hanmcanue uvenu: John Von). B maremarnueckom dosbKiiope
COOTBETCTBYIOIIas Teopema Ha3biBaeTcst Teopemoii /Txk. ¢on Heitmana (Hoii-
MaHa) 0 eJMHCTBEHHOCTH TpeanHrepoBcoro mpejcrapienust KIIC (kanonu-
YeCKUX MepPecTHOBOYHBIX COOTHOMIeHUH) B hopme Beitnst. [IpuBegem onny u3
PeJaKIMid TOr0 yTBEP:K ICHHI.

Teopema A.2.1. [lfycmo 6 euavbepmosom npocmpancmee H zadana onepa-
mopHaa PyHKUUA

W:R'@R > g p— W(q, p) € LH — H),

KOMOPAA YOOBAEMBOPAEM, YCAOBUAM.
1. Onepamopo. W (q, p) ynumapro, u

W(g, p)* = W(-q. —p).

2. Onepamopnas yHryua W(q, D) HENPEPBIGHA 8 CUABHOT ONEPATNOPHOT
monoaozuu. Imo ozuavwaem, wmo ¥ (1 € H) dynryus

RIOR! > g p— W(g, p)p € H

HENPePuLeHa 8 HopMe npocmparcmea H .
3. Buinoanerno mootcdecmaso:

Vigep eR'GR?, g B pr e RTGRY) :

7
Wi, pr)W(qa, p2) = eXP(—EU(% Sp1, O p2))W(g1 + g2, 1+ p2).

4. Ilpocmpancmeo H -Haumenvulee HeMpusuasbHoe NpoCmpaHcmeo, Ko-
Mopoe UNBAPUAHMHO omuocumesvro ecexr onepamopos W(q, p).
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Tozda cyuecmeyem maxotl ynumapro onepamop U :
U: Hw— L*(R?, d),
Ymo

Y(q,p): W(g, p)U =UW(q, p).

JlokazaTeabeTBO 3TOH TeopeMbl MOTpedyeT OT HAC TOJBKO YMEHUS BhIYUC-
JIATH TayCCOBBI MHTETPAJIbl U OCHOBAHO Ha cJjemytorieil semme Heiimana.

Jlemma A.2.1. Ecau 6uinoamens, Ycaosus meopemsvl, Mo onepamop

P 2m) [ exp(—(€ + )/ )TV (¢. )i

ydoBAEMBOPAEN YCAOBUAM.:

1.P*=P (A.26)
2.P # 0. (A.27)
3.¥(q, p) : PW(q, p)P = exp(—(¢* +p*)/4)P. (A.28)
4. P> = P. (A.29)

JlokazaTebcTBO JIeMMBI MPOBOJIUTCA NPsMOil BBIKaIKOM. JloKa3biBaeMm
nepBoe yrepxkienue. Mimeem:

P* = (2m) ¢ / exp(—(€ + 1) )W (€, n)dédn =
20 [[exp(—(€2 + )YV (~¢., ~n)dgan -
(2m) / exp(—(€2 +72) /)W (€, )dédn = P

JlokazbiBaeMm BTOpoe yTBepkKaenue. Mmeem:

Wi(q, p)P = (27T)‘d/e><p(—($2 + 02 JOW (q, p)W (€, n)dédn =

(2m)~ / exp(—(€2 + 1) /A — io(q® p, €& n)/QW(E +q. 1+ p)dedy.

lenaeMm 3aMeHy T€PEMEHHBIX B MHTErpaJje W YUIUTHIBaeM KOCOCUMMETPHUY-
HOCTH OWJIMHEHHON (hOpPMBI 0

§—=&—q,m—n—0p
olg@p,{@n) —o(q®p, E—q®n—p)=0(q®p, E®N).
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[Tosyaaem:

Wig, )P = (20)* [ expl-QW (€. ndsd (A.30)
e
Q=(E— P +m-pD)/A+iolg®p, on)/2).  (A31)
Ecan
P=0,
Yq@®p, o, e H): <, W(g, p)PyY>=0

To(g, p) = (2m) / exp(—Q) < 6, W(E, ny > dédn = 0.

[Ipeobpazyem uHTErpas

Jaua, 1) = () exp(— (¢ + )%

2 2 —~
/eXp(—é Zn + %S(q —ip) + %n(p —iq)) < ¢, W(E, n)y > d&dn
(A.32)

Tak xak pyHkImS .
(&, n) =<, W(E, n)v > (A.33)

HelpepPbIBHA U OTaHUYeHA, TO MHTErPAT Juy (¢, p) CXOAUTCS IIPU BCEX KOM-
mnexcHsx ¢ € C4, p € C?%, B wacTHOCTH W Ha MHOTOOGDA3NN

(g —ip) € R, (p —iq)) € R

Orcrona cieayer, aro npeoopazoBanne Oypre HyHKIUH

2+n2

(€, 1) > exp(— )< ¢, W(E, n)v >

TOXKIECTBEHHO PABHO HYJIIO 1 109ToMY byHKImst (A.33) TOXKIECTBEHHO DaBHA

uymo V(¢ , ¢ € H), gero 6biTh He MoKer, ecau omeparop W (£, n) He ecThb
oneparTop yMHOKeHHA Ha (. YTBep:xKaeHUe 2 JTOKa3aHO.
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[IepexoanM K T0Ka3aTeIbCTBY TPETHEro YTBep:kKIeHus. VmeM:
PW(q, p)P =

(2m) / exp(— QW (€, 1)W (€ , n)dednde'dr
rie
Q=(—q+Mm—p)?)/A+iclgdp, E&n)/2)+ (£ + 1) /4.

Ho
W, )W (E,n) =exp(—io(& @1, E@n)/2W(E +&, 7 +n),

TO3TOMY

PIW(q, pP = (2n) ™ [ ( / exp(—@)dfdn) W(e , o)de'd,
riie

Q=(E—q)+m—p)?)/A+ioclgop, EBn)/2)+
(€ =2+ —n)*)/A+io( @n', EBn)/2.

B kBagparuunoit ¢popme () cobupaem cjiaraeMble ¢ OJIHHAKOBBIMH CTEIIEHSIMUA.
[Tosrygaem:

2. by 1o 1,
&8 T8 =355
1 1 1 1
£ —qu - 555/ - @Eﬁp - 25577/ =

1 1
F-a =& —ip—in) = g€a,a= (=g =& —ip—in);

1, 1, 1
ot St = S

4 4 2
1 1, 1 L
77:—57719—577?7+m€+mq=§nb,b=—p—n+Z€+zq,
1
Q(€=0777:0):1(412+192+5’2+77’2>-

BaMeqaeM, 9TO B IIOJIYHYEHBIX PaBEHCTBaX

a’> = —b%.



Boraucasgem unrerpast no dédn. [onyyaem:
[ exp(-Qudedn = (2r)" exp(~Q(0. 0)) =
(27r>de><:p(—i(q2 +p? + €2 +1%)).

Tperve yTBepzKjienue gokazano. [lomoxus B nem ¢ = 0, p = 0, mosryyaem

HOCJIeIHee YTBEPK ICHHE.
Jlemma 1oKa3aHa.

[Tonoxnm
eo(z) = (1) Y exp(—22/2) , z € R (A.34)

[Iyctb oneparopsr W(q, p) onpenenensr hopmysioii (A.11).
CrpaseainBa

Jlemmva A.2.2. 1. Jlaa aoboz0 nabopa mouex 6eKmopbl

W(g;, pj)eo, ¢ ®p; ER'ORY | 1<j< N

aunetino nesasucumv, 6 L2(RY ) dz).

2. Cnpasedrusvl paseHcmea
<o, W(g, peo >= exp(—(¢° + p?)/4); (A.35)

< Wi(ar, pr)eo, W(gj, pj)eo >=
exp(—((gj — qu)* + (p; — pr)?) /4 —i0(q; D pj , @ © Pr)/2)- (A.36)

3. Ecau
Z * >0, ®p; # a Opej #k (A.37)
155N
mo
> ajajexp(—((g; — a)* + (pj — p)*) /A —io(g; ® ps , 4 © pr)/2) > 0.
1<j k<N
(A.38)

HoxkazaTenbcTBO. IlepBoe yTBepKIeHNe 0UeBUIHO. BTOpOe yTBOPK IeHNe
caenyer u3 dbopmynst (A.13) u dbopmysr
< Wiqk, pr)eo, W(gs, pj)eo >=<eo, Wk, pr)"'Wi(g;, pj)eo >=

<eo, W(—qx, —pe)W(q;, pj)eo >=
exp(—io(q; ®pj, @ B pr)/2) < eo, W(g; — @i, pj — Pr)eo > -
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TpeTbe yTBepzKAcHNE JIEMMbI CJI€JIyeT U3 1IEPOIr'o YTBEP2KACHUA U paBeCTBA

||ZO‘J (45, pj)eol® =

Z agajexp(—((g — a)* + (0 — pe)?) /4 —i0(q; © ps, @k D pr)/2)-

1<j, k<N

JlemMa mokasana.
[IepexoiuM K JI0Ka3aTe/ILCTBY TEOPEMBI.
[Iycth a9 € H -Takoit BeKTOp, 9TO

ap = Pay , HCLOH =1

Taxoit BeKTOp 06A3aTeIBHO CYMEeCTBYeT, TaK KaK P -He paBHBI{ HYJIIO HPOCK-
Top. IlycTh L -MHOX(KecTBO BeeX KOHeIHBIX JHHEeHHBIX KOMOHHAINH BEKTOPOB
W(g;, p;j)ag. Muoxecrso L -310 smueiinoe moaupocrpancrso B H, koropoe
MHBAPUAHTHO OTHOCUTEIbHO otieparopos W (g, p) u coCTOUT U3 BEKTOPOB BH-
Ja

a = Z &j QJ ) p] (A39)

B cuiy yrseprkaenus 3 upeapiiyiueii semmsl BekTopst W(g; , p;)ag auueiino
He3aBUCHMBI U JIj1d KAsKJIOro BeKTopa a € L mpejicTasieHne (A.39) enun-
CTBEHHO.

Oupegesum JUHEHHBIA OEepaTOP

U: L L*RY, d)
PABEHCTBOM

UW(%’ , pj)ao = Wi(g;, pj)eo. (A.40)

9TO ompee/leHre KOPPEKTHO B CHJIY JIMHEHHOW He3aBUCHMOCTH BEKTODPOB

Wi(g; , p;)ao.
[Ipsamoit BeIKIaIKON TIpoBepsgeTcsd, 4To orobpaxkenue U yJIoBIeTBOPSAET
YCJOBUSIM:

Y(a € L): ||[Ua | L*R?, da)|| = |la | H|,
UW(q, p)a=W(q, p)Ua
CIUL) = L*(R?, da).
[IycTh N
Ho = CI(L).
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[IpocrpancrBo H( -HEeTpUBHUAILHOE MOAIPOCTPAHCTBO B H, KOTOpOE yI0BJIe-
TBOPSAET YCJIOBUIO:

—~

Vig®p) : Wiq, p)Ho = H,
TTO3TOMY
HO == H

[Tycrs U -npopozkenne o HenmpephiBHOCTH HA MPOCTPAHCTBO H omepaTopa,
saganroro dpopmy.oit (A.40) v npocrparcTBe L. DT0 -HCKOMOE 0TOOparKeHue.
Teopema nmokazana.
Ecyin He menaTh mpeanoioxeHus 4, HO IPEIIIOI0KUTh, YTO IIPOCTPAHCTBO
H cenapabeJibHO, TO TOT/Ia HPEJIbIAYINAS KOHCTPYKIMS IIPUBEIET K Pa3JI0zKe-
HUIO POCTPaHcTBa H B NpAMyio cymMmy:

H=&® ) H;.

0<j<oo

B npocrpancrse Hy oneparop W(q, p) ecTh OnepaTop aHHYJIMPOBAHWS, & B
nocrpancrsax H;, j > 1 oueparop W (g, p) yHuTAPHO SKBUBAJIEHTEH Ollepa-
Topy W(q, p)-
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A.3 VYkasarejpb 0003HAUYECHUIL.

O6o3unaueHus, cBa3aHHBIE C TeOpUeili MHOXKECTB.

MpbI npejosiaraeM, 9T0 YUTATE/b 3HAKOM C OCHOBHBIMHU IIOHSATUSIMU TEOPUH
MHOKeCTB B 06beme nepBbix rias kuur |1, [2].

CumBon A () B obosHauaer nepecedenne MHOkecTB A u B.

Cumpon A|J B obosnavaer obbemunenue muoxects A u B.

Ecin A C X, ro nonostnenne muozkectsa A B X Mbl 0003HAYEM CHMBOJIM

C(A) := X\ A.
@opmysbl Je Moprana B 3TuX 0003HAUYEHHAX UMEIOT BH/I
C(JAx) =[)C(4a) , C((4a) = JC(4a). (A.41)

CumBon {z} o3HaUaeT MHOZKECTBO, OOMIHIT JTEMEHT KOTOPOTO 0603HAUECH
CHMBOJIOM Z.

CumBosn
{z | bl(x), b2(x) ...},
riae bl(x), b2(x)... -Oy/JeBCcKUe BbIDAKEHUsI, O3HAYAT MHOXKECTBO BCEX I,
JUIst KOTOPBIX OyseBckue BoIpakenus bl(z), b2(x)... npuHEMAIOT 3HAYCHHE
"mcruna'.
CumBon

{f(x) | b1l(x), b2(z),...}

0603HATAET MHOZKECTBO BCeX TeX 3HadeHuii byHkIuu f(x), KOTOpbie OHA TPH-
HUMAET TPU TeX T, I KOTOPBIX Bee OyieBckue Boipazkenus bl(x), b2(x), . ..
HPUHUMAIOT 3HAYEeHUs “UCTUHA .

CumBo

a =sup{f(x) | bl(z), b2(x), ...}

O3HAYAET, 9TO TOYHAS BEPXHsIsI 'PAHD BHIYUCISETCS 110 TEM 3HAYEHUSIM TIepe-
MEHHO# T, JIIsi KOTOPBIX OyJjeBcKue Bbipazkenus bl(x), b2(zx), ... nmpuanMa-
0T 3HaYeHnsd “ucTuHa’. AHAJOIHYIHOE MPABUIO MPUMEHAETCS IPH YKA3aHUU
obnacTu U3MeHeHUsT IepeMeHHbIX P BBIYUCIEHUN TOYHOM HUYKHEl IpaHu U
T.JI.
XapakrepucTuaeckyo (pyHKIHO MHOXKecTBA A MBI 0003HAYAEM CHUMBO-
JIOM
I(A | ) = 1, z€eA;
0, z¢ A
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MpbI ucmonsyem 910 ke 0003HaYeHUe Il TOro Caydasi, KOIAa MHOKeCTBO A
3a/1aH0 OyJIeBCKHM BhIpakenuem bl(x):

1, bi(x) = truth;
I(bl(z) | z) = 0, bl(z) = false.

Ecnmu A u B -OyneBckue BbIpaKeHUsI, TO BhIPAYKEHNE
A= B

UCTIOTB3YeTCS s O003HAUEHUsST YTBEP:XKIeHus: u3 A cieayer B, a BhIpazke-
HHE

A< B

UCIIOJIBb3YyeTCd AJiA O603Ha‘1€HHH yTIBEpzKACHUD: A HUCTHMHO B TOM MW TOJBKO
TOM CJiydae, ecJii UCTUHO B.

CumBOJIBI (= L Gosnauator PaBEHCTBO 110 OTPEJIEJIEHUIO.

[Ipn wHamumcanuu GOPMYT MBI CTAPAINCH MPUIEPKUBATHCI CJIEIYIOIIeH
CXeMBbI: BBHIUCAHHBIE Yepes3 3alATYI0 KBAHTOPHI U OyJIeBCKIE BHIPAaXKEeHU, KO-
TOpbIE OIIpEACJIAIOT O6ﬂaCTb HU3MEHeHUud IepeMeHHbIX B BbICKA3bIBaHHUH, 3HAK
., BBICKa3bIBaHUCE.

Crpoka
Y(a,b,...), 3, d,...)

YUTaeTCd TaK: JJId BceX a, b, ... CyImecTBYIOT Takue ¢, d, ..., 9TO ....

Crpoka

v(bl(z), b2(y), ...), I(c, d, ...)

YUTAETCS TAK: JJI BCEX TEX 3HAYEHUN MepPeMeHHBIX X, Y, ..., IPU KOTOPBIX
OyneBckue Bbipaxkenus b1, b2, ... mpuHUMAIOT 3HAYEHUE “HCTUHA, CYIIe-
CTBYIOT Takue ¢, d, ..., 94TO ...

CuMBOJIBI V # /A HCIOJIB30BAHBL 111 0003HAUEHUs JOTHYECKOTO “Han’ U
Jioruaeckoro “u”:A V B MCTUHO B TOM M TOJBKO TOM CJIy4ae, eCjim XOTs Obl
onuo w3 3uadenuit A wim B ucturo, A A B WCTUHO B TOM W TOJIBKO TOM
caydae, ec/id UCTUHBI 00a 3Hadenus: A u B.

CumBoat f(z) B 3aBECHMOCTH OT KOHTEKCTA O3HAYAET UMs (DYHKIUN MK

3HaueHue (PYHKIUU B TOUKE.

Ob6o03HavYeHusd, CBI3aHHbBIE C TEOPHUEN Mepbl U MHTErpaJa.

Lo(X) -mpocTpascTBO 371€MeHTapHBIX (DYHKITHIA, CM. ¢Tp. 3.
L, (X) -monosiHeHrne NPOCTPAHCTBA JIeMEeHTapHBIX (DYHKITHA, cM. cTp. 19.
L(X) -npocTpaHcTBO HHTErPUPYEMbIX (DYHKIHIL, cM. ¢Tp. 24.
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LP(X) -ipocTpascTBO (DYHKIHA, HHTEIPUPYEMBIX CO CTEIIEHBIO P, CM. CTP.
41.

Iy(f) -s1emenrapHblii uHTErpas, CM. CTp. 4.

I.(f) -pacmupenne seMeHTapHOTO HHTerpaa, cM. ¢Tp. 21.

I(f) -uarerpan Jdanuass, cm. crp. 26.

mes(Z) = 0 -yTBepKIeHHE O TOM, 9TO Mepa MHOKECTBA Z paBHA HYJIIO,
cM. c¢1p. 11, cTp. 60.

I1.B.-COKpAIleHNe JIjis YTBEpkKAeHus '"'moduTn BCiogy cM. cTp. 13, crp. 14,
ctp. 60.

1(A) -mepa MmHOZKecTBa A, cM. cTp. 47.

[ f(z) p(dz) -umrerpan no mepe g, cm. crp. 52.

O6o3uaveHns, CBA3aHHbIE C TEOPHUEN METPHUYECKUX U TOIIOJIOTHUYE-
CKUX MPOCTPAHCTB.

d(x, y) -paccrosiHre MeK Iy TOIKAME & U i METPUIECKOTO IIPOCTPAHCTBA, CM.
ctp. 99.

dist -paccrosame mexay MHOXKectBamMu A m B, cM. crp. 100.

b(xz,€):={y | d(x,y) <€}, -OTKpPBITHIIi TMap B METPUIECKOM HPOCTPAH-
ctBe, cM. cTp. 100.

Cl(A) -3ambikamme Muozxecrsa A, eM. crp. 113.

B(X) -anrebpa 60peneBCKHX MHOXKECTB TPOCTpaHcTBa X .

Ob6o03HaYeHns, CBI3aHHbBIE C TEOPpHUEll DAHAXOBBIX IIPOCTPAHCTB.

spanfer, ea ..., en} = {f | f =01, s¢; , a; € C'} -mmeitnas o6osou-
Ka BEKTOPOB €;.

1l , || | B|l-uopma B 6anaxoBoM mpocTpaHcTBe, ¢M. ¢Tp. 149.

L(B; +— Bj) -6aHaX0BO TPOCTPAHCTBO BCEX JHHEHHBIX HEMPEPBIBHBIX
orobparkenuit banaxoBa MpocTpancTBa B B 0aHAXOBO MPOCTPAHCTBO By, CM.
crp. 157.

K(B; +— Bs) -IIpOCTPAHCTBO BCEX KOMIIAKTHBIX OTOOpasKeHHil GaHaxoBa
npocTpancTBa By B 6aHAX0BO MPOCTPAHCTBO Bs, cM. cTp. 227.

Gr(T) -rpaduk omneparopa T', cM. cTp. 169.

Dom(T') -o6aactb onpeenenust oneparopa 1.

Im(T)={y|y=Tx,z € Dom(T)} -obaacrs 3unadennii orobpazkenns

Ker(T) = {z | x € Dom(T), Tx = 0} -aapo orobpaxenus 1.

B* -6aHaxoBO MPOCTPAHCTBO, CONMPSI?KEHHOE DAHAXOBY NMPOCTPAHCTBY B,
cM.cTp. 173.

N (A) -annyrsarop muokecta A, cm.crp. 181.
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id -eIHIYHOE (TOKIECTBEHHOE OTOOpazKeHNe), eIMHUIIA aIreODbI, CM.CTP.
182.

R(\, a) o (A -id —a)~! -pesonbBenTa snemenTa (omeparopa) a, CM.CTP.
188.

Op, -onpenenseMblit uuterpagom Jdaudopaa romomMopdusMm agaredpol aHa-
JIMTHYeCKUX (PYHKIMI B ajsredpy onepaTropon, cMm.cTp. 193.

OO0o3unaueHnd, cBg3aHHbIE C Teopueil TMILOEPTOBBIX ITPOCTPAHCTB.

<, > -CKaJsIPHOE TIPOM3BEJIEHNE B THILOEPTOBOM IPOCTPAHCTBE, CM. CTP.
267.
At = N{y |< y, z >= 0} -oproronaabHoe JONOJTHEHEE MHOKECTBA A,
€A
CM. cTp. 278.

A* omepatop, ruIb0EpPTOBO CONMpPsIKEHHBIN omeparopy A, cm. crp. 284 |
332.

| | HS|| -nopma Fuasbepra-IlImuara , cm. crp. 300.

HS(A, B)-ckaasiproe IpOU3BeieHNe B IPOCTPAHCTBe onpepaTopos ['nibbepra-
[Mmuara, cm. cTp. 302.

s;(A) -xapakTepucrudeckue qucJa oneparopa A, cm. crp. 296.

Ncl -6anHaxoBO TPOCTPAHCTBO SIAEPHBIX OIIEPATOPOB, ¢M. cTp. 306.

|A | Ncl|| -anepuast Hopma oneparopa A, ¢m. crp. 305.

E(X\, A) -ciiektpanbrast yuKius oneparopa A, cm. crp. 318.

Opb4 -romomopdusam u3MepuMbIx M0 Bopesio GhyHKINN Ha CIEeKTpe Ca-
MOCOIIPsIZKEHHOTO oneparopa A B anre6py oneparopos L(H — H), ¢Mm. cTp.
318.

Opy -oupejesisieMbiit yauTapubiM oreparopom U romomopdusm ajreod-
pbl m3mepumbix 110 Bopesio dyuknuit Bor ([0, 27]) B aarebpy omeparopos
L(H — H), cm. crp. 330.

W.(B, A) -BosHOBBIE OLIEPATOPBI, CM. CTp. 377.

S(B, A) -omepatop paccesmus, cM. cTp. 381.

M (A) ucuosib3yemMoe B TeOpUU PACCesiHUsl HOIPOCTPAHCTBO abCOIOTHO
HEIIPEPBIBHOTO MOANPOCTPAHCTBA oneparopa A, cMm. crp. 375.

Eun(0, U) -cnekrpasbHas dbyHKIMs yHUTAPHOTO omeparopa U.

S(R?) -npocrpancrso [IBapna, cM. crp. 401.

D(RY) -pocrpancTio 6eckonedno auddepeHnupyeMbix B obaact D dbyHK-
nwmit, cMm. crp. 405.

H*(RY) -npocrpanctso Cobosesa, cm. crp. 446.

ﬁp(D) -npocrpancto Cobosesa (yHKIMii, 3aa0HbIX B o0nactu D, cm.
cTp. 456.
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Jlebera-Cruibrheca, 57
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OOpeIeBCKUX MHOYKECTB, 47
MHOZKECTB, 46

aanysraTop, 180

3JIeMeHTapHbBIH, 3

KOMTaKT, 126

KOMTIO3UIIHS OnepaTopoB, 182
kodbdunuent Pypobe, 269
kputepuit Beitng, 238

6aza torosoruu, 109
oununeitnas opma, 175

BOJHOBOU omepaTop

HOJIHBIN, 373 JAEMMa

Kyparosckoro-Ilopna, 147
Pozenbatoma, 375
nemMma Qeiiepa, 322

BTOPOE pPe30JIbBEHTHOE TOXK,1ecTBO, 190
BTOPO€ pe30JIbBeHTHOe ypaBHeHue, 190

rpaduk
HEOTPAHMUCHIOTO Omeparopa, 240 Mepa, 47
rpaduk orobpazenus, 168 abCOJTIOTHO HelpepbIBHAL, 13
bopeJsieBcas, 48
JIBOMCTBEHHOCTH, 175 BHenTHSsA, 48, 90
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CUHTYJISPHBIE MEPHI, 73
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oTKpbITOE, 108
IpeJIKOMIaKTHOe, 126
Mojiesib Ppujepuxca, 318

HenpepbiBHas dyukius, 116
HelnpepbiBHOE oToOpazkenue, 116
HEPABEHCTBO
Beccensa, 271
[enbnepa, 42
Komm-Bynskosckoro, 266
MunkoBckoro, 42
Yeboimena, 65
[MIBapma, 266
mapaJuiesiorpamma, 100
HOpMa, 149
SKBUBaJIeHTHAs, 150

0bo0Imennast nmpouspojnas, 447
OKPECTHOCTD
MHOXKecTBa, 108
orepaTop
A-orpanuvennsiit, 338
[M'unnbepra-IImuara, 298
BOJIHOBO#, 371
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3aMKHYTHIN, 241
n30MeTpudecKuii, 273
KOMIIAKTHBI, 222
HeOTpUIaTe bHbIH, 283
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paccesHus, 374
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OPTOHOPMHUPOBaHHAs cHcTeMa, 269
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TTOJITOC pe30JbBeHTHI, 205
nocjie0BaTeIbHOCTD Beitig, 238
noceioBaTebHOCTh Ko, 102
modTH BCoAy, 13
OTHOCUTEJIBHO Mepbl, 60
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Jlebera Jjisi MOHOTOHHOW (DYyHK-
nnn, 89

Xamna, 77
paznoxkenune [Hmuara, 294
pPa3MepHOCTH onepaTopa, 295
paccrosgume, 99
pacrosiHue

MezKay MHOxKecTBamu, 100
pacIiupenne

jieberosckie, 48
pe3oibBeHTa, 188

HEOT'PAaHUUIEeHHOTO onepaTopa, 237
Pe30JIbBEHTHOE MHOZKECTBO, 188
Pe30JIbBEHTHOE TOXKIECTBO, 239

CKaJspHOE TIpon3Bejienne, 265
cyies1 oneparopa, 306
crexTp, 189

abCOJIIOTHO HeIpPepbhIBHBIH, 368

CUHTYJAdpHBI, 368
cuekrpaJsibHas dyukius, 314
CIIEKTPAJbHBIA

npoekTop, 200

paamyc, 199
CILTETAIONee CBOWCTBO, 372
CXOJINMOCTD
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nouTH BCIOy, 14

Teopema
Apnena-Ackonn, 133
banaxa 06 obparHOM OTOOpazke-

Huu, 168

bBanaxa-Illreitaraysa, 160
Benmo Jlesu, 32
Bpayspa-Turie-Ypoicona, 125
bapa o xareropusax, 114
[Munbbepra-IImuara, 288
J1.9.Annaxsepanena, 296
Junum, 128
Karo-Pennuxa, 338

Kyparosckoro-Ilopna, 147
Jlakca, 280
Jlakca-Munbrpama, 280
Jlakca-Muibrpama-Bumuka, 280
Jlebera, 34
JleBm, 275
JleBu o mpoeknuu, 277
Manbrpamxka-dpennpaiica, 431
Panona-Hukomuma, 76
Penes, 286
Permxa-Kato, 338
Pucca o npejicrapienun JuHeiino-
ro GbyHKIHOHANA B I'UIbOEp-
TOBOM IPOCTPAHCTBeE, 278
Pucca-®umepa, 38
Croyna, 342
Croyna-Beitmrrpacca, 136
Qumepa, 289
Oyounn, 70
Xana-banaxa, 170, 172
Xesmnarepa- Temuna, 329
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